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CHAPTER I 


Motion of a projectile, neglecting the 
resistance of the air 


S 1. The resistance of the air will be neglected in our pre- 
liminary investigation. Let the origin’O be taken as the centre of 
the muzzle of the gun and the velocity of the shell at the point O 
be vw, and let its direction make an angle & with the horizon; 4 1s 
called the “angle of departure”; the vertical plane through the 


initial tangent 1s called the “plane of fire." 


This plane of fire through O 1s taken as the plane of the coordi- 
nate axes; and the axes of x and y are the horizontal and vertical 


lines through O in this plane. 


tr 


Suppose the centre of gravity of the body after t seconds, reckoned 
from O, to be at the point (xy), and to have a velocity v in the path 


C. 1 
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in a direction making an angle @ with the horizontal. Then in the 
ascending branch of the trajectory, @ 1s positive, and diminishes to 


zero. At the vertex 6=0, while in the descending branch of the 
trajectory, 0 1s negative. 

At the end of the trajectory, 0 = 0. = 360 — w, where x is the 
“acute angle of descent"; and there y=0,2=X,v=v,t=T. 


d’y 


Now a =0 and qe. 7 
and initially = = V COS d, y =v, sin d. 
Therefore x =v cos f.i — vt l | (1) 

ee * rmm 
m 
whence we get y = x tan $ — Snag, rennen (2) 
2 

(where h -$) this 1s the equation of a parabola with vertical axis. 


The vertex, with coordinates 2;, Ys, 15 the point where the tangent 
of the flight path is horizontal, so that y or tan 0 =Q. 


x 
Now ek da TT Y 
so that 2, = 2h cos ¢ésin@=/Asin2¢; and thence from ( 2), %=hsın?d. 
T 
The average height Ym at which the shell is found 1s 1]. y dt, 


T so zl, ydz. Both values are equal to 2y,. 
The total range of the shell is given by (2) as X = 2h sin 2.6. 


The greatest range, for given initial velocity v, or given value of 
h, will then be obtained when sin 26 1s greatest, that 1s when $ — 17 ; 
this fact was verified approximately by Tartaglia from experiment. 
The velocity v of the projectile after the time £ 1s given by 


2 
and since y — vwt— 498, and h= 2 | 
therefore U^ = 2g E — Vol + gt?) 


Therefore y? = 29g (h — y). 


§ 2] neglecting the resistance of the air 3 


Thus the velocity of the body at the point (zy), or after the time 
t, is the same as if the body fell freely through the distance h — y. 


The time of flight, that 1s, the time the body requires to reach the 
x 


Uy COS $ 
In particular, the time required to describe the horizontal range 
OW of the trajectory 1s 


point (zy) 18, according to (1), t = 


— ee ERN CER er EET uaa COIMEMIII———— M ráo€Ó——ÓÉo "A ——— ác un 


Substitute the value v sin $ — 4gT in the second equation of (1), 
and 1t follows that 
y= $gt (T — t). 


When t= 41, then on account of the symmetry of the parabola 
about the vertex ordinate, y has the value y, of the vertex height, 
and 


=197T?=1:2267? (g = 9'808 m/sec’). 


This formula 1s frequently useful for motion in the air, and 1s 
called in Germany Haupt's formula, in England Sladen’s formula; 


but 1t 1s nothing more than an approximation 1n actual practice. 
Further relations can be obtained if we imagine a family of 


trajectories to be drawn, and study the common properties that con- 
nect the various trajectories. 


S 2. Family of trajectories for constant initial velocity. 


An unlimited number of parabolic paths may lie in the same 
vertical plane, with the same point O as origin, and the same initial 
velocity. This series of curves 1s obtained when the angle of de- 
parture h 1s made to assume a series of values. 

First, let two parabolas of the series be taken, so related that both 
shall pass through the same point (æy). 


We had before 


| ir? 1 
y=xtand— a 


2d ss ti‘(“ 
th cos G’ and cos? [x tano’ 
and with tan ¢ = z, we have 
4hy + a? — 4haz + a22? = 0, 


therefore z = tan d= -— + — (4h? — Shy — a). ............ (3) 
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The double sign shows that the same target can be hit in two 
ways, with the same initial velocity v, and with the same value of 


= —, The two angles of departure, ¢, and &,, are determined 


from (3); the one constitutes flat or direct fire, the other, curved or 
indirect fire.. | 

A relation between ¢, and d, will be given later, but first we 
must consider more closely the two solutions of (8). 

Obviously there are then two angles of fire ¢, when the radical 
in (3) 1s real, that 1s, when 4h? > 4hy + æ, but when (xy) lies so that 
4h? < 4hy + x, there is no real angle of departure $ with which the 
point (zy) can be hit. 

The complete plane thus splits 1nto two parts; 1n the one part a 
point (zy) lies that can be hit in two ways; 1n the other part there 
is nó point with this property. 

The two parts are separated by the curve which has the equation 


Ah? = Shy + æ, 


and this determines the locus of points 1n the plane that can be hit 
in one way only, and for which the direct and indirect fire coincide. 


This curve is a parabola, with focus at O. Replace y by h+ y; 
then the equation of the curve becomes 


4h? = 4h (h = y) + a, or = Ahy, 


and this proves that the curve 1s a parabola, with vertex at O,, focus 
at O, and axis vertical in consequence. 
Therefore this parabola 


represents the envelope of all the parabolic paths of the given family. 
Take the equation of the parabola of flight (2) in the form 


x? 
cos? & 


— 4h« tan $ + 4hy = 0, 
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and differentiate with respect to &; therefore 


2cosPsin gd ,_ Aha 


= cos! & cos? & u 
2h 
or tan $ = "E 
hence we obtain 
4^? 2h 
‚2 a pe = = 
x (1 + =) Ah x + 4hy = 0, 

or x + Sh? — 8h? + Shy = 0, 
or 4h? = Muy + 2°, 


as before. . 

So far the treatment has been restricted to the movement in a 
vertical plane; but 1f we consider it 1n space with all possible angles 
of departure ® with same initial velocity v, then all the collective 
trajectories are enveloped by a paraboloid of revolution, with vertex 
at O, and focus at O. 

Returning to the relations 1n one plane of fire, let us enquire as to 
what 1s the geometrical locus of the focus and vertex of all the para- 
bolas of the family. 

The original equation (2) of the parabola of flight 


a" 


y= alan $ — Tod 


can be written in the form 


where, as above, v, = v cos œ, v, = sind. 
From this form of the equation, the locus of the directrix of the 
parabola can be determined immediately. 


For, since the double parameter of the parabola is given in the 


= 20 | - | 
equation by — | and the directrix is at a distance from the vertex 


g 
equal to half the parameter, then the distance of the directrix from the 


axis of x 1s 


JL 


u 
2 


Y t 
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(where y, 1s the ordinate of the vertex), or equal to 


thus this distance 1s independent of $, and we have the law: 

All parabolas of the given family have à common directrix; its 
height above the level range is equal to the height h, reached by a 
body thrown vertically upward with the initial velocity v. 

The velocity of the projectile at a given point (zy) of the flight 
path was found before to be equal to /[29 (h — y)]. This velocity 1s 
that which the body would 
possess, 1f it were allowed 


to fall freely from the 


directrix to any point of the 
path. (This can be seen 
to follow immediately from 
the law of vis viva or Kinetic 


Energy; because the kinetic 


energy of the shell of mass 
m at a given point of the 


m path (zy) is 4mv*, and the 
loss of kinetic energy § mv? — 4 mv? is equal to the gain mg . y in energy 
of position; and since vy = 29h, therefore v? = 2g (h — y).) 


From this relation concerning the directrix, another follows con. 
cerning the locus of the focus of the parabolas of the family. 


The directrix of every parabola 1s at a height A above the hori- 
zontal through O; the vertex of the parabola corresponding to the 


departure angle ¢ has the ordinate ,=hsın?d, thence, since the 
vertex of a parabola 1s equidistant from the focus on one side and 


the directrix on the other side, the ordinate of the focus P 1s less 
than the vertex ordinate by h — h sin?$, or h cos?&. 


It follows that the ordinate 8,7 of the focus 1s equal to 
h sin? $ — h cos? $ = — h cos 29; 
the abscissa OS, of the vertex was OS, = h sin 26 ; therefore 
OF? = K F? + OS? = h? cos? 26 + h sin? 26 = h’. 


The geometrical locus of the focus F of all parabolas of the 
family 1s thus a circle round O. 


The point where this circle cuts the horizontal through O de. 


termines the focus corresponding to the parabola with the greatest 
range. 7 


Common directrix 


§ 2] neglecting the resistance of the air 7 


On the other hand, the geometrical locus of the vertex of all 
parabolas of the family 1s an ellipse, with the semi-axes h and fh, 


Ü 
- I S 
M C 
E. 
ÁN | 
Q Sy 


which touches the horizontal through O in O; because it was found 
for the coordinates £s, Ys, of the vertex that 


Moreover the geometrical locus of the points of intersection of 
the initial tangent of the different parabolas with the axis of the 
corresponding parabola is a circle, the centre of which lies on the 
common directrix of the parabolic family, and touches the axis of x 
at the origin O. For such a point of intersection æ = h sin 2¢ and 
y =x tan ¢, whence 


w+ (yY — hY = he. 


We can also consider the question: What is the geometrical 
locus of all points arrived at in the same time, when projected with 
the same initial velocity v, with all possible departure angles ¢ ? 

We suppose then that several shells are fired from O simul- 
taneously, under all possible angles of departure, but with the same 
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initial velocity. At a given instant, the shells will be found to he 
on a certain surface; what is the nature of this surface ? 

Since everything is symmetrical about the vertical line through O, 
it is merely necessary here to consider the shells in the vertical plane 
of the figure. 


After t seconds the coordinates of such a shell would be 


x=v,cosd.t, y=usnd.t— gt’, 


> 
+ 
k 
` 
` 
e 
^ 
% 
> 
Ji. 
* 
` % 
* 
* 
» 


k 


and this gives 


4? + (y+ 39) = (uot). 


On the plane of the figure, this is the equation of a circle; ıts 
radius (= vt) 18 proportional to the time, and its centre drops down 
along the y-axis; at first, for t=0, the centre of the circle 1s at O 
after t seconds it 1s gt below O; and so the centre of the circle 
descends vertically, as if ıt were a particle falling freely under gravity. 

By rotation of the plane of the trajectory about the y-axis, we 
have as the required geometrical locus a sphere, with the radius vt. 

If we fire with constant v, and an angle of elevation &,, which in 
shooting over sloping ground denotes the angle between the initial 
tangent and the line of slope, the locus of the point of intersection o 
the line of sight and the trajectory 1s the parabola 
— gu 
y = x cot d, — Int sin’ d 

This is a parabolic trajectory with initial velocity v, and an angle 
of departure equal to the complement of 4. 

For different angles ¢, with equal v, there is a family of such 
parabolas. 

This complete family 1s obviously identical with the family o 
parabolas with constant v, considered in this article. The applicatio 
of these facts will be given 1n $ 4. 
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Now let us suppose that we always fire with the same departure 
angle @ but with different initial velocities v, = (29h); we can 
enquire, what 1s the locus of the projectiles after a given number of 
seconds ? 

The locus of these bodies after t seconds 1s determined through 
the coordinates 

r=v,cosd.t, y —vsinó.t— i9, 
and then by elimination of ve, 
y=stand-%gt”. 

This 1s the equation of a straight line parallel to the constant. 
direction of departure OA; its point of intersection M with the 
y-axis 18 at a distance $90 below O. 

Therefore the geometrical locus 1n space of the shells is a conical 
surface, parallel to the surface described by OA: the vertex M falls 
from O downwards, just like a heavy particle falling freely. 

Finally, the following propositions may be proved: 

Consider the straight line OM, M,M, ..., cutting the separate para- 

bolas of the family 

A in M, M, M.,...; 

then the tangents 

p to the parabolas at 

pra M,, M, Mz, ... will 

er be parallel, and the 

0 ZEN times of flight to 

DE reach these points 

ui will be proportional 

to the velocity at 

these points of the trajectories, and also to the corresponding initial 
velocity. 

Draw another straight line ON,N,N,... through O, meeting the 
parabolas in N,, N,, N;,...; then the lines M,N,, MN, ... are parallel 
to each other. 


B. Family of parabolic trajectories with invariable horizontal component of 
the initial velocity; vo cos $ — const. =x. 


The locus of the vertex is the parabola ym . 


0 
IK“ 


(For the coordinates of the vertex were 


_ 90° LES _% na tanto: 
t= 7 sin @ cos ioe tan od, J1—9; sin $797 tan-o ; 


§ 3] neglecting the resistance of the air 11 


and by elimination of 9, it follows that 


226 


Je 2x” ) 
The locus of the focus is the same parabola, but parallel and displaced 
2 

vertically downward by E 

(For the coordinates of the focus were 

2 2 
x, =hsin 2$. tang, y,——Acos2$ = -gg (1 - tan), 
LE LESE ) 
IS 2g 2k? 

Further, the locus of the points which will be reached in the same time 4, is 
represented by the vertical line z— vot cos P= xt. 

Finally, the locus of the points where the slope of the tangent is the same is 


a parabola. 
For according to the preceding 


2 2 
m. cos’ d (tan $ — tan é)=— (tan $ — tan 6), 


ELO 2d, — tan? A) E. 24, tan? 
J—3; cos? œ (tan* @ — tan? 0) 27 (tan^ $ — tan? 0), 
and this gives, by elimination of 4, 


y=xtan O + ges 
K 


C. Family of parabolas with constant vertical component of the initial 
velocity, v9 sin d=const.=m; or, with constant time of flight 7, or with con- 
stant vertex height y,. 


The locus of the vertex is the horizontal line n= 57 
The locus of the focus is the parabola 
m? gv? 
2g 9m? 
Der a m^ 
For Le = r eae eee 


vo, a u mi, , 
Ys = -m pb -— sin! ġ)= ~ Bg ^t d—1). 


Thence it follows by the elimination of cot œ. 

Finally the geometrical locus of the points reached in the same time ¢ is the 
straight line 

y —mt—1gt?; since y—vstsin $ —4gt*. 

Corresponding results can be deduced for the family of parabolas (with the 
same origin O) which pass through the same target, and further for those para- 
bolas in the same plane of fire which touch a given straight line, and so forth. 
The proof depends on elementary or projective geometry. The work of Fr. Külp, 
to Which we direct attention, provides examples of this kind. 
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S 4. Fire over sloping ground. 


The preceding problems are now to be generalised: The surface 
of the ground (assumed horizontal before) may now be taken to make 
any angle of slope Æ with the horizontal through the point of de- 
parture, and the angle of departure & 1s then to be calculated. 

What is the length, measured on the sloping plane, of the range 
attained with given initial velocity? What 1s the corresponding time 
of flight? Under what conditions will the greatest range be attained ? 

The equation of the sloping plane being y = x tan Æ, we have in 
addition 


from these three equations x and y are to be eliminated, ıf we wish 
to determine the time £, which elapses before the shot reaches the 
sloping plane. 


We have vt — 190 = vt tan E, 


YJ g I 


NOW V = % COS $, v, = v sin d, and therefore 


What is the value of the departure angle œ, with given initial 


velocity v,, and given slope # of the ground, for which the range OA 
Is à maximum ? 


The anglein this 
case between the 


initial tangent and I 
the vertical through a ten 
O is equal to 0 LL ET 


lmr—im—-ibE-2imc-iB; 

| and on the other hand, the angle between the inclined plane and the 
vertical 1s Ir — E: so that the direction of projection must bisect the 

angle between the inclined plane and the vertical, if the range is to 

be a maximum, measured on the inclined plane. 

. 1f we fire with two angles of departure, of which one is smaller and 

the other is larger, by the same amount e, than the angle of maximum 

range of fire, then both shots will strike the inclined plane in the same 

point A. 

| The greater of the two departure angles is $m +44 + €; the other 


| 
is Ir+1E-e; it follows from the above that in the first case the. 
range 1s 


g cos? E ' 
and 1n the second case the range 1s 
_ 2v, cos (4r - $E — e) un (3 — $E — e) 
g cos? E |j 


and the two expressions have the same value. 
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fa projectile, 
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The geometrical locus of the point of impact A on the sloping 
ground, for constant angle of elevation ¢, and the same initial velocity 
v, but with variable angle of slope E, 1s the parabola 


Gh 


ga 
y =x tan (4r —6)— 20,2 cos? (4r — i) 


2v? sin! d, 
This follows forthwith, when we eliminate # between z = 0A cos E 
and y= v< tan Æ. 


These relations may be illustrated by means of the foregoing Table. The range 
in it is given as 
0A = 29" sın $i cos (Q: + 2 
g cos? E 


on the assumption that M 10,000 metres, or va — 221 m/sec, and that 


E= -20, -10, —5, 0, +5, +10,... up to 87 degrees, 
with angles of the tangent sight 
$,=3, 5, 10, 15, 20,... up to 90°, 


We learn first from the actual numbers of the Table that for the same slope 
E, the range is a maximum, when the initial tangent of the path of flight bisects 
the angle between the slope of the ground and the vertical; for example, with 
the slope angle E= — 20°, the maximum of 7600 m occurs when 

db, = (90+ 20) =55". 

In the Table the vertical limits of the ranges, which are attained with the 
appropriate angle of elevation $1 on horizontal ground (Z=0), are made prominent 
by thicker lines of division. 

These ranges may be called the sighting ranges. On the tangent scales of guns 
and rifles, besides the sighting angle ¢, (in degrees), the corresponding sighting 
range in metres is often engraved. 

Thus for example in an actual case the reading “sighting 2500” is equivalent 
to “ sighting angle 15?" : or the reading “sighting 5000” is equivalent to “sighting 
angle 45°.” 

Now if there is a target at a distance of 5000 m from the gun, on ground at a 
slope H=20°, and if the sight is set at 5000 m to hit the mark, that is with a 
tangent elevation ¢ == 45°, then this inh: does not take into account the slope 
of the ground. 

We might imagine the trajectory to turn about the muzzle of the gun, and 
through the angle of slope, for example 20^, as if the trajectory were a rigid curve. 

A reference to the figure on p. 4 will show that this is not actually the case. 
In this “swinging of the trajectory ” there is in fact an error. 

In the present examples, slope of ground E= +20°, tangent elevation ¢, = 45^; 
then the range will not be 5000 m, but 3384 m. With slope of ground Z= — 20°, 
and the same tangent elevation œ, = 45°, the range is 7258 m instead of 5000m; 
so that the shell goes too far. 

In all elevations $, greater than a certain angle between 15° and 20° (viz, 
16° 43’, as shown later) the “swinging of the trajectory” strikes short with positive 
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ground slope, and strikes beyond with negative slope: and the error of range is 
greater for shooting downhill than for shooting uphill, other things being equal. 

For tangent elevation less than 16° 43’, the relations are somewhat more com- 
plicated. For example, take the sighting 522:6 m, on a tangent elevation 3°. 

Let the ground slope increase from nothing to +87°. For Z=0 the sighting 
range will be 522:6m ; for #=87° (vertical fire) the range is zero. 

Consequently the range diminishes a little at first, and then increases con- 
siderably, finally diminishing again very quickly to zero. 

Since the fluctuation is a continuous one, there must be two ground slopes 
between the slope #=0° and #=87° in existence, for which the range 522°6 m 
will be obtained. For these two values (Z = 5° 57’ and Z,=86° 51^, the “swinging 
of the trajectory” is quite right; at least there is no error in the range attained. 

In this way a certain region is obtained of positive ground slope, in which no 

short range lies, but, on the other 

B . hand, too long a range (framed in out- 
\ line in the Table). 

% The limits of this region are those 

angles of slope, for which the “swinging 

NO of the trajectory " gives the same range 

Y on the sloping ground as on the hori- 
i zontal. 

lhe question then arises: For 
what slope Z is the range OB on the 
incline the same as the range OA on 
horizontal ground, if the same tangent. 


u 
0 Y To tt Mag, be a A CUR m art 27 = aT eT Ta Ee 
Y ' ° A 
d 


elevation is employed for the two cases? 
The condition requires 
2vg cos (+) sin oi _ 
; — ap o r 0" sin 20; 
or employing the principle of “swinging the trajectory” ($12 9) 
2 cos (E +o) sin $ — cos? £ sin 29. 


Therefore cos? Æ — cos? E + cos E tan? $ + tan? $ =0. 
When positive angles of slope are considered, this equation is satisfied by 
1. $20, E,-0, E5290; 
2. d=3°, E,=5° 57’, E,=86° 51’; 
3. b=6°, E,=12° 12", E, =83° 13’; 
4 $-9, E,=19° 1, E,=78° 54’; 
5. ġ=12°, Ey = 26° 47’, E2= 13" 20; 
6. d=16°, E,=42° 26’, E,=60° 42’: 
7. d=169439, E,=E,=51°50. 


For example, if the sight of 3° is employed, the range is short if E < 5°57’, 
or if E > 86°51’; and long if Z lies between 5° 57’ and 86°51’. This error 
diminishes as & increases from zero up to 16° 43’. 

A. N. Obermayer in 1901 gave also a simple geometrical relation between the 
corresponding angles of ground slope E; and Z,. The parabolic trajectory is 
drawn for the given v, with the departure angle 90? — @ from the horizon, and this 
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The range X, time of flight 7, height of vertex y,, angle of descent w, and 
final velocity v, are given in the Table, calculated from the formulae for a 
vacuum; the corresponding results in practice are given in brackets. 


Vo p X T y, C) | Ve 

230 | 66° 22’ | 3961 (3200; | 43:0 (40°7) 2263 (2017) 66 22 (70° 2°) | 230 (206) 
- 35° O' | 5067 (4300) | 269(25:9)| 887 (820) 35° 0 (39° 23) | 230 (195) 
90 | 65°15" | 628 (600) | 16°7(16°6)| 340 (336) | 65° 15’ (66 31") | 90 (88) 


„ | 34° 2'| 766 (750) | 103(102)| 129 (127) | 34° 9'(35* 1’); 90 (88) | 


2. Since the curvature in the actual trajectory at the point of departure 
(x=0, y=0) is the same as that of the parabolic trajectory of equal initial 
veli vy and equal angle of departure, where the curvature radius 


A 
p= SEC Q, 


it is often allowable in the immediate neighbourhood of the muzzle to replace the 
actual trajectory with advantage by the parabola with the same v, and ¢, or in the 
neighbourhood of the point of descent by the parabola with the same v, and c. 


(a) Suppose an armour plate is to be pierced at a distance of 100 m from 
the muzzle of a mortar. At what point of the plate must the axis of the piece be 
aimed, in order that the desired point of impact shall be struck? Assume there 
is no error in the angle of departure. The point aimed at must be 


OO 
$g (505) —1:23m 


above the desired point to be struck. 


(b) Determination of the error of departure on the same principles, by a 
comparison of the actual and calculated points of impact, on a target at a given 
distance from the muzzle. 


(c) If the total range is X, the danger zone for a target of height A is 


X / 4h 
^ {]— _ th Y 
2 ( à X tan o 


3. Is it possible to throw a stone from the top of the pyramid of Cheops 
beyond the base ? 

The height of the pyramid is 137:2 m ; the length of a side of the square base 
is 227-5 m ; so that the angle of slope ABC=50° 20’ 

To obtain the greatest range, the stone must be thrown from the top A in 
a direction AT bisecting the angle BAD between the inclined plane AB and the 
upward vertical AD, so that 


L DAT=}4 DAB=4}(90° +50° 20’) =70° 10’: 
and the angle of projection œ is thus =19° 50°. 
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The initial velocity v, of a throw by hand is assumed as 24 m/sec (mean of 30 
experiments with different persons); the equation of the path is 


y=x tan gd 


The question is then, how great is y when x has the value 1(227:5) m? Then 
we shall have 


79 : Í 
y=113'7 tan‘19° 50'— li hc 


2 x 242 cos? 19° 50’ 
(with v, = 22 m/sec, y will be = — 107:0m, and with v, — 20 m/sec, y= — 138:1m). 
The answer is then that it is possible. 


—834m 


4. At what angle of projection $ with the horizon must a body be thrown, 
so that it may strike at right angles a plane inclined at an angle Z (perpendicular 
to the plane of the trajectory)? 

Result: 

tan ($ — £) =i cot £. 

5. What is the difference between the times of flight to the same mark of two 
shells fired from the same point with initial velocities v and »', and angles & 
and $'! 

The difference is 


2 wv'sin($—4) 


g vcosdQ-rv coso ` 

6. One shell strikes the foot of a tower on a horizontal plane through the 
gun after ¢ seconds. A second shell with another charge and double elevation 
strikes the top of the tower after /' seconds. The distance of the tower is 


7. Ricochet Fire. Suppose a spherical shell is projected from O over a hori- 
zontal plane with velocity v, and angle of departure ay. Let the elasticity be e 
(e=0 for completely inelastic bodies, e=1 for perfectly elastic bodies). 

The shell strikes the ground at A at the same angle aj, and with the same 
velocity v; it starts afresh to describe a parabola (but with smaller departure 

9.9 


died amj 
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angle a? and smaller initial velocity v2), strikes the ground again at B a second 
ime, and so on (see figure). 


13 v3 "Ug 
2 Ws ea i mae 
C D 


How great is the total range up to the 4th impact, and what is the corre- 
sponding time of flight? 

By Newton’s Law for the vertical impulse of two elastic masses m and JM, 
one of the masses M (the Earth) being assumed as infinitely great compared with 
the other, it is easy to deduce the velocity v; with which a ball springs up, if it 
falls vertically on the ground with velocity v,. It is found to be ev,, where e 
denotes the elasticity of the ball. If then such a ball is thrown aslant at an acute 
angle a, With the horizontal ground surface (as in the above figure), it is only 
necessary to resolve the striking velocity into two components at right angles ; in 
the horizontal direction there is no impulse, and assuming that friction may’ be 
neglected, then the horizontal component of the velocity remains unaltered, 
MA — A.N, or i 

v, COS a; = v, COS a». 
On the other hand there is direct impact in the vertical direction, so that 
AR=e.AQ, or vsin a;— ev, sin aj. 


In this way we know the direction a; and the magnitude v, of the velocity 
With which the rebounding ball leaves the surface; for it follows from the two 
equations that tan a, : tanas—1 : e; thence a; is known, and then vs. 

` (These considerations are to be applied again as often as the ball rebounds, as 
at A, D, C.) 

Denote by a, the acute angle at which the ball is moving immediately before 
the nth rebound, and by v, the corresponding velocity. Further let W, denote the 
range up to the nth rebound, measured from 0; ¢, the time elapsed. In the hori- 
zontal direction we have for the different impacts 


On the contrary, in the vertical direction 


v; SIN a5— eV, SIN aj — evo Sin ag (because aa =, and v4 — 7); 


SO also V3 SIN a3 — evo SIN a= €?V; SIN ay = efv Sin ag; 
J T 5 | —. V, SIN dy 
ana generally Vg COS ay = VU, COS An, Vo SIN ag = gu-1 
Therefore 
tan a,=e"~! tan ag, 9% =V (€2” 2 sin? agt cos ag). ............ (I) 


Then the velocity of the ball before the nth rebound is calculated from the 
initial condition ag, vo, and the elasticity e. 
What is the time elapsed up to the nth rebound ? 
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The first arc OA will be described in time 


DVn . 
A -— Sil a, 
the second arc in time 
= Qevp SIN ay _ 
g 
and so on. The time to the nth rebound will then be 


/ , | 209 : 
„— l= g SIN ay el, 


N rt, penta esa II ID 
J g l-e 


The ranges OA, AB, BC, ... will be 


2%. 
OA =v; tı COS a= Vot] COSay, Where 4 = = SIN ao, 
l Dev, : 
A B=, (t, —1,)cosas;, Where £5-— t; — SIN ag, 79 COS d9— Vo COS ag, 


29° e 
AB= "1 e C08 ay SIN ag, and so forth. 


The whole range W, from O up to the nth point of rebound is thus 


NN (III) 


l-e 
This expression (III) is sufficient, either to calculate W,, when ap, vo and e 
are known, or else to determine the elasticity e from vp, ay, and W,. 
Theoretically the ball will keep on striking the ground, always describing 
smaller and smaller parabolas. But although the number of these arcs, described 
by the ball, is infinite, still the aggregate range is finite, and so also is the total 
time during which the ball is in movement. 
In fact, for n= oo (since e is a proper fraction and the limit of e^—0), we have 


2 " | —e" 
= sin ap cos ao (1+e+e +... eI) = sin Za, 


(= sin ay. 1—, W=% sin 2a. |. 

The difference from motion in a single arc, with the same initial velocity vo 
and same departure angle ag, is that in the ricochetting the range and time of 
flight are increased in the ratio 1 : 1—e; where e is the elasticity of the ball. 

[Ricochet Fire was known already in the 16th century; and this kind of fire 
was first introduced systematically by Vauban in 1688. This method was in 
use till about the middle of the 18th century: Lieutenant Paul Jacobi wrote in 
1756 an extensive work on ricochetting and the rules by which the best results 
would be obtained. The mathematical theory was developed by Bordoni, 1816, 
and Otto, 1841.] 

Consult S 75 on ricochetting over water with partial penetration. In water 
a) « a,.. On the contrary it often appears, according to the nature of the ground, 
that a» > a; ; this was the case in the experiments carried out by F. Krupp on sandy 
ground according to the procedure of F. Neesen. In such cases other assump- 
tions must be made. The assumptions made in example 7 hold only for the case 
Where the tangential friction on impact may be neglected (compare also for instance 
B. Keck, Lectures on Mechanics, Hannover 1901, Volume 11, page 160). 
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$6. Trajectory in a vacuum, taking into account the decrease of 


gravity with the height and the convergence of vertical lines 
from the curvature of the Earth. 


Take the centre M of the Earth (as in the figure) as the pole ina 
system of polar coordinates ; and let any 
arbitrary point P have the polar co- 
ordinates MP = radius vector r, and 
Z OMP = polar angle a; the direction 
OM of the polar axis from which the 


^ polar angle a 1 measured may be left 
ı undetermined at first. 


At A, the point of departure of the 
; shell, let r—7, = radius of the Earth, 
‘ 6,370,300 m; let the initial velocity be 
/ v,, and the angle of departure $. 


2 According to Newtons Law of 
—* Gravitation, the acceleration of gravity 
=g% or P Moreover jd 
"ride, , mG 1s a constant, C, along the whole path of 
da .T T" 
fight; the value of r di at the point A 1s given by C = rqv, cos ¢; 
ds 


since here rda = cos dds (where ds 1s the element of arc), and X7 Uo» 
we have 
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dr drda drC 
and Tt dadi” dap’ rom (O) 


2u dr\? C2 (0? 
+ ante 
or, 
A. 
, r € 
C T u? 


This 1s the differential equation of the path of the shell, with r 
and a as the two variables. Integration gives 


oC n 
s) r U 
a — y = cos - 
AE 
or OF a per REDEEM (3) 


~ l-ecos(a- y) 


where y denotes an integration constant, and where 


This equation (3) shows that the flight path 1s a conic section. 
To determine the integration constant y, we know that 


p 


r= LB 
l+ecosa 


is the polar equation of a conic section, in which the parameter 


D œd 
(t a 


p =q — ed =a — èa =a (l — e) 
[a and b the two semi-axes, a the one that contains the focus, d the 


distance between centre and focus of the conic section, e = the eccen- 
tricity |. 
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One focus M 1s here the pole of the system of polar coordinates, 
and the polar angle a 1s measured from that vertex O 
of the major axis that lies nearest to the focus M; 
with e< 1 we have an ellipse; with e = Q, a circle; e=1 
a parabola; e > 1 an hyperbola. 

When the integration constant y is zero, the polar 
axis OM of the polar coordinate system is the line 
joining the perihelion O to the centre of the earth. 


We have then 


_ p 
ET ga nnt (4) 
2u 2 
Te ae ee TE re (5) 
"m 
where p=", e=,/(1+ 22). 
p n 
and 
q — Uy” m = » MF gre, C — To Vo COS od, To = 6,310,300 m. 
Ü 


Since 7, œ$, v, are known, and also C, u, q, e, p, we are In a 
position to determine for any value of a the corresponding distance r 
of the shell from the centre of the Earth from (4), and from (5) the 
corresponding velocity v in the trajectory; the time of flight 1s ob- 
tained then from the integration of 


r*da 
dt = "E 
The trajectory 1s an ellipse when e < 1, that 1s when 
1" 9 2 
142 (=) <1, or < =, 
A ro ro 
Now u = 4[2.(9:81) 6,370,300] = 11,050 m/sec, 
0 


so that the path 1s an ellipse so long as v, remains < 11,050 m/sec. 
This elliptic orbit 1s a circle 1n the special case when e — 0, or 


1 + E Uo” UE 

ee j^ Yo 
Vo . . 
If = 2, this equation becomes 
H 
1 LoVe 1 
22— 922— 7 "14, /(1- : ) 
cos? & m cos? ó 
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For if we draw the horizontal straight line ADE through A in 
the plane of the diagram perpendicular to r,, and ASD the parabolic 
trajectory with its corresponding range AD, in which w = ¢ denotes 
the acute angle of descent, it 1s obvious at once from the figure that 
AD 1s less than the range A W. 

The difference of the two ranges can be calculated-approximately 
from considerations similar to those which are usual in the cal- 
culations of a horizontal range: for AE? — HW (EW + 2r,), and, 
approximately, AD? = DE tanw.2r,; DE is nearly equal to the 
A D? 


CN UU Moe ST 
2r, tan w 


difference in question AW — AD = This gives in the 


present case 387 m. 

If similar caleulations are carried out for ranges such as can occur 
in practice, 1t will always be found that the three influences, curvature 
of the Earth, convergence of the vertical, decrease of g with the height. 
need not be considered. 

It 1s interesting to discuss the trajectories 1f a shell 1s fired from 
the same point O, always 1n the same direction, but with increasing 
initial velocities v. 


a. Horizontal Fire. 


It 1s assumed ın the figure that shells are fired horizontally from 
an elevation A in the neighbourhood of the surface of the Earth. 


A Direction of fire 


a N X 
+ h^ 
^, m P + ht 
7 8 Wa `y 
\ 
A N 
l 4 


As the initial velocity v, increases, so the ellipse broadens; the 
focus moves from A towards M; with v= 7900 m/sec the shell 
describes a circular path round the Earth, in perpetual motion, and 
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the movable focus comes into coincidence with the fixed focus M. 
In this case the shell flies round always at the same distance from the 


ground. 
When the initial velocity increases still more, the shell at first goes 


further from the Earth s surface, in an ellipse, but returns again to A 
the point of departure. At the opposite side of the Earth the shell 
recedes more and more from the Earth's surface; the movable focus 
goes back beyond M, on the prolongation of the line AM. 

With the velocity v, = 11,050 m/sec the shell does not come back 
to A; the ellipse is changed into a parabola; the movable focus has 
receded to infinity. 

As soon as this initial velocity 11,050 m/sec 1s exceeded, the tra- 
jectory 1s an hyperbola, the branch of which through A approximates 
more and more to the horizontal direction; the movable focus then 
approaches A on the line AM produced backward. . 


b. Inclined Fire. 


When the shots are made, with a given departure angle, with in- 
creasing velocities, the trajectory 1s again at first an ellipse. The point 


Horizon at A AZ geom.locus of focus 
E 5 } F 
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£j. i N 
Pd * # i 
d s , à 
> : : 


' 
i 
i 


, L2 vA M: © MAF 


RET AUI i. E 


Eart 


e^. ‘Vu 
Lp, X 
J erence of the £o 


of descent on the Earth's surface lies further and further from A. One 
focus of the ellipses lies constantly at M, the Earth's centre; the other 
focus moves along a straight line AF’. 
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- This holds, because if the line AN is drawn through A perpendi- 
cular to the line of fire, the angle NA F' is made equal to the angle MA N. 

A circular trajectory 1s not possible 1n this case. ! 

With an initial velocity of 11,050 m/sec the ellipse changes into 
a parabola; the shot never returns to Earth again; the movable focus 
F has moved off to infinity in the direction AL’ 

To find the vertex of this parabola, draw through M, the centre 
of the Earth, a parallel to AF, and bisect at B the line AC between 


the initial point A and the point C where the initial tangent meets 
this parallel, and draw the perpendicular BD on CM; the foot D of 


this perpendicular 1s the vertex of the parabola. (In other words, D 
is the mid-point of MC.) 


$7. Collection of the formulae for motion of a projectile in a 
vacuum, with constant acceleration of gravity g: 


v, = initial velocity; 

& = initial angle of departure, or the angle between the initial 
tangent of the path and the horizontal; 

g = acceleration of gravity, given in Table 2 in Volume Iv; 

x, y = coordinates of the shell after t seconds, referred to a rect- 
angular coordinate system through the point O; 

v = velocity of the shell at any given point (zy); 

0 = angle of slope with the horizon at the point (xy): 

w = acute angle of descent; 

X = horizontal range through the muzzle; z,, y, the coordinates 
of the vertex, v, the velocity at the vertex, tą the time of flight to 
reach the vertex; 

E = angle of slope of the ground; 


$i — ġġ — E the angle between the initial tangent and the slope 


of ground; 
2 


h= A for which refer to Table No. 1 a in Volume Iv. 


1, For any point of the trajectory. 
Horizontal distance 


2 2 
XL = Ut COS p — 135098 9 qan ó — tan 0) 


g 


en 2h + cos ho sin? $ — 2gy) 
2 
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Vertical height 


9g 2g 
Slope of the tangent 
= TT: 2 96 = l 2 2A 
tan 0 = tan $ cme tan $ woe + er g "^ sin? $ — 2gy); 


Time of flight 1 


x ye 


t = 


Vy COS "n g 


— cos?’ (tan $ — = 0) = -sind + — U: sin’ — 2gy) 


Horizontal distance 


Lg = 


Vertical height 


U : 

2g sin 26 = h sin 24; 

E sin? $ = A sın? $ = fos =u, tan p 
> 2u? cos 5 °° 


Velocity vs = v eos d; 
Average height of flight: Ym = iii = 0:8167"; 


Greatest height (with $ = 90° )=- 27 == h. 
3. Point of fall. 
Range 
i y : B 5 / u g T? 
A = sin 26 = 2h sin 26 = wt / (1 ios) 
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UP 


Maximum X (for ¢ = 45°) = 2" 2h ; 
Time of flight 
2v, — xX 2X | u 
enge (= tan 6) = 
1 
uiii + gX) £ (v — g&)]; 


Velocity, v, = v; acute angle of descent, w = 4. 


4. Angle of departure to hit a given mark (a, b) with given v: 


(+ for high angle, — direct fire). 
5. Initial velocity to reach the mark (a, 6) with given departure 


angle &: | 
w=) [gas e rg |; where tan E= 
f 2 sin (ġ — E) cos ¢ |" 


6. Range W on sloping ground at angle of slope £: 


M ene ee E E 
g` cos? E | 9 cos? E 


ex | Oo 


W = 


P, 


lime of flight 
p a 2% sin($— E) _ 2v sin o, 


g cos E g cos E’ 


7. Parabola enveloping all trajectories with given v,: 


CHAPTER II. 


On air-resistance 


I. AIR-RESISTANCE TO AN ELONGATED SHELL ON THE ASSUMPTION 
THAT ITS AXIS LIES IN THE DIRECTION OF MOTION OF THE 
CENTRE OF GRAVITY. 


$8. General considerations. 


Consider a sphere ABCD at rest, in a current of air or fluid moving 
with given velocity, and assume that the air 1s frictionless. 
The stream lines along which the separate air particles are moving 
will diverge at the front, and on the rear will 
converge again. " | 
(This last can be shown through the familiar 
experiment of holding before the mouth a cylin- 
drical flask about 15 cm ın diameter, and behind 


C 
it a burning candle; the candle can be blown \ | 
out.) / | 
5 


We arrive therefore at the following con- 
clusions: 

On the front side ACB of the sphere a 
thrust wil be exerted in the direction MN of 
the current; and an equal thrust on the rear 
side of the sphere, in the opposite direction. 

The resultant total thrust on the sphere is zero; the sphere 
experiences no push. 

The same will hold when the air 1s at rest, and the sphere 1s 
moving in the direction NM. 

On the front side ACB of the sphere work is done, and the air 
particles alter their velocity and direction. 

On the rear side ADB, the direction and velocity will be the same 
again; the work done 1s restored. 

In a similar way, the pier or pile of a bridge standing ın water, 
or a rudder moving through the water will feel no resistance. 

This result of theoretical Hydromechanics for a frictionless fluid 
stands however 1n well-known contradiction to experience. 
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In reality the nature of the air motion round the shell is not so 
sımple. 
In the first place there 1s friction of the air particles among them- 


selves and against the rigid body. 
Friction acts so as to break up the air on the rear side of the body, 


and eddies are formed. 

These are shown clearly behind a stick moved through water, or 
in air full of smoke through which a body is moving. 

Secondly, wave-motion comes in. Mach showed by photography 
the waves and eddies following a flying bullet and made an important 
advance in the theory of air resistance to a bullet. 

lake a long cylindrical tube, and suppose a plug to move 1n 1t 
with a velocity of 167 m/sec, and follow up this motion at small 


intervals of time. 
A condensation of the air 1s set up in front of the plug; and this 


condensation 1s propagated with the velocity of sound, viz., 334 m/sec. 
In rear of the plug a wave of rarefaction 1s propagated backward with 


the same velocity. 
If the piston 1s supposed to move with uniform velocity, a con- 


densation and rarefaction 18 made anew 1n every small element of time. 
lhe same happens when a shell moves 1n free air; only the air 

waves going forward and backward spread out 1n spherical form. 
In the figure the shell 1s represented as a rod AB moving in 
the direction BA with velocity 

, 167 m/sec. 
C, At the front end A a spherical 
wave of condensation 1s started; 
D, its radius 1s zero. 

A moment ago the point of the 
C shell was at C, and the condensa- 
tion air wave that started at this 
1 moment from the point has spread 


out with double the shell velocity, that 1s at 334 m/sec. 
The radius CC, 2 CC, = CC, of the wave-surface C,C,C, 1s thus 


double as great as the advance CA. 
Earlier still, the point of the shell was at D (DC = CA); and the 


condensation wave sent out is now the sphere D,D,D;, of radius 


DD, =2DA; and so on. 


We see then that the condensation.air waves must travel faster 
than the shell. 
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forward very nearly flat and perpendicular to the axis of the shell, 
depends on the breadth and flatness of the head of the shell. 
If then the velocity of the shell 1s to be determined by means ot 


; ; S l 
the equation sin a = 7 from the angle a of the head wave, this must 
be measured from the straight part of the boundary of the wave. 


Out of 20 photographs df a flying bullet, which’ were produced in the 
ballistic laboratory, the velocity of the bullet was given by the mean value 
of 893:0 m/sec, with a probable deviation from the mean of 1:1?/,, While with the 
' Boulengé Chronograph a mean velocity was measured of 888:3 m/sec. 

The same result was found with 20 rounds of the bullet M. 88, with a mean 
velocity of 655 m/sec; against a simultaneous Boulengé record 640 m/sec. 

So also 20 shots of the bullet of the Mauser pistol; mean 454 m/sec ; measured 
by the Boulengé, 467 m/sec. 


Evidently the head wave and also the tail wave must make closed 
surfaces. 

The vertex MN of the head wave lies nearer the head of the 
bullet, as the velocity increases. 

In the new infantry bullet, with sharp point and very great velocity, 
the head wave seems to begin somewhat behind the point, so that the 
point of the bullet pierces air at rest; only immediately if front of 
the point there exists a strong condensation of the air. 

At the rear end of the bullet, eddies of air are formed. These eddies 
can be seen by photography extending many metres behind the bullet. 

All these effects are revealed 1n water also, with ships, the piles 
of a bridge, and so forth; only here the head wave 1s made up of a 
large number of parts of waves, which does not appear to be the case 
‘with the air wave of the bullet, as given by microscopic examination. 

The reason for this may well lie in the fact that in water no 
shock can arise with a single wave of elevation, while 1n the air there 
is a single wave of condensation. 

For water the analogy to sound velocity 1s the velocity depending 
on the depth of water, with which the corresponding water waves 
propagate themselves. 

We can observe that as à ship 1s moved through the water with 
increasing velocity, the crest of the head wave moves from the bow 
of the ship and retreats further towards the midship. 

The analogy between a ship on water and a bullet goes further 
still: 

Denote the resistance, of a ship for any velocity v by W (v), and 
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j W (v) 
y? 


plot graphically the value of as a function of v determined by 


observation; a curve 1s obtained which, according to Schütte, Lang 
and Lorenz, assumes a shape similar to that of the analogous function 
for air resistance (see § 10). 

The curve has an inflexion in the neighbourhood of the velocity 
of propagation of the water waves. 

The same holds for the resistance, W to a bullet for the different 
velocities v ın the air: an inflexion lies in the corresponding curve in 
the neighbourhood of the normal sound-velocity s. 


H. Lorenz supposes that a resonance phenomenon occurs here, such as is 
well known in other cases. | 

Consider the transference of energy between two swinging pendulums; or a 

otating motor, suspended as a pendulum; the sympathetic vibration of tuning 
forks and strings or the resonance of electric waves; the swinging of the body of 
a ship with the masses of machinery moving periodically in time with the ship- 
vibration; and so forth. 

The energy of the bullet would be transferred to the air chiefly at a velocity 
which coincides very nearly with the natural velocity of propagation of the air- 
waves. 

N. Mayevski appears to have determined the fact empirically for bullets, that 


the coefficient A = experiences a rapid increase in the neighbourhood of the 


sound-velocity s. 

A. Indra sought to elucidate these facts by supposing that the energy of the 
bullet was consumed in the progressive generation of new head-waves. 

Nevertheless it is not clear why the coefficient A diminishes again somewhat 
when the bullet velocity increases still further, although bullet-energy is expended 
through wave-making at all velocities. These explanations of the inflexion are 
not complete. 

In the first place the inflexion, when it does exist, is not at v=334, but more 
nearly v —480 m/sec; and it will be found that especially with bullets of pure 
cylindrical shape there is no inflexion at all. The true reasons for the existence 
of the inflexion will be given later. 


The analogy between ship- and bullet-motion shows that the form 
of the rear end of the bullet should receive more attention than 
hitherto has been the case. 

Moreover 1t 1s evident that the movement of the bullet 1n air 1s 
quite as complicated as that of a ship on water, and consequently 
these simple laws of measurement will not apply entirely: Assuming 
that the long axis of the bullet lies in the direction of motion of the 
centre of gravity, and that the bullet flies like an arrow, the air- 


8—2 
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resistance W to the bullet may be taken as being proportional to the 
following magnitudes: 


(a) to the cross-section of the bullet, perpendicular to the axis, 
IT (m?), 


(b) to the air-density 6, that 1s, the weight of a cubic metre of air, 
calculated from the temperature, pressure, and humidity of the air. 


Generally the density 6 1s taken relatively to an arbitrarily assumed 
normal air-density ò, for example, ò= 1'206, or ò = 1:220, kg/m’, 


(c) to a coefficient 2 depending on the shape of the bullet 
(10002 = n is commonly called the form-value), 


(d) to a certain function of the velocity f (v), so that the air- 
resistance | 


W (kg) = Rr. S.i. f (0). 


0 


Assumptions (a), (b), (c) are merely conventional, and seem reason- 
able. | 

A priori it 18 not likely that the air-resistance, as depending. on 
calibre °2 R, air-density 6,2 and v, should involve these four variables 
as factors of a product. Assumption (a) asserts that the air-resistance 
on unit area of the cross-section of the shell 1s the same for the same 
shape and velocity of the shell, whether a large or small calibre of the 
shell 1s considered. 

In his experiments of 1848, Didion had already arresi the 
fact that the air-resistance to a bullet of small cross-section 1s relatively 
greater than that to a bullet of large cross-section; and he has sought. 


to take this fact into account numerically by multiplying Ar by the 
factor | 


CIERRAN] 


0:05 -- 2R 


(On the other hand, later in 1860, he abandoned this assumption.) 


Some suppose, from their experiments on air-resistance with bullets 
of very different calibres, that proportionality does exist between air- 


resistance W and cross-section Ar, and apply the results obtained from 
artillery shell to 1nfantry bullets. 

In reality this simple relation does not exist closely enough. 

The new theory brought out by H. Lorenz on ship-resistance, 
which is a generalisation that was verified in its extension to the 
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alr-resistance of shells, leads equally to the same result, that a small 
cross-section experiences a relatively greater resistance than larger 
cross-section. 

According to the experiments on the Tower Bridge (J. W. Barry) 
a large area of 100 m? experiences only one-sixth part of the specific 
resistance of an area of O'l m? 

The experiments of the firm of Fr. Krupp in 1912 with shells of different form 
gave among other things the following results: 

The resistance on the cross-section, estimated on the square metre, and with 
an air-density of 1:22 kg/m3, is 

(a) for cylindrical shell: 


for v — 400 500 | 600 700 800 m/sec 


of 6°5 cm calibre 1°4 255 | 38 | 51, | 66 kg/m? 
„10 4 1:25 | 22 33 | 47 63 ,, 
(b) - for ogival shell, struck to 3 calibre radius: 
v —550 650.| 750 | 850 m/sec 

for 6 em calibre I 13 15; | 1:9, kg/m? 
w tO rn | 0:98 1:2; 1:5, | 1'8; " 

T 28 Je 0:62 0:8, 1:0, 1:2; - 

9 30 5 mn mm 0:9 1-06 3 


The air-resistance distributed over R?r is thus in fact, as Didion found, less in 
the greater calibre than in the smaller calibre, and moreover independent of the 
velocity. This influence of the calibre comes consequently into consideration. 


The ordinary assumption then does not hold, that the air-resist- 
ances to two equally large elements of surface of the head of the shell, 
equally inclined to the axis of the shell, at equal velocities are equal, 
whatever the distance of the surface element from the axis of the shell. 

This appeared likely from the experiments of Mach. In his photo- 
graphic work he determined experimentally the deviation of light by 
the penetration of different strata of air 1n the immediate neighbour- 
hood of the bullet. 

With rifle bullets of 11 mm calibre and 520 m/sec velocity (for 
which in Krupps experiments the air-resistance would be one extra 
atmosphere) Mach found the following: in the vertex of the head 
wave the density of the air corresponds to about 3 atmospheres; 
4'5 mm behind the vertex, 12 mm from the axis of the bullet, and 
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3mm distant from the edge of the head wave, about 1'7 atmo- 
spheres of density; 7°5 cm behind the vertex, 9 cm from the axis 
of the bullet and 7:5 cm distant from the edge of the wave, about 
1°6 atmospheres. 

The fact that the air-resistance to the shell increases and decreases 
exactly 1n proportion to the air-density cannot be proved experiment- 
ally in a way free from objection. 

Assumptions (c) and (d) contain in themselves the assertion that, 
with equal calibre and equal air-density, but different shape of the 
shell, the character of the air-resistance remains unaltered, and so in 
shells of different shape it is only the ordinate of the curve f(v) that 
alters. 

This hypothesis that the influence of the shape of the shell can 
be expressed by à single factor 2, has not been verified theoretically 
or experimentally. 

In any case ? 1s not constant, but 1s a function of other quantities, 
on which 1t really depends, although 1t alters only slowly with a 
quantities. 

In general most of the difficulties over the research with respect 
to air-resistance relate to the dependence of this resistance W on the 
velocity v of the centre of gravity of the shell for equal calibre, equal 
air density and the same shape of the shell. 


$ 9. Theoretical considerations of the law of air-resistance. 


Newton's considerations seem to rest on the following ideas. 

If the velocity of the shell v is increased, then not only is the 
acceleration of the air particles increased but also the mass of air set 
in motion: the resistance of the air 1s thus much greater. 

Consider a cylindrical.shell at rest, of the cross-section A B = F m? 
against which the air flows 1n the direction of the axis with velocity 
v m/sec. 

. Let the velocity v be represented by the vector AC = BD. The 
air particles, which at first were to be found in the line CD, soon 
arrive at AB, and lose their velocity by impact against the shell. 


The weight of a cubic metre of air being 6 kg, this mass 4 of air-1s 


discharged against the shell. ın one second. 
"The alteration of velocity in one second 1s v and the retardation 1s 
v also. - 


§ 9] 


The thrust experienced by the cross-section AB from the im- 
pinging air 18 the product of the mass and the retardation of the 
colliding volume of air, and so 1s 


Fd v-0_ För 
981° 1 981 
Consequently the resistance in still air to a moving cylinder is 
proportional to the cross-section F (in m°), the air-density 6 (1n kg/m?) 
and the square of the velocity v (in m/sec): 
Fo 
(The formula used ın practice for the wınd, pressure W on a 
perpendicular plane surface F by a wind velocity v m/sec 1s in 
fair agreement, ın that 
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W = 0'122 Pv.) 


It must be added that the effects produced by the air flowing away from the 
stern of the body, friction, wave-making, and all that occurs on the rear of the 
body are left out of account. 

The Newtonian theory may be studied in the light of the following experi- 
ments. 

Place a plane circular plate AB (figure a), about 30cm in diameter, on one 


R 
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Fig. c. 


scale of a balance. Superpose a fixed parallel plate CD, about 20 cm in diameter, 
having in the centre a circular hole which carries a tube R, through which. air 
can be blown in the direction of the arrow. 

If CD is 20 to 10cm above AB, the movable plate AB will be driven away 
by the blast of air. 
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On the other hand if the distance between the plates AB and CD is about 
] em, the lateral outflow of the air between the plates creates a defect of pres- 
sure, and the plate AB will be lifted. 

When in the apparatus of figure b we blow downwards in the direction of the 
arrow, a ball on a small stick across the tube 72 will be drawn out, and fly in the 
direction of the curved arrow. 

Figure e shows a tube ABCDA,B,C,D,, provided with an enlargement at 
BB,, and a contraction at CC). A stream of air is blown through it in the 
direction of the longer arrows. 

Inside the tube the air stream experiences at BB, : an increase of cross-section, 
and so a diminution of velocity; the consequence is an excess of pressure (re- 
presented by the smaller arrows). At CC, there is à decrease of cross-section 
and an increase of velocity; a drop of pressure ensues (a sucking action in the 
manometer tubes). 

The reverse is the case outside the tube. 

The pure Newtonian impulse pressure theory cannot then suffice when, for 
example, we require to know the thrust experienced by the roof of a building 
in a horizontal gale of wind. 

On the lower part of the roof it is true there will be in general an increase of 
thrust due to the impulse pressure; but higher up a negative pressure can occur 
from the flowing of the air over the ridge of the roof, and so a tilting moment 
is possible. In fact a lifting of the roof has sometimes been observed in & 
storm. 

In a similar way it is possible with shell in flight for this sucking action to be 
present, arising from the external shape of the fuse, the driving band, the base 
of the shell, etc. : 


Many investigators, more particularly O. Mata, in 1895, assumed - 
that the transference of the shell-energy to the surrounding air was 
solely a thermodynamical effect, or an alteration of an isothermal 
condition. 

But that this 1s only one side of the explanation appears from 
what has been said already about wave and eddy making. 

The first to consider the creation of air waves by the moving body 
was A. Schmidt, of Stuttgart. He assumed the resistance to become 
discontinuous when the velocity v of the moving body was made equal 
to the normal sound-velocity s of the medium. 

. P. Vieille and E. Okinghaus are others who have discussed the 
laws of air-resistance, based on B. Riemanns theory of the propaga- 
tion of air-waves of finite amplitude, by considering special shells 
with a flat head-surface perpendicular to the axis, and assuming that 
the head wave accompanying the shell may be taken as flat. 

The propagation-velocity of the change of density of the air must 
thus be assumed to be the same as the shell velocity. 
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J. his calculations, and they have led to results differing from the latest. 
experimenta] records. 

On the other hand a reference may be made to two important 
theoretical researches on air-resistance by H. Lorenz and A. Sommer- 
feld. H. Lorenz has sought to express mathematically the complicated 
motion about a shell ın flight, and thereby he has been led to the 
following relation for the air-resistance. He denotes by v the shell- 
velocity, by Ar the greatest cross-section of the shell, s the velocity 
of sound, / the length of the shell; then 


le, R?mv* + kl c 
V [(s? — v?)? + I Pv? ]" 


where k,, kz, ks, ka, ks are constants, of which k, and k, depend only 
on the shape of the shell, the others on the shape and the nature of 
the surface. 

|». This expression for W, determined theoretically, against which 
many considerations may be urged, shows that W 1s not proportional 
to the cross-section R’r, but that the specific resistance, W : Rrr, is 
the greater, the smaller the cross-section becomes. 

Further according to this law W ıs not proportional to a single 
form-coefficient 2, but five coefficients appear 1n the form of the expres- 
sion, 1n such a way that the whole air-resistance function f (v) depends 
on the shape and nature of the surface of the shell. 

Finally the factor W : v? = k, in a graphical representation has an 
inflexion in the neighbourhood of the sound-velocity, and otherwise 
agrees with Siacci's results. 

Consequently the law of Lorenz appears to be a suitable basis for 
considering questions relating to air-resistance. 

H. Lorenz has shown lately how the coefficients arising in 
his formula can be calculated, based on the results of experl- 
ment. 

It will be worth while then to determine 1f the Lorenz theory covers 
sufficiently the results of the latest experiments on air-resistance, and 
if it 1s capable of practical application. 

A. Sommerfeld assumes the air-resistance W to be composed of the 
frictional resistance W, (in 1ts extended sense), which he considers to 
be proportional to x, and of the wave-resistance W,. | 

For this last he obtains an expression by employing the analogy 
of the electromagnetic field, as 1t exists when an electron moves in 
it with velocity exceeding the velocity of light. 


W =k fer? + kalv + 
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Denoting by s the velocity of sound, then for v<s, we have 
W = W,=a,v"; but for v >s, we have 


W=W,+W,=av'+ A (1-5). 


The curve W : v agrees with the latest empirical results. 

The inflexion in the curve 1s explained because in the neighbour- 
hood of v=s, the wave-resistance W, increases; but this resistance 
increases with v at a smaller rate than the frictional resistance VW, ; 
and the ratio W, + W, : W, diminishes again with increasing v. 

The shape of the shell 1s not considered by Sommerfeld. 

On the whole then it can be asserted that no completely satisfac- 
tory and universal law of air-resistance has been enunciated. 

On this account we are compelled in ballistics to confine ourselves 
mainly to experimental results. 

The expression for the aır-resistance for any given calibre, any 
air-density and any form of shell must be a function of the velocity 
(and perhaps also of the acceleration), which represents the following 
elements. 


l. Suction and eddy resistance. 

With increasing velocity a region of attenuated air 1s formed behind 
the shell (similar to what is observed ın water with a moving plate). 

The corresponding energy 1s dissipated partly as heat and partly 
as energy of motion. 

The resistance depends essentially on the shape of the shell. In the 
neighbourhood of the velocity of sound it is seen to increase rapidly ; 
but further on, 1t, approximates more and more to a fixed limiting 
value, given by an absolute vacuum behind the shell. 


2. Wave resistance. This arises at all projecting parts of the 
shell, especially at the head; yet this only starts when the velocity ex- 
ceeds the sound-velocity. | 

It increases with the velocity, and finally becomes proportional to 
the square of the velocity. | 

lhe energy absorbed in this part of the resistance disappears as 
wave energy 1n the form of sound. 


.8. Frictional resistance. This appears to be relatively small in the 
case of shell in use. 


4. Finally a complete law of air-resistance must give information 
as to the manner in which air-resistance alters when the axis of the 


44 On aar-resistance [CH. II 


shell, assumed hitherto to lie in the direction of motion of the centre 
of gravity, makes a given angle with this direction. 

From the preceding 1t follows among other things that the shape 
of the head of the shell 1s of importance, especially at high velocities 
(over 300 m/sec), further that the shape of the rear end of the shell 1s 
important at low velocities (under 300 m/sec), but that this influence 
approaches a limit with increasing velocity. 


$10. Laws of air-resistance obtained experimentally, and 
the corresponding experiments. 


(a) With very small velocity v of the moving body, as for instance 1n 
slow pendulum oscillations, the air-resistance according to M. Thiesen 
1s proportional to the first power of v. This is of no importance for our 
purposes. 


(b) For velocities up to about 30 m/sec the quadratic law of air- 


resistance 1s universally employed: the air-resistance W against a 


cylindrical body at velocity v m/sec, with a plane end surface of 


Ka m? 1n air of density 6 kg/m? 1s W = k rro nn 
For the value of the numerical function k Poncelet and Didion 


took k = 0:081; 


F. le Dantec 0:080; P. C. Langley 0:085; 
Ch. Renard 0:085; Canovetti 0:090 ; 


J. Weissbach 0:093 ; J. Smeaton 0'122; 
F. v. Lóss] 0106; O. Lilienthal 0125; 
E. J. Marey 0:125; 

G. Kirchhoff (from theoretical calculation) 0:055. 


For throwing a stone, the value would be about 


> UA 


(c) The velocities of shell range from v—50 m to v=1500 m/sec. 


Some 27 empirical laws have been proposed, of which the most part 
take the form of W = av", or W = av" + bu" +... 

Since Mayevski, the whole range of velocity is consequently divided 
into “zones” such that from one zone to the other either a or n or both 
would be altered in the law 


W = av". 
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The calibre of the shell will be denoted by 2/4 metres; the weight 
of the shell by P (kg); the air-density by ó (kg/m?); the velocity of 
the shell by v (m/sec); the air-resistance by W (kg); the retardation 


= ’byc/(v). Herc f (v) denotes 


the factor depending on the velocity v 1n the expression for the retard- 
ation of the shell. 


due to air-resistance, that is the ratio 


l. Didion’s law, based on the experiments of the Metz Committee 
of 1839-40, using the ballistic pendulum, as well as the experiments 
of the Metz Committee of 1856-58, using the Navez apparatus; for 
spheres, with 2 = 1, 


, UN 
W = 0027 . Rèmòi scs (1+ i): 


2. St Robert, in Italy; according to the Metz experiments of 
1839-40; for spheres, holding good with 7 = 1, 


LL 2) 9 
W = 00387 . nbi =r L " (638) | 


3. N. Mayevski, in Russia, according to Russian and English 
experiments 1868-9; 


(a) for spheres, with z= 1: 


VU 


186 


2 2 
W = 0'012. Rorà s L + (158 l , for O< v< 376 m/sec, 


W = 0:061. R?ao1 


T t for 3/6 « v « 530 m/sec, 


(b) with ? = 1, for elongated shell with *ogival" point, struck to 
a radius of 1 to 1:5 calibres (ogival point means a longitudinal section 
like the pointed window of a church): 


2 2 | 
W = 0'012. R?46 = L +. (288) l , 0< v< 280 m/sec, 


(11) a6 
— (Y 2 
W 20:026. Re rò 1:206: 280 « v « 360 m/sec, 
2 
W = 0:044. R*z8 — 360 « v « 510 m/sec. 
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4. Hélie gave the following values for spheres, based on the 
French experiments: 


where 


for v — 50 m/sec, x =0°130 


100 
120 
140 
160 
180 
200 
220 
240 
260 
280 


132 
135 
139 
146 
154 
166 
181 
200 
221 
244 


W = x (2Ry8 Č, 
r (21) F 


. for v=300 m/sec, x —0:269 


320 
340 
360 
380 
400 
420 
440 
460 
500 
v > 500 


293 
816 
337 
308 
367 
316 
382 
386 
389 
390 


5. F. Bashforth (England) according to some experiments of 
1866-70: for elongated shells with *og1val .poınt rounded to a radius 
of about 1:5 calibres, for 2 = 1, 


BEL 
W=mR:roi —— , 
1206 ' 
where 
m= 0000068 0:000075 0:000082 
for v= 600 to 550 550 to 500 500 to 460 
m= 0:000094 


for v — 419 to 375 


0:000084 
370 to 330 ^" 


330 to 50 m/sec 


0.000090 
460 to 419 m/sec 


lo make the results hold good for the former Krupp normal shell, 
struck to a radius of 2 calıbres, ? must be taken = 0:896, according to 


Sıaccı. 


6. Hojel (Holland), according to Dutch experiments of 1884, as 
well as Krupps experiments: with 7 = 1, for elongated shell with ogival 
head of a radius of 2 calibres, 


1000 82 
dni o2] Fax 1308 = 
where 

for v=140 to 300 m/sec, m= 0084535, N=2°5 

300 ,, 350 0:05423 |. B 
350 ,, 400 0-051381 3:83 
400 ,, 500 0-07483 1777 
— 500 . 700 0-05467 1:91 


$ 10] | On atr-resistance 47 


7. Mayevski in 1881, and N. Sabudski (Russia); from v2 550 m/sec 


based on the experiments of Krupp 1875-81, the English experiments 
of Bashforth 1866-70, and the Russian experiments of Mayevskı 
1868-69. With = 1, for ogival shell rounded to radius of 2 calibres, 


y’ 
W = mR? rb si 
1:206 ’ 
where 
for v= (0) to 240 m/sec, m= 0:0140, n=2 
(4 
240 ,, 295 005834 3 
(9) 
295 „375 0-06709 5 
(4) 
375 ,, 419 0:09404 3 
419 , 550 0-0394 2 
550 ,, 800 0.2616 17 
800 ,, 1000 07130 1:55 


8. Laws of Chapel (1874), Vallier (1894), Scheve (1907); based 


especially on Krupp's experiments and Dutch experiments with ogival 
shell of 2 calibre radius: for v > 330 m/sec, 


. R?.10000& 0:125 
i 9:81 . 1206 


W (v — 263); 


for v between 330 and 300 m/sec, 


(11) 
. R:.100008; 0021692 


981  ' 1206 
(5) 
R?. 100008 0033814 .,, 


981 ` 1206 " 


W v 


v < 300 m/sec, W = 


According to Vallier, the coefficient ? should be unity for 2 calibre 
radius of the ogival head, or for the semi-ogival angle y = 41°°5. Other- 


wise 2 will be slightly variable 1f v > 380 m/sec; so that 


; = Yle - (080 + 2y)] 
41:5(v—263) ` 


For v « 330 m/sec, | 
| ;—007, O72, 078 110 
for values of y=31°,  À 330 369, 48° 2. 


In the notation u ee f (v) 
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and LO go) INK) 


the values are as follows: 


107 K (v) 


U 107 K (v) 10/2 K’ (v) v 10!2 K’ (v) 
150 415 1844 390 1043 687 
160 430 1680 400 1070 669 
170 441 1526 420 1108 628 
180 459 1395 440 1143 590 
190 468 1293 460 1165 550 
200 478 1195 480 1178 511 
210 491 1113 500 1185 474 
220 502 1037 525 1187 431 
230 515 974 550 1186 393 
240 526 913 575 1180 357 
250 535 856 600 1170 325 
260 546 808 650 1145 272 
270 558 765 700 1115 228 
280 564 719 750 1082 192 
290 578 687 800 1049 164 
300 586 651 850 1016 140 
310 645 667 900 983 121 
320 708 671 950 952 106 
330 769 706 1000 921 92 
340 831 720 | 1050 892 81 
350 888 724 || 1100 865 79 
360 936 792 || 1150 838 64 
370 977 714 1200 813 57 
380 1013 702  '| 1950 790 51 


Therefore the function K (v) =) has 1ts maximum at v = 525 m/sec. 


Or 


where f(v)= 0:2002 .v— 48:05 + /[(01648.v — 47-95)? + 9:6] 
" 0:0442v (v — 300) 


371 + ( 


9. Law of Sıaccı 1896. This combines all the experimental 
researches carried out so far, and holds for velocities up to 


Retardation 


The curve of the function 10$ 


— (2Ry100018 
~ Px1206 


v — 1200 m/sec. 


W = 338 fh? «f (v), 


fO) 


v^ 


U 10 
309) 


is given graphically in figure 5 
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for bullets of the form of the S-bullet, 


99. 
| 21410 - 208 
% U 


+ 0:0005915». 


In Table A the numerical values of 10:4 v) are given as 10*K. 


v* 


For example, with A?7 = 1 cm?, with ò= 1:22 kg/m’, the air-resist- 
ance per 1 em? of the cross-section of an ogival shell of 2 calibre radius 
of rounding and 0:36 calibre of flattening of the point, at v = 500 m/sec 


= (500)? x 3:998 x 10-* = 0:999 (kg). 


The experiments showed that the curve f(v):v* has an inflexion 
at about v= 480 m/sec, and that at high velocity ıt appears to 
approach asymptotically a honzontal line; that 1s the quadratic law 
holds again at high velocity. 

but the experiments showed further that the former assumption 
did not hold of an air-resistance W proportional to a single factor of 
shape, 1ndependent of the velocity v. 

Speaking more strictly, for every form of shell another form of 
the air-resistance function f (v) 1s required. 

Ritter von Eberhard has now reached the point of splitting up 
with sufficient accuracy the air-resistance into two parts, of which 
one factor ? depends on the velocity v and on the shape, and the other 


f(v) depends on the velocity alone. 


l 


These values of ?, or rather of ; are given above for many shapes 


of the shell, with the exception of the purely cylindrical shell. 
(b) for cylindrical shell 


_ Berd fv) 
v= T 
and the numbers for 10° Au , denoted by 10°A for brevity, for such 


shell, are set down in Table B. 

On p. 53, the results in figure a are for Krupp 10cm normal shell 
and for cylindrical artillery shell: in figure 5 the results are for 
infantry bullets, and at the same time the results of Charbonnier 
and Siacci are given. 

Figure c shows the variation of the resistance W itself, for the 
values of 6 = 1:22 kg/m’, and R’r=1 cm’. 

The corresponding curve is seen among other things to be capable 
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TABLE A. 10* for 10cm Krupp normal shells. 
v U " v E [7j T v 

m/sec 10° K m/sec 10° K | m/sec 10" K m/sec 10° A m/sec 
150 | 1°190 304 | 2:500 925 39706 185 3:020 1045 
155 1:190 336 | 2:654 530 | 3:970 1 90 3514 1050 
160 | 1:191 338 | 2°739 535 | 3°963 17195 3:507 1055 
165 1:191 340 | 2:822 540 | 3:956 800 3:002 1060 
170 1:191 319 | 2:902 0495 3:949 805 3°496 1065 
175 | 1191 344 | 9:979 550 | 3:941 810 3:491 1070 
180 1:192 316 | 3:051 555 3:933 815 3485 1075 
185 1:192 348 | 3'115 560 | 3:925 820 3480 1080 
190 | 1:193 350 | 3'174 565 | 3:916 825 3474 1085 
195 | 1:194 352 | 3231 570 | 3:907 830 | 3:469 1090 
200 | 1:195 | 354 | 3:286 || 575 | 3:899 835 | 3:463 1095 
205 | 1:196 356 | 3:337 580 | 3:890 840 | 3458 1100 
210 | 1:198 358 | 3'384 585 | 3:881 845 3:453 1105 
215 | 1:200 360 | 3:427 590 | X871 850 3:448 1110 
220 1:203 362 | 3:468 595 | 3:862 855 3443 1115. 
225 1:207 364 | 3:506 600 | 3:852 860 3°438 1120 
230 1'212 366 | 3.041 605 | 3:841 865 3'433 1125 
235 | 1:918 368 | 3974 610 | 3:830 870 | 3:428 1130 
240 1'225 370 | 3:605 615 | 3:818 875 3:423 1135 
2.15 1:233 212 3033 620 | 3:807 880 3'418 1140 
350 | 1243 374 | 3:659 625 | 37796 885 2'413 1145 
255 1:255 376 | 3:682 630 | 3784 890 3:409 1150 
260 | 1:270 378 | 37083 635 | 3775 895 3404 1155 
265 | 1:988 380 | 37722 640 | 3'761 900 3:400 1160 
270 1:309 385 | 3761 645 | 3:750 905 2:395 1165 
275 1'334 390 | 37792 650 | 3:740 910 3:391 117 
280 | 1'363 395 | 3:819 655 | 3:729 915 3:380 1175 
982 | 1:376 400 | 3:843 660 :| 37719 920 3:382 1180 
284 | 1:390 405 3:864 665 3109 925 3378 1185 
286 | 1:405 410 | 3:883 670 | 3:700 930 3374 1190 
288 | 1421 415 | 3:900 675 | 3:690 935 3:369 1195 
990 |: 1:439 490 | 3:916 680 | 3:681 940 3:365 1200 
292 | 1:458 425 | 3:931 685 | 3:672 945 3361 1205 
294 | 1:478 430 | 3:943 690 | 3:664 950 3'357 1210 
296 | 1:500 435 | 3:955 695 | 3:655 055 33583 1215 
298 | 1:524 440 | 3:965 700 | 3:647 960 | 3°349 1220 
300 | 1:551 445 | 3:973 705 | 3:638 965 3:345 1225 
302 1:580 450 | 3:981 110 | 3:630 970 334l 1230 
304 | 1:613 455 | 3:987 115 3022 975 3338 1235 
306 | 1:648 460 | 3:992 720 | 3'614 980 3'334 1240 
308 | 1:687 465 | 3:995 725 | 3:606 985 3330 1245 
3lO | 1'730 470 | 3:997 730 | 3:598 990 3:326 1250 
319 | 1°779 | 475 | 3:999 || 735 | 3:590 995 | 3:323 || 1255 
314 | 1:832 480 | 4:000 740 | 3:583 || 1000 3:320 1260 
316 | 1:888 || 485 | 4:000 || 545 | 3:575 || 1005 | 3:316 || 1265 
318 1:947 490 | 4'000 750 | 3:568 || 1010 3:313 1270 
320 | 2-010 | 495 | 3:999 | 755 | 3:561 || 1015 | 3:310 || 1275 
322 | 2:079 500 | 3:998 460 | 3:553 || 1020 3'307 1280 
324 | 2:152 505 3:996 16d 3541 1025 3304 1285 
396 | 2:999 510 | 3:992 410 | 3:540 1030 3301 1290 
328 | 9:308 515 3'987 775 3'533 1035 3:998 1295 
330 | 2:391 590 | 3:982 480 | 3:527 1040 3:299 1300 
332 | 27478 
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TABLE D. 105 A for 10cm cylindrical shells. 

(2j ; v | v E | v U 
m/see 10° K m/sec 10° K m/sec 10° m/sec 10° K m/sec 10° K 
100 | 4:160 285 | 5°652 440 | 8:381 630 9:318 940 | 10'117 
110 | 4173 || 290 | 5-780 || 450 | 8-448 |! 640 | 9:356 || 960 | 10-144 
120 | 4:190 295 | 5:919 460 | 8'512 | 650 90:393 980 | 10:168 
130 | 4'209 300 | 6°071 4/0 | 8:573 || 660 9:430 1000 | 10:189 
140 | 4:932 || 305 | 6:243 || 480 | 8:632 | 670 | 9:466 || 1020 | 10-207 
150 | 4'260 3lO | 6:430 490 | 8:689 680 9:501 1040 | 10:224 
160 | 4'295 315 | 6:608 || 500 | 8'744 || 690 9:535 1060 | 10:238 
170 | 4:337 320 | 6'779 olO | 8796 || 700 9:568 1080 | 10:249 
180 | 4'387 825 | 6:935 520 | 8:846 | 720 9:631 1100 | 10:258 
190 | 4°443 330 | 7074 530 | 8'895 || 740 9:692 1120 | 10:264 
200 | 4:510 340 | 7'305 540 | 8:943 i| 760 9747 1140 | 10:268 
210 | 4:589 390 | 7:495 550 |8:989 | 780 9:800 1160 | 10:270 
220 | 4'680 360 | 7'648 560 |9:033 || 800 9:850 1180 | 10:270 
230 | 4°783 3/0 | 7777 570 | 9076 |, 820 9:897 1200 | 10:27 
240 | 4'898 380 | 7'888 580 |9:118 || 840 9:941 1220 | 10:270 
950 | 5:025 || 390 | 7:987 || 590 | 9-159 || 860 | 9:982 || 1240 | 10-270 | 
260 | 5:168 400 | 8:076 600 | 9:200| 880 | 10-020 1260 | 10:270 
270 | 5:335 410 | 8161 610 | 9240 | 900 | 10°055 1280 | 10:270 
275 | 5:430 || 420 | 8:239 620 19:279 | 920 ! 10:087 1300 | 10:270 | 
280 | 5:536 | 430 | 8312 | | | 


of representation for a long distance by a straight line W=av-—b: 
this justifies the laws of Chapel, Vallier, and Scheve. 

Finally the figure d shows how the true A curve would be re- 
placed by the lines (1), (2), (8), (4), when the assumption 18 made 
throughout of the quadratic law of air-resistance f (v) = c? (Newton 
and others), the cubic law f(v)= c, (Bashforth, England), or the 
biquadratic law f (v) = csv’ (B. Piton-Bressant, France) or the 
binomial law f (v) = cy? (1 + bv) (Didion, France). 


Description of experiments. 


l. The most important of the experiments which were applied to the. 
determination of the laws of air-resistance, were the following : 


| (a) Research of the Metz Committee, Didion-Morin-Piobert 1839-40, 
chiefly with round shell; velocity 200 to 600m/sec: measuring apparatus, the 
ballistic pendulum. This research was repeated in 1856-58 in Metz, with the 
help of the electrical chronograph of Navez. 

(b) English experiments of Bashforth in the years 1866-70 with shell of 
various calibre (7:6 to 22:9 cm) with the height of head 1:12 calibre, length of 
shell 2°54, and with velocity v— 230 to v= 520 m/sec. 
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(c) Russian experiments, of N. Mayevski at St Petersburg in the year 1869, 
with shells of different calibre, different height of head (mostly 0'9 calibre) 
and different length of shell (mostly 2:01 calibre); v=172 to v—409 m/sec. 


(d) F. Krupp’s experiments of 1879-96, on the Meppen shooting range, 
with shells of different calibre, different length (2:8 to 4 calibre), different height of 
head (1:31 and 1:0 calibre; mostly 1:3 calibre); v=150 up to 910 m/sec. 


(e) Dutch experiments of W. C. Hojel 1884, with shell of 8 to 40cm 
calibre, length of shell from 2:5 to 4 calibre, with a head of 1:31 and 1:33 calibre; 
the velocity from v=138 to 660m/sec; individual experiments were made with 
high velocity (up to 1500 m/sec). 

(f) Simultaneous experiments of the firm F. Krupp (O. von Eberhard) 
with artillery shell and of K. Becker and C. Cranz with infantry bullets, 1912. 

The first research was carried out with the help of a spark chronograph, 
over many short ranges, of about 50 m, at Essen ; with large calibres by measure- 
ment of initial and final velocity on short ranges of 2 to 3km. The other 
research was carried out in the ballistic laboratory with 8 mm bullets of various 
forms and by two methods; by means of a ballistic kinematograph and by 
means of a spark chronograph with photographic record; length of range 15 
to 20 m. 

Consult the account published in No. 69 of the Artillerist-Monatshefte of the 
year 1912. 


2. For small velocities (from 30m/sec upward) numerous measurements 
are in existence. They were carried out by means of falling bodies or with 
vertical guiding wires, or curved paths; by the measurement of wind pressure 
by manometers of various sorts; by experiments with whirling apparatus, where 
a body of given shape is carried round in a circle; by experiments with the 
beam of a balance, where the body is fixed to one side of a balance, and the 
whole balance is drawn up in the air. 

For details consult the account given by Finsterwalder. 


S 11. General remarks on the methods employed in carrying 
out the experiments on the laws of air-resistance. Critical 
remarks, and proposals. 


1, For the most part the horizontal components v, and v, of the 
velocity of a shell are measured at the beginning and end of a hori- 
zontal line of length a. 

The length a 18 chosen of such magnitude, that 1t 1s considered 
satisfactory to assume the path of flight as rectilinear, but unavoid- 
able errors in the measurement of v, and v, make it desirable that a 
should not be too short. 

The diminution of the energy of the shell 1s then taken as due to 
a definite mean value W of the air-resistance. 
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UU m Vs” 


2g 
to be the air-resistance corresponding to the velocity 


y — $ (u + v). 


Thus W (v) 1s obtained, and on the assumption of a law W = cv", 
the constants c and n are determined by the method of Least 


Squares. 
This method becomes more free from objection, the smaller the 


length a 1s chosen. If we only desire to know the dependence of the 
alr-resistance on the velocity v, then all the other quantities, viz., the 
weight of the shell, the shape of head, length of shell, rıtlıng, etc., 
must be kept constant. 

The law so obtained of the function W (v) will hold, strictly 
speaking, only for shell, of which the calibre, shape of head, length 
of body, velocity of rotation, etc., differ little from the corresponding 
quantities 1n the shell employed; because the resistance 1s not exactly 
proportional to the cross-section and to a single coefficient de- 
pending on the shape of the head. 

Suppose the effect of the shape of the point 1s only examined for 
a definite velocity v; then all the other quantities must remain un- 
altered, and the shape of the point 1s varied. 

As a matter of fact such a method of determining the air-resist- 
ance does not seem to have been used. 

Vibration of the shell seems frequently to have taken place, of 
which the amplitude has not been measured closely. Moreover the 
length of the measurement line was formerly chosen of such a 
length (6000 m and more) that the straight-line path of flight and 
a constant avérage value of the resistance W over this line cannot 
be assumed. 

In such cases it 1s supposed sometimes that the horizontal com- 
ponent of the air-resistance for a given velocity v 1s identical with the 
air-resistance for the horizontal component of v, or that 


f (v) cos 0 = f (v cos 0). 


Finally sometimes in the calculation of the air-resistance, based 
on the measurement of the velocity of the shell at the ends of a 


trajectory very much curved, an approximate method of calculation 
IS used. 


lhus on the basis of an uncertain theory the path of flight and 
the air-resistance W would be calculated; then tables for calculation 


= Wa, is then said 


This magnitude W, calculated from P 
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would be drawn up; and these tables would then be employed to 
calculate the path of flight in some other case. 
Finally the calculated results would probably be compared with 


the results of actual fire. And so one uncertain theory 1s checked 
by another. 


If the construction of the laws of air-resistance is-to be rational, 
all theory must be excluded, and the research so directed, that the 
law of kinetic energy, or some other law of Mechanics equally appli- 
cable, may be employed in a pure form. 


2. F. Bashforth employed the following systematic procedure. 

Near the muzzle of the gun several screens were set up at a small 
equal distance Az behind each other. The first screen was at a dis- 
tance æ from the muzzle; denote the velocity of the shell by v, and 
the air-resistance by W (v). 

A shell is fired horizontally through the screens; and then by 
means of the Bashforth chronograph the time differences At, At, 
At,, ... are measured, during which the shell flies from the first screen 
to the second, from the second to the third, and so on. It 1s re- 
quired to determine thence the resistance W, that 1s the product of 


the mass - and the retardation Ed of the shell. Now 
dz 1l dt 
o dt? v dx’ 

thence by differentiation with respect to x, we get 

 ldv ae on ee LO de dt o WE 
vde da?’ dt — dt dæ da?’ 

'" P dv P œt 

so that damit a "id 


In the series of the measured time intervals At, At, Af.,..., At 1s 
the first term ; 1n the corresponding 1, 2, 3, ... difference series, let 


A"t, A”t,... be the first term. 
Thus by a fundamental theorem of Finite Differences 
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Thus the retardation and the air-resistance can be obtained for a 
large number of different values of x and consequently of v. 

lhe advantage hes in the fact that the greater part of the table 
of air-resistance 1s obtained at once from fundamental principles 


from a single experiment. 
The procedure rests on similar considerations, lately employed in 


England by C. F. Close, and developed further in its mathematical 
aspect by G. Greenhill and C. E. Wolff. 


Shots are made with the same weapon for numerous angles of 
elevation ¢ and range X. If the principle of tilting the trajectory 1s 
applied to the individual paths of flight (compare § 5, example 6, 
and 8 38 to 40), a number of points are obtained on the path of the 
longest trajectory; and these can be given by their polar coordinates. 
Thence, as shown already above, the retardation due to air-resistance 
can be calculated for each point, and with it the air-resistance as 
a function of the velocity. 

Nevertheless 1n the employment of this method of calculation, an 
assumption has been introduced which contradicts more or less the 
actual flight of a rotating elongated shell. The calculation above 
holds strictly only when the long axis of the bullet lies exactly in the 
tangent of the path, that 1s, when the bullet flies like a well-delivered 
arrow. 

But with rotating elongated bullets the oscillations of precession 
must occur, because the direction of the tangent of the path 1n the 
course of the flight makes a gradually increasing angle with the 
initial tangent of the path. In consequence of this, the long axis 
must lie askew to the tangent of the path, even when there 1s no 


oscillation of nutation present. 
The actual air-resistance 1s thus exerted against a bullet placed 


askew, while the calculation employs the assumption of the normal 
position of the bullet. 

This 1s an assumption that generally underlies methods of approxi- 
mation in the solution of special ballistic problems. 

By this method, the air-resistance to a bullet cannot be obtained 
closely enough in the case where the axis remains continually in 
the tangent of the path, because the relation is not known between 
the resistance of a bullet askew and the resistance of a bullet placed 
normally, so long as the instantaneous angle of this position 1s not 


known. | 
Perhaps, however, this procedure might provide means of deter- 
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mining this relation, by the employment of two lights ın orifices, and 


thereby measuring the angle of this skew position. 
It must be noticed specially in the method of Close, that the 


relation between $ and X ıs represented by an approximate mathe- 
matical formula; and that the underlying errors are magnified by the 


threefold differentiation; further that the tilting of the trajectory 1s 
the cause of an error. The individual cases must then be examined 
to see 1f these errors are so small that they may be neglected. 


On these grounds perhaps the following procedure 1s to be pre- 
ferred : the barrel of the rifle 1s clamped 1n a vertical position and 
shielded above. The bullet 1s again provided in Neesen's method 
with a side light. The shots are made at night, and fired off by 
electricity. At a convenient distance from the rifle a photographic 
camera 1s set up, and in it a drum about 120 cm high in the field of 
view of the muzzle 1s rotated about a vertical axis with known 
velocity. 

A bromide-silver band is placed on the drum. In the vertical 
upward flight of the bullet a dotted spiral line 1s shown on the 
rotating band of the drum. The axis of ordinates 1s given by a cor- 
responding shot with the drum stationary, and the abscissa axis 
by artificial illumination of the muzzle of the rifle while the drum 1s 
rotating. 

In this way the abscissae of the separate points of the curve give 
the corresponding time of flight ¢,and the ordinates the corresponding 
height y. 

By differentiation, the velocity, y’, and the acceleration, y", are 
given as functions of t; and thence the air-resistance 


W-—-P5,- P. 


Thus by this method, 1n principle at least, and by appliances free 
from objection, the whole table of air-resistance can be obtained from 
the maximum initial velocity downwards. 

It is evident that the error of the objective must be determined 
by alignment on a distant horizontal line. 

In vertical fire there are no oscillations of precession. On the 
other hand care must be taken that rifle and bullet are chosen so 
that no oscillations of nutation are present. 

In carrying out such work many difficulties in detail would be 
encountered, which must be overcome. Whether the procedure 1s 
feasible and would provide useful results, 1s not at all certain. 
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II. ON THE INFLUENCE OF THE SKEW- POSITION OF THE SHELL ON 
THE DIRECTION OF MOTION OF THE CENTRE OF GRAVITY. | 


S 12. Let « denote the resistance that a plane surface of 1 sq cm 
experiences, moving with given velocity : v nA in a direction per- 
pendicular to itself 1n still air. 

Then let ıt be assumed that the resistance of a plane surface of 
f sq cm is fx, under similar circumstances. 

If the plane is placed askew to the direction of motion B, so 
that the normal N of the plane makes an angle a with B the direction 
of motion, the resistance depends ın some manner on a. 

The resistance as a function of a 1s according to Newton = xf cos?a; 
according to F. v. Lössl = «xf cosa; according to G. Kirchhoff and 
Lord Rayleigh 

gue. 
4+ 1 cosa 


and according to Duchemin 


2 cos? a 
ef l + cos? a 
As to the direction of the resistance to a surface placed askew, 1t 
is always assumed that the thrust which the slanting surface ex- 
periences is at nght angles to the surface. 
In the sequel it will also be assumed that when the normal to 
a surface of /sq cm makes an angle a with the wind direction B, the 
resistance 1s at right angles to the surface and has the magnitude 
f cos"a where «x denotes the resistance to 1 sq cm 1n perpendicular 
movement at the same velocity. 
Further it will be assumed that this law is equally true for an 

2 . infinitesimal element of surface, and that the re- 
sistance against a finite part of the surface can 
be calculated by integration over the surface. 

In the treatment of a shell, let a rectangular 
system of coordinates in space be taken as a 
basis. Let the shell be a body of rotation: with 
the axis of figure on the longitudinal axis of 
the shell along the z axis. Let the base of the 

Shell be the zy plane. Let the direction :of 
motion of the centre of gravity on the tangent 
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to the trajectory be parallel to the zz plane, and make the given 
angle a with the axis of the shell, on the 2 axis. 

Everything 1s then symmetrical with respect to the zz plane; and 
we have to determine the components X and Z of the air-resistance 
in the x and z directions, as well as the position of the point of appli- 


cation M of the resultant /(4*+ Z?) on the axis of the shell. 
Let P be a point on the surface of the shell with rectangular co- 


ordinates OL = x, ED=y, DP =z; or with cylindrical coordinates, 
Z EOD=%3, radius vector OD = CP = p, DP =z. 


Take a meridian section at P through the surface of the shell, 
along the z axis or the axis of the shell; also a section through 
P at right angles to the axis of the shell. 

In the first section let ds = PR be an infinitesimal element of the 
meridian curve of the surface of the shell. In the last section, which 
is circular, let PQ = pdS be an infinitesimal element of the circle of 
the cross-section. 

In this manner an infinitesimal element of surface PQSA 1s 
taken at P, with surface df=pd3ds. The resistance on this surface 
element (according to the first assumption) 1s directed along the 
normal APN and (according to the second and third assumptions) has 
the magnitude «dfcos™w, where w denotes the angle between the 


normal to the surface and the direction UB of the tangent to the 
trajectory. 


Let the normal to the surface AN make angles £,, 2 B; respec- 
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tively with the z, y, z axes. Now the cosine of the angle between 


A.N and the direction CP or OD 1s equal to = , and so 
cos B, = = cos S, 

and cos 9, = = sin Sy. 

Further cos B, = 4 


(as 1n the figure where the meridian section through P 1s indicated). 
If the direction of the tangent to the trajectory makes angles Yı, Y2» Y3 


with the three axes, then 
COS ry, = SIN 4, COS y: = 9, cos y; = cos a, 
thence COS w = cos f9, COS y, + cos Bz COS Ya + COS (95 COS ys 


Furthermore the components of the normal reaction «dfcos™w of 
the surface element df along the axes z, y, z are 


aX = rdf cos” w " cosy, dY = «df cos" x Nh 3, 


as 
_ m gy OP 
dZ = — kdf cos OF, 


where m=2 according to Newton’s law, and df= pd3ds. These 
expressions for dX, d Y, dZ are to be integrated over the part of 
the surface of the shell exposed to the stream of air; and in them 


Y 1s zero by reason of the symmetry with respect to the plane zz. 

To obtain the distance £ — OM of the point of application M of 
the resultant of the air-resistance from the base of the shell, the 
equation of the moment of the resistance components about O must 
be written down. Herein only the x component comes into con- 


sideration, because the z component has no moment and the y com- 


ponent is nothing. The normal resistance on the surface element df 
has the x component 


k af cos™ w on E. 


ds 


and this component cuts the axis of the shell,in A. The moment 
arm 1s 
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so that the moment 1s 


The integration of all these moments gives the moment £X of the 
resultant. If X has been calculated, then £ 1s known. 
The complete result is then laid down in the following formulae: 


A = || cos" wpd2COSIAN .nceeereneeenennesenn (1) 
Z=—k {| RON cri Mm— (2) 
dp 
AC= x llt +p T) cos" wodzcos Sd ......... (3) 
. dz dp 
cos o = SIN a 7 COS y Cosa. — — (4) 


Here X denotes the component of the air-resistance at nght angles 
to the long axis of the shell, Z that along the axis. 
The resultant air-resistance /(X? + Z?) cuts the axis of the 


shell in a point M, which is at a distance £ from the base of the 
shell. 


The angle 8 between the resultant and the axis 1s 1n general not 
identical with the angle a between shell axis and the tangent of the 
trajectory, but 1s given by tan 8 = X :Z. 

The factor « denotes the air-resistance against unit surface 1n a 
direction at right angles to it, with the corresponding velocity v 
of the centre of gravity of the shell, for which it 1s considered. On 
Newton's law m = 2, and m = 1 when Lössl's law 1s assumed as the 
basis of the calculation. The equation p = f(z) of the meridian curve 
of the shell 1s given by the shape. In the operation of the 
integration, this is carried out over the part of the shell struck 
directly by the air-resistance, or else over some part under considera- 
tion; so that for the whole shell the calculation can be carried out 
at once; with respect to z from the base of the shell to the point ; 
with respect to p from the inside to the outside of the surface of the 
shell, and finally with respect to S from one to the other limit of the 
stream of air tangential to the surface; so that this 1s only from 0 to 
2v when the whole curved outer surface 1s struck by the stream of 
air; In other cases the limits are to be determined with regard to 
the form of the shell and the angle a. 


64 On air-resistance [CH. IF 


Kummer and St Robert have carried out calculations of this kind 
with the assumption m=2 (Newton) for many shapes. So also 
W. Gross with the assumption m = 1'(Lössl); mention however must 
be made of the fact that the calculations of Gross are only approxi- 
mate. 

Similar calculations of this sort have been made-by de Sparre, v. 

Wuich, Mayevski, 


Siacci, Charbonnier. 


Examples. 

1. Resistance of the 
outer surface of a circular 
cylinder, open at the top, 
of radius R and height a. 
Components and point 
-of resultant action to be 
calculated; on Newton’s 


assumption m = 2, 


The equation of the meridian curve is p= R; so that 
dp=0, ds=dz, coOSw=sinacos6; 
thence 
X — kA sin alf cos? 9 d9 dz 


Z=0, (since dp=0, and the cylinder is open above) 
Af=xfsin*a {| cos? JdI2dz. 


Since half of the curved surface of the cylinder is exposed directly to the air- 
resistance, the integration is made only from $= -$r to 9— +47, and besides 
from z=0 to z=a; and so 

| A=i«hasin?a, X¢= 4x kat sin? a, and thence (— ia, 
that is the point of application lies at the middle of the cylinder height. 

If the cylinder is closed at the top by the circular area r?z at right angles, 
then Zz x K^m cos? a (on Newton’s assumption) and 
X 4a 
Gap tan? a. 

2. Cone, radius £, height A (see figure). Same assumption ; m=2. 
The equation of the meridian curve, that is of the straight generating line, is 


tan B= 


R 
p=7(h-2) 
and thence 
dp _f& ds NAHE) dp u 
dz hk? dèe h ? ds Jf(h?+R?)’ 


à sin a cos 93 + R cosa 
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If y denotes the angle given by 


R R 
cot y=7 cota, or y=arccos e cot a) i 


the limits of integration are 
9——m-y and 9ļ9=+r-y; 
: and we require for the integration with respect to 
: ----4€X these limits the three integrals 


| s cos? 9439 =} sin y (2 + cos? y), 


—T-y 


| 0943 =m —y—8IN y Cos y, 
| eos Idd = 2 sin y. 
If we take 
_ 2 
T "(sin ac0s9+7, cos a) cos 9 d 9 — P, 
ty h 
K 2 
| (sin «cos 34-7 cosa) d3 — Q, 

then 


2R . k’? 
P=% sinf asin y (2+ cos? y) +- sin acosa(mr — y — sin y co8 y) +72 COS? asin y, 


! 2 lt 
Q -—sin*a(m — y sin y cos y) +4" sin a cos asin y u (m — y) cos’ a; 


and when the angle y is expressed by-the angle a, 


, R 

P=} e costa --9sinta) WAC _ 5 cot? a)+ g sinacosa| m — arc cos (F cota) |; 
9 P2 n 

e- COS? a+ sin? a)| m-arccos(7, cot a) | Sin a cosa VUL a) , 


and thence for the case when tan a = 


BRP Kh RQ” 
~ 2(RER? ORR)’ 


Y 
» 


3. Combination of cylinder and cone (same assumption; m — 2). 


(a) For the case where tan a < : ; by simple addition we have 


kht H^mr sin a cos a 


A =$xha sin‘a+ gg ^ 


9 R2 
Ich? R?n (sin: a+ - cos? a) 


Z a 
a h2r R? 
h? Rr sin acosa h2 — 2 R2 
—2 2 tn? ^ Aia 
A(-—zxRa*sin*a-c ji Re Ç 37 h 
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and so 
- h? Rr ( h? —2 Kt? 
4a sin aj, p a RS ) cosa 
= ht hr cosa 


ka sin aT Te 


(6) For the case where tan a >Z 


RS RP 
E 2 LM os 
| KARER 
— 9 (A3 -- R?)’ 
SR h?—2R:? 
2 ER. a a 
A(=%#x«Ra?sın u + 37 E 
and so 
P 
TEE RI E 
| 2 (A? + KR) 


m RSP 
4asin* acr m (M33. R 


4. By approximate calculation on the basis of Lössl’s Law (m=1) W. Gross 
finds the following values for the resultant resistance W to a shell with ogival head: 
rounding radius, 2 calibres: W= x R?r (0:3655 --1:3606 sin? a)) for angle a up to 

= » 25 , + W=«Rr (0'3312+ 1:6344 sin? Kj sin a=0°'3. 

Here again x denotes the resistance of unit of surface moving at right angles 
with the same velocity ; and so for a 2:5 calibre rounded head «A? x 0:3312 is the 
resistance of this shell in the case where the axis of the shell lies in the tangent 
of the trajectory. 

As for the distance ¢ of the point of application from the base of the shell, 
the following values are obtained by W. Gross for a shell 3:5 calibre long over- 
all, and 1:5 calibre length of head of shell, 22 denoting the calibre: 

sin a=0'1 | 0'2 | 0°3 | 0-4 | 0°5 | 0°6 | 0°7 | 0°8 | 0-9 | 1:0 
en pe M e 37 13°5 ipd bs 3:0 FK. 


The centre of gravity was distant 2:97 R from the base of the shell. 

Thus even for a complete crosswise position (a— 90^) the point of application 
lies ahead of the centre of gravity. For very small angle a, the point of applica- 
tion would lie somewhere about the middle of the head of the shell. 

Under the assumption of Newton's value, m=2, calculation shows that here 
also the point of application lies in general ahead of the centre of gravity, and 
near the point for small values of the angle a; so that ¢ depends on a. It is only 
for the right circular cylinder cut straight across, as well as for the combination 
of cylinder and cone, for which the height of head 4 20:41 R, that ¢ is seen to be 
independent of a. 

In this theory the velocity v of the shell is involved only in the factor x. 


C! 
l 
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Remark on the uncertainty of all such calculations as 
these, and on the necessity for experiment. 


Against calculations of the previous kind the following must be 
said: 

In the first place nothing certain 1s known of the three assumptions 
employed at the outset. 

secondly, even when these assumptions hold good, no one knows 
the most suitable value for m. 

Thirdly, the flow of the air away from the shell, with waves and 
eddies, has not been considered, and cannot at present be taken into 
account mathematically in a satisfactory manner. 

On the other hand no possibility exists at the present time of 
proceeding in a manner free from objection, though this would be very 
desirable, because the influences of the obliquity of the axis of the 
shell make themselves felt ın deviation of the shell and diminution 
of the range. 

On the dependence of the position of the point of application on 
the angle a, Kummer (1875) has made numerous and accurate experl- 
ments with bodies of shell-like shape, but with small velocities only, 
and with no rotation. He investigated the relation between £ and a, 
for a body of revolution. | 

For this he chose several different values of ¢, and investigated 
the corresponding value of a, in the following manner: 

The model of the shell (of cardboard, so as to increase the sensibility 
of the method) was suspended freely on a horizontal axis, so that the 
shell was moved in still air at a velocity of about 8 m/sec (by means. 
of a whirling apparatus); the model of the shell being on an arm 
over 2 m long, which was revolved about a vertical axis. 

Kummers method was as follows: he determined the position of 
equilibrium for a large number of positions of the transverse axis, 


assumed by the body under the action of the air-resistance alone. The 
distance of the transverse axis from the base of the shell was thus £; 


then the corresponding angle a was observed, at which the long axis. 
stood. 

All other forces of rotation must naturally be eliminated: above 
all, the force of gravity must be removed by making the centre of 


gravity come into the transverse axis by means of an internal 
mechanism: 
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Kummer carried out his observations for the plane, cylinder, 
combination of cylinder and cone, hemisphere, and semi-ellipsoid, 
and finally for a model of the Mauser bullet and the 4-pounder 
Prussian shell. Some details of the arrangement of the research 
were improved by Kummer in a second series of experiments. 

The results of Kummers research may be given here for the 
model of the shell with a height a — 112:5 mm of the cylindrical 
body, radius # = 37:5 mm, and height A=47'5 mm of the ogival 
head. He found 


(= 68 | 70 72 | 74 | 76 | 78 | 80 = | 8 | se 88 | 90 | 
a= 86 | 83 | 82 | 79 | 73 | 0 | 69 | 68 | 64 | 55 | 48 | 43 | 
| 92 | 94 | 96 | 98 | 100 | 102 | 104 106 | 108 | 110 mm 
39 | 36 | 34 |33 | 32 | 30 | 25 | 23 | 21 | 18° 


As the stream of air 1s directed at a continually decreasing angle 
with respect to the axis, so the point of application approaches more 
and more to the upper end of the cylindrical part (€ = 112:5). 

For an angle smaller than a= 18° the research gave no longer a 
definite result. The Newtonian assumption gives for this case 


t= sakir +a? tan 4a (^ the height of the cylindrical port) 
= « 8Rar+2atanda\ 2R the calibre ' 


Putting a —0, we get =a, in agreement with experiment: on 
the contrary, the rest of the calculated and observed values of £ for 


a are remarkably discordant. 
Such experiments with a velocity of 8 m/sec cannot give the results 


required in ballistics; because at velocities up to 1000 m/sec much 
more is required, and this would naturally involve very serious ex- 
perimental difficulties. 

For if it 1s attempted to make such a stream of air act for a long 
time on a stationary model of a shell, the stream lines of the air must 
possess a uniform parallel motion 1n front of the model, and 1n addition 
the velocity of the air must be the same against each square centi- 
metre of the cross-section. Considerable expenditure of power 1s 
then required, and special preparations for the measurement of the 
directions and velocity of the air at every point are required, without 
interfering with the flow of the air. 

Probably the employment of Neesen’s method, described above, 
will lead to results. In any case a wide field 1s open for such work. 
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III. CALCULATIONS RELATING TO THE SHAPE OF THE SHELL HEAD. 


S 13. When a is =0 in the formulae for X, Z, ¥€ of § 12, it is 
assumed that the axis of the shell lies 1n the tangent to the path. 


Integration with respect to I must then be carried out from 0 to Zr, 


and then | cos Sd is zero, and so too X and X£, (but the value of ¢ 


approaches a finite limit, which 1s obtained by calculating the value of 
C at first for a small finite angle a, and putting a= 0). 

lhen the resistance Z in the direction of the z axis must be 
considered. But since 


then writing æ for p, 1n the case where the axis lies 1n the tangent 
to the path, we have 


W = 2v | eal xdg, where ds = (da? + d2?). 


Here « (v) 1s the resistance to unit surface for motion at right 


angles, and for the velocity v corresponding to the motion of the 
centre of gravity of the shell. 


Examples. 


1. A shell, consisting ofa circular cylinder of calibre 2, combined 
with a truncated cone of height A, and radius a of the uppermost 
section. Lössls and Gross's assumptions, m = 1. 


The resistance W, of the curved surface in the direction of the 
shell-axis 1s 


R 
d _ 9| ? 
MN + (25) 
R-a 
where z—-a=(h-z)cotß, cotß= 7, ; 
dx = — cot dz, n * aa 


so that W,=2n«cosß| zde=«r(R?—- a?) cos f. 


To thıs must be added the resıstance of the flat head 


W, — KITA". 
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The total resistance W= W,+ W,; compared with the resistance 
x Kr of the direct cross-section of the cylinder of calibre 2R, this 1s 1n 


the ratio of 


2. Ogival shell with a rounding radius = n half calibres. Lössl's 
assumption, m = 1. 


Let AC be the generating circular arc of the ogive, with centre Q,, 
and P any point (xz) of the circle. It 1s convenient to take the central 
angle AO,P = $ as the independent variable instead of x. Then 


O,P cos 6 = 0,D20,A — AD, 


or nk cos Ó =nR —(R— x), z=nR (cos $ - "—), 
de=—nksınddd, ds=nkdd, 
so that 
dc 
5 nk sin odd na) 
= are | nRdd n. (cos d m ) «Rsin dde 
= Larre R’n? | "sin? p (cos o — : m A ad. 
0 / 


W = «Fir? (sin y — 4 sin? y — y cos y), 
in which y denotes the angle A0,C, which is given by 
nh—HRh n-1 


I may be mentioned in this connexion that in such ogıval shells 
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the semi-ogival angle y, the height of the head OC = h, and the radius 
of rounding ZA, = 0,C =n, are connected in the following manner: 
mant: TELA (se) = oer 
noc R? \2R YR i 
as for example 


Rounding radius ZA, 7 
in calibres : oh 0:5 10 1:5 2 3 


2k 
Height of h 
ne i EA =| 05  |0866| 1118 | 1323 | 1:658 


| 
Semi-oeival 
> = 1 2 5 | 5 

angle: cos y 0 y 3 2, g 


y = 90° 60° | 48°11" | 41°25 33 34 

Similar calculations for different forms of head have been carried 
out by W. Gross on the base of Lössls assumption, and by Ingalls 
with the help of Duchemin’s Law. 

Hélie(France)assumed that the coefficient ? of ogival shell increased 
and decreased as the sine of the semi-ogival angle y; and this was 
established by numerous experiments. 

A. Hamilton (North America) stated that it was proved that the 
value of 2 for a shell should be proportional to the mean value of the 
sine of the angle that the tangent to the ogive at the various points 
made with the axis of the shell. 

This would make the ? values of two shells inversely proportional 
to the surface of the heads of the shells. 

If we put 1 = 1 for an ogive of 2 calibre radius of rounding, then 
we should have 

, = 1:00, 0:82, 0:71, 0:64, 0:58, 0°54, 
for n= 2, 8, 4. 5, 6, 1 calibres. 

But ıt will be shown later on, that these assumptions cannot be 
considered to be proved. 

The following table gives the specific resistance of shells of equal 
calibre, as calculated on the basis of the laws of v. Lóssl, Duchemin, 
and Newton. 

As is seen, these values are very discrepant. 


Laboratory experiments at small velocity have been made in great numbers. 
For example, Borda, Hutton and Vince have obtained the following results: 

The resistance to a hemisphere is to that on the diametral cross-section as 
0:407 : 1 (Borda 0'405 :1; Hutton 0'413:1; Vince 0°403:1). Further the re- 
sistance on a circular cone with angles 90°, 60°, 51° 24’ bears to that on the plane 
base the ratio 0:691, 0:543, 0:433 to 1, respectively. 
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and to introduce a doubt as to the universal transference of the form 
value from one shell to another. 


It will be shown in the sequel how the form values were obtained, 
and how a figure obtained in this way must at-best be a makeshift. 


Critical remarks on experiments to determine the effect of 
the shape of the shell head. 


The initial velocity vj, range X, angle of departure & and air density are 
observed. By means of approximations from the shell-calibre 27 and shell- 
weight P the product 78 is obtained. Here 8 is a factor of adjustment to com- 
pensate for the errors caused in the integration of the differential equation of the 
problem. (See Chapter V.) 

Division by 8 thus gives the z-value in comparison with a normal value 7=1, 
which must be defined in an agreed but arbitrary manner. 


(a) When the 7-value for any given shell on the basis of the same value of 
vo, $, X, 2R, P, 8, is calculated by means of two different systems of solution, 
based on the same laws of air-resistance, the same value is not always obtained ; 
discrepancies up to 13°/, can be met with. 

The reason of this is that the compensation for the errors of integration in the 
different systems of solution has been more or less successful (compare $ 33). 

Even in the same systems of solution (see for example Siacci II) the errors, for 
different departure angles & and ranges X, of the corresponding 8 values are not. 
the same. 

Suppose for example a calculation is made grounded on Siacci II, and ß is 
taken out of the 8 table, and 7 is thence determined; a part of the error in £ is. 
then transferred to the value of 7. 


(b) Moreover as stated the air-resistance is not exactly proportional to. 
the cross-section of the shell. But in the calculation of £ this proportionality 
has been assumed; and so again an error ensues. This error too appears in the 
i-value in the calculation. 

Now the more two shells of the same calibre differ from each other in shape 
of head, the more will the fact that the resistance and cross-section are not pro- 
portional to each other make itself evident in the calculated value of 7. 


(c) The air-density ô is in fact variable, because it depends on the height 
of the flight of the shell. But in the calculation the air-density will have been 
assumed constant, and either equal to that on the ground, or to some mean value 
of air-density; here again an error arises, that also affects the coefficient 7. 


(d) As stated above, the resistance is not exactly proportional to a single 
coefficient ; the relationship is really a very complicated one, depending on the 
shape. 


But in the calculation of its value this proportionality is assumed. 
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(e) If the angle of departure $ is measured corresponding to the same 
shell, the same initial velocity v; and the same air-density 8, for many ranges X, 
the values of the shell can be calculated from each separate range. 

But it appears frequently that the series of the values thus obtained is not 
constant. 

If the solution of the ballistic problem was exact and complete, and if the 
long axis of the shell remained steadily in the tangent of the trajectory, in 
accordance with one of the assumptions of Sections 3—5, the 7 values would 
necessarily be equal. 

As a matter of fact the calculated 7 values vary, and in some of the new 
infantry bullets to a very marked extent from one trajectory to another. 

The fundamental cause of this alteration in the form-coefficients arises firstly 
from the fact that the reduction factor ß is different for the different trajectories 
of the same shell; and secondly in that the change of i with the shape and 
velocity has not been considered, or insufficiently; thirdly in the fact that the 
shell is to some extent performing violent oscillations in the air. 

In this last case the calculation is inexact because the calculation of the tra- 
jectory should take into account the oscillation of the shell. As this is not the 
case, and as Moreover approximate methods are employed here, the errors arising 
out of it must give a variation of the form-coefficient 2. 

Conversely however this variation may not be employed for the quantitative 
measure of the extent of the oscillation. 

On these grounds no certainty can be expected that the values of 7 obtained 
in this manner can settle the true value of form; and still less that the results 
are generally valid. 


$14. Calculations concerning the most effective form of head of 
a shell. The August-head. 


The problem 1s to determine that profile of the head of a shell 
which at given velocity shall give a minimum resistance. In the figure 
the long axis of the shell 1s taken as the axis of z, and the y-axis 
stands at right angles to 1t. The half-calibre k = BB, = CC, 1s given 
and the height A = AB = x, — x, and the front surface 1s at a given 
distance « from the origin of coordinates O. The question is to 
determine the meridian curve A,D,, such that by its rotation about 
the axis of x the surface generated shall have the least resistance, 
when the shell moves with given velocity v 1n the direction CA 1n still 
air, or when the air streams past with the same relative velocity in the 
direction AC against the head of the shell. Here « (v) may denote the 
resistance normal to the surface per unit area. The resistance to the 
complete head B,A,A,B, 1s to be calculated and made a minimum. 

This leads to a problem in the Calculus of Variations. The following 
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result 1s stated without proof. When it 1s required to determine y as 
a function of x (curve A,D,) for which the given definite integral 


b 
| E(x, y, y, y^, ...) dE 


IS à maximum or minimum, the differential equation 


requires to be integrated. The constants of integration will then be 


calculated as follows. 
Suppose first the ends (2y,), (a, y,) of the corresponding branch of 
the curve are given; and that then 


$—40,,9-3, and L= £, YEY. 


Let the point (z,y,) be fixed at B,; and on the other hand let the 
other point (254) be capable of sliding along a parallel to the y-axis; 


that ıs, let the desired curve run from the fixed point (2,y,) to a line 
x=, parallel to the y-axis, and end there. Then if x22, y = 4; 


OF 


and if x=, oy = 0, from which the constant can be calculated. 

This last case is the one before us; for B, 1s fixed, and A, lies on 
the vertical 4; Á, produced as required, since the height h of the head 
IS given. 

Let A,B, be part of the curve 1n question, P any point on 1t; and 
ds the element of the curve at P. By rotation of the element ds 
about the axis of x an infinitesimal zone of surface 27yds 1s made, 
which 1s the element df of the outer surface of the head of the shell. 


If a 1s the angle between the direction of motion (the x-axis) and 
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the normal to the surface element, on the assumption of Newton's law 
the resistance on the element of surface 18 


directed along the normal to df. 
The component resistance along the z-axis 18 


du? 1 
x. àmryds EJ = Amkydy " (Ey 
ay 
di dy 1 | 
Denote s or x by q; 7, OF Ys OF : bv p. Then the sum of the 


z components of the resistances against the curved surface of the 
head of the shell 


R 
ydy _ ydy 
W Zr | ez 2ITK [igi senem (2) 
Here y 1s the independent variable, and the function under the 
| "m ^ Y _ V. 
integral 1s y (y, x’) = Dic dq If the rule (1) of the Calculus 


of Variations 1s to be employed, 1t must be noticed that here x and y 
have exchanged their róle; that 1s, the differential equation to be inte- 


grated 1s 
pov d (=) " 
= x dy x 
Since only y and 2’ occur 1n sy, but not x, then = = 0, and so 
Ld (ay), ay _ 
0 = dy | 2) ay constant. 
ii i Au. $ 
Now da 7 9. 7 gy 
— 2 i2 
so that (14 Ls = constant = — 2C, y 2€ d T ) . 


Moreover dæ = qdy = qC ap g)- L Pa dq, 


da 1 
a= (29 + 3q° — : dq. 


The solution of the problem 1s thus given by the simultaneous 
equations 


z-C(gig-lggtO) y--ü-g»* vee. (3) 
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Here is the equation of a curve in the form x = fi (q), y — f; (q), with 
parameter q. 

When C and C, are determined, the curve can be discussed and 
traced by points. It appears that in the general case the curve has 
a cusp S, and two asymptotes; the first parallel to the z-axis, the 
second parallel to the y-axis. The first and lower branch of the curve 
extends from p — J3 to p —O0: the second and upper branch from 

= 98, that 1s from the cusp 5, to p= œ. 
It will be shown later that only the first branch 5S, B, comes under 
consideration here. 
As to the determination of the 


constants C and C, 1t was worked out 
jn the following manner by N. v. 


Wuich (1882) and later by August 

B === (1882) 
The first condition requires 1n any 
case that when c=2,=a,+h, y= R, 
since the head of the shell 1s to make 
* à direct prolongation of the cylindrical 
part. Also the upper head surface, 


A,4,, should be as small as possible, and so the ordinate SS, of the 
cusp ©, should be the radius AA, of the head surface at the forward 


flat end of the shell. 
dy 
dg 


mum value for q =y or p — 43, at the cusp 5, and the angle 


y 


The condition — = 0 shows that the curve ordinate y hasits mini- 


between the tangent and z-axis = 60". 
Thence the two conditions for the calculation of C and C, are the 


following: for x = x, +h, y must = R; for s = x, q = E 


/3 

August has examined the corresponding solution in detail; 
Armanini and Lampe however have shown that his solution 1s incorrect. 
The latter proved numerically that with the same calibre 2R of the 
cylindrical part of the shell, and with the same height h of the head, 
a hyperboloidal rotation surface can be found, with plane front surface, 
giving a resistance somewhat smaller than the surface of August. 

The error of August's calculation lies in the fact that the part of 
the resistance due to the plane head surface 4, ET - not been taken 


into account in the correct way. 
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The total resistance against the curved surface of the head of the 
shell and against the plane head surface 1s to be made a minimum. 

The variation of the end point A, on the parallel to the y-axis 
influences not only the meridian curve A, B,, but also the head surface 
AA. T or yer. 

The total resistance against the head of the shell 1s 


A R 
W= 2r |" ydy + 24r yoy -— 


Here the first part denotes the resistance to the plane head surface, 


along which q — 0, since the head surface is at right angles to the 
x-axis; the second part is the resistance to the curved surface. 
Let the first integral be divided into two parts, 


Yo R Yo R 'R 
0 0 R 0 Vo 


This 1s equal to 


wit 


must be a maximum, since «#? 1s constant. 
The function under the integral 1s now 


= constant, or y 4~——*4 = 2C 


| 26 
gives og 
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and in addition, with dz = qdy, we have, as above 1n (3) 


C 
v — C (q* * iq — log q + C, y-z 0v 9. 


The integration constants C and C, are to be determined from the 


conditions: y= k for æ = m; Ea 0 for x =x (see the explanatory 


Oy 
remark above). 
Since the integral to be treated 1s 


| ydy p [yy da 
1 + q’ ly?’ 
therefore 
p. IY OF _ lity’ 2y_ 1 


and this =0; so that for c—2,, y'— t1; as is easily seen, only the 
upper sign comes into consideration, when a real curve 1s to be 
employed. 
Thus the slope of the tangent of the curve with the x-axis must 
not be 60°, but 45°, at the end point A, of the part of the curve A,B,. 
That à maximum of the integral arises 1n fact under the assump- 
tions of the mathematical data, and with it a minimum of W, 18 seen 
OF 


T this will be 


from the second variation 


Since that branch of the curve under consideration 1s drawn, for 
which the asymptote 1s parallel to the x-axis, and since the curve 


stretches from the point B, to the point A, where the slope of the 
op. 


tangent 1s 45°, y and y are positive, and y? < 3, and so oy Is nega- 
tive, and the integral is à maximum. (Kneser has examined the 


conditions more fully.) 


Remarks on the preceding solution of the problem. 


(a) It 1s unlikely that the Newtonian law can be applied to the 
high velocities which are here to be considered. 


(6) The normal resistance on a surface element df is not merely 
dependent on «df and a, and so not exactly equal to «df cos? a, but 
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The reason for this apparent contradiction lies 1n the fact that the 
outflow of air from the shell has not been 
taken into account. 

On these grounds such theoretical calcu- 
lations can have no. practical importance. 
Experiment can alone decide the most suit- 
able form of the head of a shell. 

Moreover ın relation to this subject it 
may be mentioned that many things indicate 
the essential 1m portance of the rear end of the 


shell. 


The shapes in IV and V were put forward by 
d’Alembert in 1744 and by Piobert in 1831; the egg 
shape by Robins; a truncated cone on the rear end 
of the shell by Dreyse in 1840 and Whitworth in 1860 ; 
as Well as a sharp-pointed head by the latter and by 


— Hehler. 
—C ao > The torpedo form is doubtless useful on purely 
hydrodynamical principles; but the need for the 
stability of the shell in the bore and in flight in the 
— air, and other practical reasons are opposed to this 
form of shell. 


IV. CALCULATION OF THE DENSITY OF THE AIR 6. 


S 15. The air-resistance, according to the preceding, depends 
above all on the density of the air surrounding the shell. 

It is required then, from the temperature of the air t^ C., the 
barometer height H, mm, and the percentage of moisture in the air, 
to calculate the weight 6, of 1 m? of air. 

The weight of 1 cubic metre of perfectly dry air 1s 1:29303 kg, 
at sea level in latitude 45°; or 1:29388 kg in Berlin, latitude 52° 30° 
and 40 m above the sea. At the same time the weight P of 1 m? of 
dry air at t C. temperature, and at H, mm barometer height, in ac- 
cordance with the laws of Mariotte and Gay-Lussac 1s given at 
Berlin by 

| Hy, ~- l 
ELITE 0003678. —— (1) 

But air contains moisture, and therefore ò< P; because the vapour 

of water, which the air holds, has only $ the weight of an equal volume 
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of dry air. The height of the barometer refers to the pressure of the 


We have to imagine then that water vapour of tension e has 
penetrated into one cubic metre of dry air, and that 1n consequence 


a certain quantity of dry air has disappeared, so that the pressure 1s 


the same as before. 
Let the dry air which remains behind in the cubic metre weigh 


(kg; the pressure due to it is given by H, mm. Let the water 

vapour which has flowed in weigh G, kg, with a pressure e mm. 
Then according to Dalton's Law that the pressure of the mixture 

is the sum of the partial pressures, which each gas would have if ıt 


filled the space alone, 
H,2 LA HO. cccccccsscccccsecavcccceess (2) 


Introducing this assumption, we have to consider that at first 
the cube was filled with G, kg of dry air, at a pressure H,. Then 
according to the Boyle-Mariotte law we have 

(7 H, H, == € 
| dnb - g oeei (3) 


Now, 1f only the G, kg of water vapour was present in the m*, at 
a pressure e (weight per m? 8 P), then practically 


Go e 
— TW. leressasesseesosottseosesenes 4 
PH, = 
These values 
A,-e e 
@ = P H, , and nn 
introduced into the equation 6 = G, + G2, give 
P 
= H, Uh — 86» era cr eee ee ee ae (5) 
or, frora (1) 
. 12939 
TRETEN elohdsb MN ane 
ò (kg/m?) 760 (1 + 0008671) (H,— $e) ......... (I) 


When the air is saturated with vapour then e= Æ (tension of 
water vapour at t C.), and E can be taken from the tables. 

If however this 1s not the case, then e 1s a fraction of #; let 
e — 8E ; and 100 s will be given as the hygrometric percentage in the 


table; then 


19939 H, 273 | sE 
77 160 ^3] 4t Aa 


Thus ¢ is the temperature of the air in degrees Centigrade 


(Celsius). 


m (II) 


6—2 
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s 18 the relative moisture, that 1s the ratio of the tension e of the 
water vapour actually in the air to the tension Æ of water vapour in 
the case of saturation (for Æ consult Table no. 4). 100s 1s given 
directly by Koppe's or Lamprecht's hygrometer. 

H, the barometric height in mm, reduced to 0^ C. 

The height H in mm will be read off on the mercury barometer. 
The readings of the barometer are reduced for purposes of comparison 
to one and the same temperature, viz., 0° C. 

The coefficient of expansion of mercury being 1:5550, the height 
read off on the barometer 


t . t 
H = H; t T =350) ; SO that practically Hi — H (1 e 5555) ; 
and the correction amounts to 
Ht 
"EG 0:000181 . Ht, 


which 1s to be subtracted from H. 


On the other hand the scale on the barometer changes by expansion. 
If the scale 1s made of brass (coefficient of expansion 0:000019), we 
have to subtract again from the last number, 0:000019 Ht. 

The whole correction then to be subtracted from the reading 7 
of the barometer 1s thus only 0:000162 Ht (compare Table no. 5). 

Frequently the humidity of the air 1s not taken into account. In 
this case 


0465. H, gr: 
ò=- (H, ın mm), 


and this 1s sufficient ın most cases. 
In this way the density of the air 1s obtained near the ground 
level. 


Air-density 6, at height y. 


When the alteration of air-density with the elevation y m above 
the place of observation 1s taken into account, ıt can be allowed for 
by the formula 


6, = 6(1 — 0:00011 y), 
where 6, denotes the density at height y (the number 0°00011, ac- 
cording to the calculations of Charbonnier, is more accurate than that 
of 0:00008 of St Robert). 
It will often be sufficient, after the corresponding problem of the 
trajectory has been calculated with 6 equal to the air-density on the 
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ground, and in this way the height y of the vertex has been deter- 
mined, to perform ‘the operation again with an air-density dy, which 
refers to the height Y at which the shell would be found in its flight 
on the average. 

This average height Y, in the case where it refers to a trajectory 
which comes down again to the horizontal plane through the muzzle, 
is given by Y = 2 y,. 

The density dy of the air at the average height Y 1s thus 

dy = 6(1— 0:00011. 2 y,), 


where 6 denotes the density at the ground, and y, the height of the 
vertex. 

The caleulation 1s then repeated with this value of the air- 
density. 


In all such calculations it is nevertheless essential in the calculation of the 
air-density 5 on the ground, that the air-temperature is to be taken not at the 
moment of firing, but as a mean temperature based on a series of observations, 
because the air-temperature alters in general more slowly at a great height than 
near the ground. The quickly moving periodic oscillations in the temperature 
of the lower air-strata do not travel much upwards, and so must be ignored. 

It is preferable then to measure the temperature of the air on the ground at 
6 in the morning, 2 in the afternoon, and 10 in the evening, and to take the mean 
of these three readings. 

To obtain the mean diurnal temperature of the air, more simply and almost 
as exactly, a single measurement will serve, if taken either in the morning between 
8 and 10 o'clock (in Winter a little before 10, in Summer a little after 8), or else 
1n the evening at 8. 

In the reduction of ranges to a normal air-density, as will be explained in 
3 43 and § 45, it is a question of the percentage change with average height, or of 
A9,[8,. This relation is usually replaced by the equivalent at the ground level 


Ad, Aò 
$, 9 

But this is only correct when the relation between the air-density 8, at height 
y and the air-density on the ground is a definite function f(y) of the height y 
(for example the linear function above), i.e., 8, 28. f(y), and when moreover this 
function f (y) does not alter when the air-density changes from 9, to 8,-- A9,. 

It is only then that A8,—A9. f(y). 

The last relation includes the other, because the rapid variations of tempera- 
ture, Which can be observed near the ground and at a limited height, have been 
eliminated, when ô has been assumed as the mean of the last 24 hours. 


When the air-density 6, at à height y m is to be calculated more 
accurately than in the approximate formulae of St Robert or 
Charbonnier, the procedure is as follows: 

The temperature £^ C. is calculated by assuming (see note 15) the 
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air-temperature to diminish on the average 0°57 for every 100 m of 
height. 

Thence, and from the barometer reading H, mm on the ground, 
the barometer reading H, at that height (£,, the mean temperature 
between the upper and the lower height) 1s given by 

_ _ , 
log Hy = log Ho — 15369 (1 + 0:004 1, 
1:294. H, 273 £0174.3# 
= yo HE — 2784 ^ 


in which expression 1n most cases the second term may be neglected; 
and s is taken =# at that height; Æ is given in terms of t in 
Volume Iv, Table 4. Better still, the direct measurement of 6, by 
means of registering kites and pilot balloons might be carried out. 


An empirical table obtained in this way is given in Vol. III, 
S 111, from which 6, for any height is to be taken; thence the calcu- 
lation 1s made according to the observed air-density on the ground. 


Example on § 15. 


l. Reading of barometer on the ground 751:8 mm, air-temperature 15°, 
hygrometric state 50°/.. 

Then A)=751'8—1:8=750mm; and according to Table 4, Z=12'8 mm, 
s=4,7=15°; on the ground = 1'206 kg/m3. 


2. Height of barometer on the ground H,=750mm, mean temperature of 
the air 15°. How great is the air-density 8, at a height y =2000 m? 
Temperature at this height 1s t=3°°6, so that 


log H, =log 750— ume Hy=518; 
18400 (1 -- 0:004 ) 
thence 0,— 0:93 kg/m?. 


Charbonnier’s expression gives 


§,, = 1:206 (1— 0:00011. 2000) —0:94 ; 
St Robert’s gives 


8, = 1:206 (1 — 0:00008 . 2000) = 1:01. 


$16. Critical remarks concerning air-resistance. 


We thus see that the experimental results are not entirely in 
agreement with those obtained by a theoretical examination of thé 
.question, and 1t 1s consequently evident that the matter has hitherto 
been insufficiently investigated 1n 1ts theoretical aspect. 

The attempts to arrive, through purely theoretical considerations, 
at a law of the resistance of the air to an elongated shell, moving axially 
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and rotating, have so far led to no satisfactory results, because the 
phenomena cannot be properly examined. 

The shell loses energy ın its flight through the air by reason of 
the fact that the particles of the surrounding air are accelerated. 
These accelerations are associated with wave making, and eddy motion 
in consequence of friction. ‘These complicated results of the air motion 
may be treated from one point of view as the results of impact, and 
from another as thermodynamic effects: ın either case with only partial 
SUCCESS. 

Other laws, such as those of Lorenz and Vieille, giving at least 
the most important facts of the movement of the air round the shell in 
a mathematical form, are such that it is not yet known whether they 
are directly applicable to practical purposes. 

It has been shown that the various quantities required 1n measure- 
ment of the air-resistance, namely the cross-section fs, the form- 
coefficient 2, the velocity v, etc., do not occur in the simple manner 
assumed formerly; that 1s, as separate factors of a product, in the true 
function of air-resistance; and that, strictly speaking, a single form- 
coefhcient 2 does not exist, as characteristic of the influence of the 
shape of the shell. 

In the case where the elongated shell does not move axially through 
the air, but where the long axis makes a finite angle with the tangent 
to the path of the centre of gravity, the components of the air-resist- 
ance, parallel and perpendicular to the long axis, and also the point 
of application of the resultant air-resistance on the axis may be calcu- 
lated by help of some elementary law (Newton, Lössl, etc.), but these 
calculations are very uncertain; because nothing is definitely known 
as to what elementary law 1s to be adopted 1n calculations for the 
high velocity of the shell; and above all whether any law can be applied 
with sufficient accuracy to give any practical result. 

The so-called August head-form cannot possibly be the final solution 
of the Newtonian problem as to the most suitable shape of surface. 

Not only is there a fundamental discrepancy in the mere mathe- 
matical statement of the problem, but the assumptions are 1n contra- 
diction with the actual facts of the air movement round the shell. 

We shall in future speak. of the retardation of the shell as being 
= cf (v), where c1s proportional to the cross-section Kr, the air-density 
6, a form-coefficient 2, and inversely proportional to the weight P of 
the shell. But this hypothesis 1s only adopted because there is nothing 
better to replace it. 


CHAPTER III 


Problems relating to the trajectory 


S 17. The general equations. The Principal Equation 
and its integrability. 


The parabolic, as well as the elliptic path of a shell, considered ın 
Chapter I for a vacuum, 1s altered 1n general by the air resistance so 
that the range 1s shortened, the vertex height and final velocity are 
diminished, and the angle of descent 1s increased. 

On the other hand it is not fundamentally impossible that the air 
resistance may not increase the range, as recorded by v. Minarelli from 
the observation of such cases: this 1s possible with elongated shell in 
cases where the front part of the axis of the shell lies always, or at 
least for the greater part of the trajectory, above the tangent of the 
path; and so the action of the air against the slanting shell 1s of the 
same kind as that on a sailing ship with the sails set on the slant. 

(The same thing may happen with a spherical shell, when the 
shell has a rotation about a horizontal axis; compare § 51 and § 58.) 

These cases rarely arise, and they are excluded here, on the as- 
sumption that the axis of the elongated shell lies continuously 1n the 
tangent of the path (or that no rotation occurs in a spherical shell). 

Moreover disturbing influences will be neglected, such as the rota- 
tion of the Earth, and the wind, and for the present the air density 
will be assumed as of ıts constant mean value. 

Strictly speaking the ballistic coefficient c, occurring ın the 
retardation cf(v) of a shell from air resistance, 1s a given function of 
the height y of flight, because the air density 6 1s involved in c, and 
this, as in § 15, varies with the height y. 

Further there might be special shells to be considered in which 
the weight included in c 1s a function of the time ¢ (smoke-producing 
shells, or star shells come under this head), or others in which the 
cross-section varies with the time. 
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where y = e”, T) —F(w), sind=-r. 
EEE E M — ken (4) 
v dO 
dt = — pn VRSSESSELZESLTELTIITTE EEE EE (5) 
gdy =— Vv? tan 0 d6,.............. se ecceeees (6) 
v? dO 
gds = ~ Pr: —————————— (7) 
where ds 1s the element of arc. Also 
dx d 
d: 7 xix "CMM (8) 
in which i or tan @ 1s replaced by p. 


Proof of the equations (3) to (8). 
The component acceleration in the direction of the normal on the one hand 
is g cos Ó at the point P of the trajectory considered, and on the other hand is 


2 
A , Where p is the radius of curvature at point P (x, y). 
p 


Now p= therefore (7) becomes 


do 
= =V -— 
g cos üz —v s 


(the minus sign is required, because as s increases the angle 0 is diminishing, and 
dô is negative). 

The elimination of cos 0 between (7) and (1) gives 
cf (v) v dO dt 

gas  ' 


or, since =, the equation (3) follows, which can be written in the form (3a). 


d (v cos 0) 2 + 


The horizontal component of the velocity T = 0.008 6; substituting 1n this 
equation the value of cos ô from (7), we have equation (4), and then (6), since 
dy=tan 0dx and ds=vdt. 


Equation (5) is merely another form of (7), since ds=vdt. 
Finally, to obtain (8), 


vd dé 
we have from (5) Ut cos2ddt 7 ! 
dà dx dà . 
2 — = — qd — — = 
and since | , 47743» and -—* d tan 6, 
da d tan 6 
therefore == ^ dB = 


The proof of these equations can be given without the aid of the expression 


MO 
for the. centripetal acceleration " ; because in equations (1) and (2), when the 
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left-hand side is expanded, and the retardation cf(v) of the air resistance is 
eliminated by multiplying the equations respectively by sin ð and cos, and 
subtracting, then equation (5) follows immediately; and also (7). 


Among these equations (1) to (8), the one which involves only 
two elements of the trajectory 1s (3a) or (30). 

We have next to integrate the differential equation (3), and to 
determine the constant of integration so as to make 0 = ¢, v= w. 

If v has been obtained as a function of €, so that v = F (0), then 


dx = — > (F'(0))? dé, dy = — - (F (0)y tan 0 dé, 
dime “FO sec 6 dð, ire - (FO) sec 0 dð: 


and we have only to integrate with respect to 0, or sum up dz, dy, dt, ds. 


As for the different methods which can be used to carry out this 
plan, they are considered in Chapters IV and V. 


Integrability of the Chief Equation. 


It 1s only on a definite assumption of the form of the function 


cf (v), the retardation due to air resistance, that a first integral can 
exist 1n a finite form of this equation, 


gd (v cos 0) = vcf (v) dé, 
or, of the equation 


os 25 (29 t sin). 


v cos@\ g 


The integration was worked out 1n 1719 by John Bernoulli, on the 
assumption cf (v) — cv". Thence it 1s possible, as we have already seen 
for the quadratic law cf (v) = cv’, as well as for the cubic law cv?, the 


biquadratic law cv*, and so on, to solve the problem. 
And when as in $ 10, the empirical value of air resistance 1s given 
by tables in a series of zones, the trajectory 1n this more general case 


can be calculated with accuracy, by dividing it up into a number of 
successive parts. This is discussed in the later articles, 8 20 to 22, 


32 to 34, and § 37. 

Afterwards, in 1744, d'Alembert showed how the integration 1s 
possible for the more general law cf (v) 2 cv? +b, which includes the 
Bernoulli law as a special case. 

He examined also the functions alogv+b, va" + R + bv”, 
a (log v)?+ Rlogv+b. But these three additional forms are not of 
any real importance for our present purpose. _ 
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In 1901, Siacci resumed the work of investigating other forms 


of an integrable function, and published fourteen other forms, such 
as 


Av 4 (2c -- v?) 4- B (c 4- v?), where A, B, c are constants. 
Putting /(2c + v?) = vz (Bc — sin 0), equation (3) becomes 


zdz d 


2!(B*c?—1)--24cz-41 T cos O (Bc — sin 6) _ 


in which the variables are separated. 


The form employed by Legendre, in 1782, is included in this, with 
A=0. Other functions of this kind have been examined by P. Appell, 
M. E. Ouivet, and T. Hayashi (Tokyo). 

It need hardly be stated that there 1s an infinite number of such 
integrable functions; for 1t 1s only necessary to assume any relation 
between cos@ and v, say, cos — 4r (v), and to insert this, with 


———— , into the equation (3), and then solve it for cf (v); 


and such a function 1s then obtained. 

Again, as ın $18, other integrable functions are obtained on the 
assumption of y= Nr (x) for the equation of the trajectory. 

The equation, (3) or (3a), 1s the dynamical expression of the 
hodograph curve of the trajectory. 

Consider the line drawn through the origin O of coordinates parallel 
to the tangent at any point P of the path; on this parallel through 
O let the magnitude v of the corresponding velocity of the moving 
point be measured to scale so as to form a radius vector from O. 
When this construction is carried out for all points of the path, the 
ends of these vectors trace out a curve, which 1s called the hodograph 
of the corresponding path, and the variables v and @ are the polar co- 
ordinates of the hodograph. 

The hodograph in general 1s a curved line; but in the special case 
of a vacuum 1t 1s the perpendicular to the axis of x at a distance v, cos $ 
from O: for in this case c/ (v) = 0, so that the equation (3) becomes 


d (vcos0) — 0, vcos @=constant = v, cos d. 


Recently C. Cranz and R. Rothe have shown that the equation (3) in the 


problem can be integrated graphically with satisfactory accuracy, in the case of 
an entirely arbitrary law of air resistance, without employing zonal laws. 


The equation 
"E. {sin 6 48 2N 
v cosé g 
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We find * "- three derivatives of y with respect to x; adde: 
them by y, y", y" ; then 


u 1+y° 
"we -a ) 
ev + y") | J 
cJw)=—g = dt =dx —; 

fv) > : 


so that the time £ 1s given by an integration of this last equation. 


For if we differentiate tan 9-3. y' with respect to 0, then 
1  dydr „dx 


cosÓ dx n =Y op’ 
dax v2 
dó g’ TT "m "TA ? 
And further, 


l 
VETON 


l+y" 
so that p VIC t j, 


and along the trajectory y” is negative, so that J/( — y") is real. 
The relation for ¢ follows from 


dx dx — y" 
v cos l=; , di— cosg d* J= 


Finally, in the equation (3) 


cos é= 


gd (v cos 0) 


ee, 
and here, since ? cos @ = rz 
7 ioc rue 18-7 -—-JcC9cbuon BY" = +5 ew 
so that cf (v)= er IY ~ a ai y 2 
Examples. 


1. The trajectory in many cases may łe replaced conveniently by an hyperbola 
with a vertical asymptote ; this has been stated by Newton, Indra, Ökinghaus, and 
Stauber. 

E. Ökinghaus formerly stated that the trajectory was actually such an 
hyperbola; later he assumed the two asymptotes to be slanting, and discussed 
the hyperbolic solution of the problem as merely an approximate solution ; see 
S 19, theorem 6. 

On the assumption that the trajectory should be an hyperbola 


axx? b 


FULL "Los $, 
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__3ga(b- x) 
then cf (v) cos 0 = 4b? (b — a) tan $ ; 
(v cos 6)? = ga (b — x)’ 


2b? (b — a) tan $' 


B b b (b — a) 
tan 0 — tan Pa fı — 5 | ; 
] l f 2b2 
7? [57 Ta 07 nd. 
2. Piton-Bressant assumes the trajectory to be a parabola of the 3rd order, 


ga? 
yY = x tan ġ— Zu (0*2) 


where m is an empirical constant to be determined (compare also $ 25). 


Then in this case, since 
m__ Sgm 
J i v9! cos? d ' 
the law for the retardation due to air resistance will be as follows: 
3mv? cos? 6 


f(r) = — 2v cos? e ’ 


also tan é=tan d— (1+2mx), 


ETT 
v cos d=, cos (l+3mr) ^ : 


2 {(1+3ma)? — 1} 


t= 
IMV cos $ 


3. The following proposition was made by C. F. Close (see above, S 11). 
Assuming the principle of the tilting of the trajectory as satisfactory, and that 
a range table has been constructed, the trajectory of the gun may be constructed 
for the extreme range by a tilting of the lesser trajectories. The points on the 
trajectory are then given in polar coordinates. 

The relation between radius vector and polar angle is given by an equation, 
and thence on the above principle the values of v, v cos 6, t, cf (v) for any point 
of the longest trajectory are found. 

It is possible then with the aid of the range table to obtain the air resistance ; 
and corresponding calculations have been made by G. Greenhill and C. E. Wolff. 
Consult $ 11 and 88 38 to 40 on the probability of these assumptions. 


$19. General properties of every trajectory. 


A knowledge of the differential equations established in 817 1s 
sufficient to deduce a series of general values, independently of any 
assumption of a special law of air resistance, for any trajectory. 

It 1s assumed, however, that the resultant air resistance acts along 
the tangent of the trajectory, and the retardation cf(v), due to air 
resistance, 1s a continuous function of the velocity alone. 
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Those general properties of the trajectory are now to be discussed, 
which differ between the paths 1n air and 1n a vacuum. 


1. The horizontal component v cos @ of the velocity v 1n the flight. 
of the shell diminishes along the trajectory. 


Proof. In the equation 
gd (v cos 0) —- cf (v) vdd, 

Where c/(v) is positive, dô is always negative; because the angle of slope 6 
with the horizontal decreases from its original value ¢; thus the right-hand side 
of the equation is negative, and so d (v cos 6) is negative ; that is, v cos 6 diminishes. 
always. 

Numerical example. A shell from a field gun, v,— 442 m/sec, p —151$ degrees, 
calibre 8:8 cm, weight of shell P—7:5 kg. 

For the horizontal distances 

4 — 0, 3000, 5000 m, v cos 0 — 425, 223, 168 m/sec. 


2. The angle of descent wis greater than the angle of departure ¢. 


0, 


Ts 


In general, at two points A and A, with equal ordinates y (A on 
the ascending branch, A, on the descending) the angle of slope 6, at A, 
is greater than @ at A. 


Proof. The equation 


tan dô d 

gd — — x’ tan 0dÓ, or 7 TG - 

is to be integrated, first from the origin O up to the vertex S, or from 6=¢ to 
0—0, or also, from y=0 to y=y,; on the other hand, back from the point of 


descent O, to the vertex S; so that 


48 gdy 
o (v cos 6)?’ 


on the one side, +4 tan? d= 


| ys gdy 
2 
on the other side, +4 tan? w o (v cos 8 


Since v cos 6 is RN diminishing, the denominator in the second integral is 
always less than that in the first integral; or the fraction under the integral sign 
in the second integral is always greater than that in the first ; the second integral 
is thus greater than the first; so that 

tan œ >tand, ed. 

The same holds when the integration is taken from 4 or A}. 

Numerical example, as in No. 1. 

We have w= 24° 53’, $1514 degrees. 
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If this equation is integrated from A to A,, then | dy =O, and there remains 


4 (v2 — v7) = -e |" fé) ds ; 


the right-hand side is negative, and so v, — v. 

This equation can be obtained at once by means of the fact that the alteration 
lm(vj?—2?) of the kinetic energy of the shell, in passing from A to A, is the 
sum of the work of air resistance and gravity; and as the last part is zero when 
A and A, stand at the same height, 


im (vj*—v*)-- | mef(o) ds. 
Numerical example, as in No. 1: y—0, vp=442 m/sec, v,=197 m/sec. 
5. The vertex point S of the. trajectory 1s nearer, measured 
horizontally, to the point of fall O, than to the point of departure O. 
Proof. Let the equation de= °F, be integrated, first from the origin O up to 


the vertex jS, or from y «0 to y=¥y,, and let 0 denote the angle of slope of the 
tangent to the horizontal. Secondly let the equation be integrated from the point 
. of fall O, back to the vertex, with 6, the angle of slope. Then 


[vs dy | [ys dy 
n= tan 0’ = | tan 6, 


But here, according to 2, for the same y, 0, > 6, so that a ree: 


Uy L Lg. 
Numerical example, as in No. 1. A calculation according to Siacci gave 


z, = OD=2500m, z,,20,D-2001 m. 
6. The descending branch of the trajectory has a vertical 


$ 
asymptote, at a distance f | v? dO from the origin; the velocity in 
Ir 

the path increases there and approaches a limiting value v,, to be 
calculated from the equation cf (v) = g. 


| _ 2 dO vcos0 dé 
Proof. We have di= TT q 00 


grated from t=0 to ¢=4, it is allowable to replace v cos 6 by a mean value y, since 


When this equation 1s inte- 


, 1 -— 
v cos 6 is always finite and continuous, and CY, does not alter in sign. 


According to this 


e 
6 d 


— s mede -" 
[= r f. cos 9 (tan 6—tan $). 


The prolongation of the path of the shell past the horizontal through the 
muzzle, will converge to a vertical direction because when 22 c, the left-hand 
side of the equation becomes infinite, and consequently the right-hand side also: 


smce u and tan @ are finite, tan d must = — o , and d= x 
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It is evident that this vertical, to which the descending branch approaches, 
is a line at a finite distance, because of the relation 


v* 1 (4 
dr= —— dé, x2-—- | v2 do. 
g gjo 


Here v? is always finite, because, starting from the initial value vy, the 
velocity diminishes at first, provided & is different from zero and is positive, in 
consequence of the effect of gravity and air resistance. 


U, 


LE 


After v has reached a minimum, it increases again under the effect of gravity, 
till finally the air'resistance becomes equal to the weight of the shell. Then 
when this limiting value v, is reached, which is theoretically only after an 
infinite time, the forces mef (v) and mg balance one another, and the shell moves 
on with the constant velocity 2. 


; | 
Thus the integral | ; odô is always finite, whatever value 6 may assume 


between $ and —437; and the limiting value of x is thus 


-kr 
06-- | vdg=+i J’ v? dé. 
9 J4 g | -4r 


Numerical example. A shell was fired at Meppen on April 28, 1892, with the 
following initial conditions: calibre 24 cm, weight of shell 215 kg, radius of 
ogival head 2 calibres, initial velocity 640 m/sec, angle of departure 44°, air 
density taken at 1:22 kg/m. 

Calculation gave therefore the following results: horizontal range 19,066 m, 
time of flight 68:8 seconds, final velocity 380°4 m/sec, angle of descent 58° 21’'5, 
vertex abscissa 10,840 m, vertex ordinate 6,150 m. Moreover the limiting value 
vı to Which the velocity was tending continually, was about 580 m/sec, and the 
distance of the vertical asymptote from the point of departure = 29,300 m. 


7. The minimum value vm is given by the equation 
cf (Um) = — g sin ©. 
The point of the trajectory, where this value 1s reached, lies beyond 
the vertex, 1n the descending branch. 


Proof. To obtain the slope of the tangent of the path where v is a minimum, 
the derivative of v with respect to 6 must be made zero; but as, in general, 
dv v fof) . 
dÓ cos | g +sin 6} E 
the first part of the theorem follows immediately. 
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Further, the velocity v in the path at any point can be resolved into a hori- 
zontal component v cos 6, and a vertical component v sin 6. 

From the starting-point up to the vertex, both these components diminish, 
as also their resultant v. 

At the vertex, the horizontal ib is still decreasing; the vertical com- 
ponent on the other hand has reached its minimum; or, in other words, is 
constant for a moment; consequently the rate of change of the resultant v depends 
on v cos 6, and as this is diminishing, v is decreasing at the vertex. 

But since v in any case increases again later, it follows that the minimum 
must lie on this side of the vertex. 

The exact place is to be determined by means of the relation between v and 
0, and by the equation 


cf (7) +g sin 0 —0. 
Example, as in No.6. By calculation it was found that if 02 — 15°, v became 


a minimum, at about 251 m/sec. The coordinates of the corresponding point 
were x= 12,570 m, y= 5880 m. 


8. Curvature of the trajectory. The point A of maximum cur- 
vature is given by means of the relation cf (v) 2 —39sin 0; it lies 
always on the descending branch, and between the vertex S, and the 
point M of least velocity. 


Proof. The acceleration of the shell in the direction of the normal to the curve 


is on the one hand g cos 6, and on the other Z, where p is the radius of curvature ; 


and so 
y2 
Lin g cos 6’ 
and this expression will reach a minimum, or the curvature a maximum When 
do | 
357 9. But 
dv 
dp 2v 5 008 8 + 2? sin 6 | 
dð g cos? 6 i 
and (S 17, equation 3a) 
dv vcf (v) 
d "e g cos 6 


Therefore the condition for an extreme value is given by 
0 — 2v cos 0 L tan 6 + zoe +v? sin 6, 
. geosô 


or 3g sin 0 --2cf (v) 20, as above; and from this condition the point K of maximum 
curvature of the path can be obtained. 
As to the position of this point and the nature of the extreme value, 


6) 


and 


© 
the change ın M" 


"Y must be considered, first from the origin O to the 
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left from v, sin 0 to vsin 6, on the right from y, to y; we have then 
(a) O—4$(vsin 6)*=-— | taf sin 6} dy, 
y 
(b) (vsin 0} -0= — K {g+cf(v)sin 6} dy 
Ys 


= + [^ tgo) sim 8} dy 
Y 


In this last equation (5), as in (a), we take 0 as the acute angle between the 
horizontal and the tangent of the path; then in (b), sin ô is negative, and so 


(a) (vsin = + | ^^ «4 ef (v) sin 6} dy, ascending branch ; 
y 


(6) (vsin 0} = + | u Sq — cf (v) sin 6} dy, descending branch. 
y 


In the integrals on the right-hand side, the values of (6) are less than those 
of (a), and so the integral in (5) is less than that in (a), and thus vsin Ó in (5) is 
less than vsin @ in (a). 


10. Fora range on the horizontal through the muzzle, the time 
of flight in the descending branch 1s greater than the time in the 
ascending branch. 


Proof. Let the time of flight in the ascending branch from O to S (figure on 
p. 96) be denoted by ¢,, and the time of flight in the descending branch from S 
to O0, by lo. 
From equation (5) of the system in § 17, 
vd 


This equation is to be integrated from O to S, i.e., on the left from £20 to 
( —1;, and on the right from 0 —4 to 6=0; and next from O, to SS, i.e., on the 
left from ¢=0 to t=t,, and on the right, where @ must denote again the acute 
angle, from 0 2 « to 0 —0. 


This gives (a) t= ee + | Be 


8—0 g cos 6” 
0-0 vdé 90—-o vdé 
(0) a= Im — «f. g cos 0" 


Both integrals are finite, since v and cos 8 are finite, and therefore ¢, and t 
are also finite. 


We can also employ the equation 
di LL., 
v sin Ó 
and integrate it, in spite of the zero value in the denominator at the vertex; first 
in-the ascending branch from O to SS, that is, from y=0 to y=y,, and secondly in 


the descending branch, backwards from 0, to S, that is, from y =0 to y —y, (with 
Ó again the acute angle). 
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Then (a) t= | me - 


Wer ; ascending branch, 
y 0 


y=ye dy | 
(b) t= | "Vnd descending branch. 
Here, as was shown before in Law 9, vsin 6 in (b) for the same y is less than 


v sin Ó in (a), so that 


i l] . | 
» sin Ó in (b) is greater than Sain d in (a); and so it follows 


that the integral in (b) is greater than the integral in (a) (term by term), or & > t,. 


11. The arc s, of the ascending branch from the origin O to the 
vertex S is longer than the descending arc s,, from the vertex S to 
the point of fall O, on the horizontal through the muzzle. 


Proof. Take the result ds = 3 ' 

sin 6 
from s=0 to s=s, on the left; and on the right from y=0 to y=y,; secondly 
from the point of fall O, backwards to S, where 0 again denotes the upward acute 
angle. We have thus 


and first integrate it from O to S, and so 


(a) s= | " , ascending branch; 


9 sin 


ys dy 
(b) s= | » ind? MEL branch. 
According to Law 2, for the same y the angle @ in (b) is always greater than 


. 1 
in (a), so that dn? 


in (b) is always less than E -3 in (a), and so s, < 8). 


Consult the remarks in the notes in the appendix concerning the 
question of the angle of departure œ, with given initial velocity v, 
which corresponds to the greatest range 1n air. 


CHAPTER IV 


First group of calculations in the approximate 
solution of the ballistic problem. Approximate 
solution of the exact differential equations 


$20. It was shown in $ 17 that the procedure in a numerical 
solution must be such that the equation, 


gd (v cos 0) =cf(v) vd, 


must first be integrated, where cf (v) 1s the retardation due to the air 
resistance; and then its integral equation, in the form v= F (0), must 


be employed to carry out the 1ntegration or summation in 


£z = — 


E di = — | © tan ede t=—| © sec add, 
g g 


Strictly speaking, the problem cannot be solved analytically in a 
finite form except for a law of air resistance cf (v) = cv. 

In other cases, as we shall see, only approximations are possible. 

As a first group of approximate solutions, let those be examined 
for which the equation itself has been solved exactly; and let 
approximations be used for the summation of dz, dy, dt. This first 
group 1s the one with which this chapter 1s concerned. 

Later à second group will be taken in which an approximate 
method 1s employed, for the equation itself, in that the equation is 
replaced by another approximation, for which all further 1ntegrations 


are made possible. 


1. Solution of the equation on the assumption of a 
retardation = a + cv”. 


The equation now becomes 
gd (v cos 0) = v (a + cv”) dé. 
When the left-hand side of this equation 1s expanded, and the 


equation 1s divided by v”+!, and av-"d0 brought to the left-hand 
side, | 


g cos 8.v-"-1 dv — (a + g sin 0) v^ dO = cd. ...... (1) 
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we know that 


dx sin x n—?2 dx 


(cos x)" u (n — 1) (cos x)" tazi (cos 2)? 


Thus, for example, 


where p = tan <. 


This function, which may be denoted for short by £, is given in Vol. Iv, 
Table 105, for values of 


l / sinx l+sinz\ 1 sine n 
§(2)=5 (Sea toe COS 2 ) = 5 apr gt blog tan (49 +32); 


for angles x from 0° to 87°. 
A more extended Table is found in Otto’s Tables for bomb throwing, Berlin 1842. 


da 
(cosa) tan æ +4 (tan £} ............eeeenereenrnnne (5) 

da sing | 3snz , 

| (cosg) Hcostx = 8 cos? x + 5 log tan (dr + $2)...... (6) 
da 

Fr "m tan æ + 2 tan? æ +4 tan’ g, ete. ............... (7) 

With n = 2, for example, 

l c / sin @ ] +sin 6 | 

(vcos 0)? — u g a m +log tos d ) + constant; 


or, writing tan 0 = p, 


l--» C A . 
"n 7$ p N(1 + p) log[4(1 + p*) + p|r + const. 
When this expression for v, or rather for v?, 1s substituted ın the 
general equations 


9g da = — v*d0, gdy — — v tan 0d60, 
gdt = —vsecO0d0, gds — —w'sec dé, 


then dz, dy, dt, ds are expressed entirely in @, or in p, with tan 0 = p, 
or in z with tan (lv -- 10) —z; so that 1t only remains to work out 
these integrations, that 1s, the problem 1s reduced to quadratures. 
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3. In the special case of a =0 and n = 1, ı.e., on the assumption 
cf (v) = cv, the expressions for all the elements of the path can be 
obtained in a finite form, as stated already. 

As functions of t, we have then 


— pel 
— E. - T€———— (8) 
t + cv SIN 
yY = ^ + J : $ RTT us p (9) 
Oe I AE NOE — (10) 
vsin @=—24 7T 085 € qoa ———— —E (11) 


But this law of air resistance, cf (v) = cv, does not generally come 
into consideration. 


4. In the special case of 4 — 0 and n=2, and the assumption 
cf (v) 2 cv? the quadratic law of air resistance is obtained. As above 


l 2 | | 
c. £(0) + a constant of integration. 


(vcos ð g 


The integration constant is determined from the condition that 
v — v and 0 — $ at the origin; and so 


"E" 1 
U 2c cos*0 (C — E(0))' eecoeccccseccoocce (12) 
where C — £(d) = 3: (v cos d NNNM (13) 
and E(d)=4 d + log tan (45° + 1o 


This constant 1s connected with the velocity v, of the shell at the 
vertex of the path by a simple relation. Since 0 =0 at the vertex, 


and there £ (0) 2 0, and v = v,, therefore 


Introducing this value of v? or v in the system of equations 


gdz--—wd0,  gdy--—wtan 0d6, 


then 9cda = — 
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,,° tan6d6 - M 
2cdy = — cos? 0 |C — £ (0) RER ER ER el (16) 
| dé | 

/ (290) dt = — cos? 0 J1C — E (0) —-—I dba ba aes (17) 
co T ERE. PN — (18) 


cos? 0 (C — £(0)| 
This last equation (18) can be expressed in a finite form by 
another integration, 


dE .1 | 
Since, as above, 10” (cos Oy y -, we can write 
| 9cds = | + UE” 


and thence by integration 
2cs = log {C — E (0)} + a constant. ............ (19) 


| (a) If the arc s of the trajectory is measured from the origin O, 
and s =0 when 0 2 4, 
o l CU — E (0) pues 
$= 35, 98 T El) ie ELT COS by | 
(b) If on the other hand, as below, the arc s 18 measured from 
the vertex, and s = 0 for 069 — 0, £(0) 2 0, then 


l Q0 5 0) 
a? log — 


The trajectory possesses two asymptotes. 
The prolongation of the descending branch approaches a vertical line more 
and more, at a distance from the origin, according to § 19, 6, 


: J , v* dé. 
g J Ir 


— At the vertex the variable of integration 6 changes sign ; £(0) becomes zero 
and then negative ; so that this distance is 


£(80)— C(1-—e*).......... (20) 


] [90-20 d ] f997i dà 
ul cos“ 0 {£ (8) — QV NN -0 OE DEO 
The prolongation’ backward of the ascending branch (to t=- œ, r=—o, 
4 — — ) approximates to a slanting line, inclined to the horizon at an angle 8 
given by C— £(8)—0; and the expression for its distance from the origin is easily 
determined. 
This distance is given here, without proof, as 


|..] . (88 (tan B —tan 0) dé 
2c cos B J 0=$ cos* 0 {E (8) — E ()}’ 
where 8 is supposed to be calculated from the relation £ (8) — C. 
A similar result holds in general for the law of air resistance cf (v) — cv". 
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110 Approximate solution (CH. IV 


where we write for brevity 


P "um — — +£ F(¢): 
r6 o (cos Ort we) =| „(cos ur ae (v cosÓ)* g ($) 
1] | sec?0d0 

and then de=—- =, 
, |c _ 2 p) jr 
gS 
dy = 1 sec? 0 tan 0d60 
I=~ "t 
c — F() |" 
y 
1 sec? 0d0 
dt T g T> 
|c _ 2? Fo) |" 
g 
1  sec80d80 
ds = — g 5 
c "€ FO n 
g 
(a) n=2, € (v) = cv” (quadratic law): 
g 1 


2 7 _ 
" = 9c cos? [C — £(0)] 
with the notation 


u g Q= g : 
|. 2c (% cos $) + EC$), or 200, 

and then we have 16 

Men cos? 0|C — £(0)]' 

90 dy = tan 0d60 

ane Og 5T cos? O[ C — E(@) |" 

—— dd 
v 2gc dt = — "INUESIOE 

dé 

ads = — cos? 0 [CO —£(8)] ? 

_1, 0-80 
s= a E OEG)’ 


$ 20] of the ballistic problem 111 


when s 18 measured from the origin; 


and s= LE de 112, 


when s 18 measured from the vertex. 


(b) n — 3; retardation cf(v) = cv (cubic law): 


‘de = — "qe Y where 
g 1 
v= 7 

a v | 6| C — 3 (tan 6+ itam). 
| — tan 0dO | COS E (tan T ztan ) 
dt=—- - x 1 3c 
g cos @ dr jp t, Mann + Stan’ $), 

= vw dé 1 
| 577 08 | or Zur 


The integrations for z, y, t, s, lead to elliptic integrals, when a = 0, 
and n — 3 or 4. 

Corresponding tables based on the tables of Legendre have been 
constructed by Greenhill for n = 3, and Sabudski for n = 4. 


Remarks on similar trajectories. Rules for comparison. 


On the assumption of the law cf (v)—cv", and integrating with respect to 6 
from d to 0, we had 


whence v cos ĝl = 


In the general case 


dà 
— Pe Po o 
gds v° COS er: r: 
| d 
and gd= —4 cos 0 cost” 
so that, between limits 6, and 6, 
gs | [e do (2) 
2 yg 299994 aal 
(vo COS p) | È B " - "n 0 a0 - P 
04 g $ (cos 22d n 
gt __ 10 de 
% COS > E (3) 
E ~~" (vy cos h)” pU... [e 2 6 
go p (cos ppr] ^^ 


112 Approximate solution [CH. IV 


Next, we consider two trajectories A and 4’ of different projectiles, fired at 
the same angle of departure $, but with different initial velocities, vy and wy, and 
with corresponding coefficients, c and c’. Let s denote the arc of the A tra- 
jectory between an initial inclination 6, and final inclination 4; and s' the 
corresponding arc of A’ between the same inclinations. 

The trajectories A and A’ are called similar when the ratio s : s’ of the arcs of 
the trajectories is constant between the same initial and final inclinations. 

It is assumed that the same zone of air resistance is under consideration, and 
also the same power law; and so, with constant &, 6, 6, and n, that 


F 


8 O ă qg8 
(vy cos)? (vy cos p)? 


that is, s : s’ is constant and equal to vp? : vj?, provided that 
c (v9 cos h)” =c (vy cos)", or =c vg”. 

In this case then, 

E 9. $ Pu Ti or £ : &' 18 in the constant ratio of v, : vo’. 

On the two trajectories, and at the points where the final slope 6 of the 
tangent is the same, let the velocities of the two shells be denoted by v and 7’. 

It is obvious, as cvo” — c'v,^, that from (1) we have the relation v : v =v : wy. 

Thence also cv” —c'v^, that is the retardation due to the air resistance is of 
the same magnitude at homologous points of the two paths, with equal 6. 

To sum up, we have then the following proposition. If the same power law 
holds for the two shells, and further, if they are fired at the same departure 
angle $, with velocities such that the initial retardation due to the air resistance 
is the same for the two shells, then the arcs s and s' of the trajectories of equal 
curvature, contained between equal tangent inclinations, are in à constant ratio, 
and this ratio is that of the squares of the initial velocities, 8 : s’ =v? : vy. 

So also the corresponding times of flight are in a constant ratio, viz., that of 
the initial velocities; t : t =V : v. 

Finally, the retardation due to air resistance at homologous points of the 
two paths, that is between equal tangent inclinations, is the same for both the 
shells. 

These laws of similar trajectories are due to St Robert and F. Siacci. 

An application of these laws of similar trajectories has been made lately by 
E. Róggla. By means of the range table of a known gun, he obtains the elements 
of the trajectory of a howitzer or a mortar. 

With the same air density, and the same shape of the shell, the ballistic 


coefficient c is inversely proportional to Xi where 2 is the weight of the shell, 


[ir the cross-section. 

Thence the statement can be enunciated in the following manner: 

Denote by v, the initial velocity of a gun A, x the horizontal distance, and v 
the velocity after ¢ seconds; 2, is the tes abscissa, v, the vertex velocity, 
(, the time of flight to the vertex; X is the maximum range, at about 45" 
elevation, T the corresponding total time of flight, v, the final velocity, P the 
weight of the shell, R?m the cross-section, g= P : R?r the sectional density of load. 
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114 | Approximate solution [CH. IV 


The expressions which arise in the calculation are deduced as in 
§ 20, and it need only be shown here how Euler carried out the re- 
maining summations. 

Consider two adjacent points, M and M,, of the same branch of 
the trajectory, and put SM = s, SM, =s, for the arcs measured from 


the vertex S. 
According to the above, 


| 1,.0-8(0) — 1, C-E£(08) 
SM =s = 5 log — 7, SM, — 8, = 5, log "Em 
and so the small element of arc M M,, or 
C- ECO) 
3. lo 
"C-E(0) 


The inclination to the 
horizontal of the trajectory 
is Ô at the point M, and 6, 
at the point M,, and Euler 
now treats the element of 
arc as nearly straight, and 


having a mean inclination 
4 (0 + 0) ; and therefore 


2c ^ C-—EÉ(0) 2 
1  C-E(8) . 0+9, 
AJ = zo Pg G — E(0) sin > 


These projections, Az and Ay, of the arc As are then to be 
summed; thus XAz = 2, XAy- y. 

In an example Euler took the difference of the inclinations 0 and 
0, of the trajectory as being 5 degrees. The corresponding time of 
flight was given then from the relation 


2c (v cos 6)? = LEO) ; 


As _1, ,C—-£(0), O+8, //9c V U — E(0) 
vcosÓ 2 8 C—E(0) E(0) 2 Vg 


vimm de Me of flight follows by summation t= ZAft. 
As it would be exceedingly wearisome to carry out the calculations 


in'every case, together with the summations XAz, Ay, XAt,we must 


At = 


§ 21] of the ballistic problem 115 


set to work to construct Tables which allow us, for any trajectory 
whatever, given bythe values of c, $, v,, to obtain the elements of the 
trajectory, viz. range X, angle of descent w, final velocity v,, vertex 
abscissa £s, vertex ordinate y,, and so forth. 

. Euler set out on the following principle, so as to reduce to a mini- 
mum the trouble of constructing the Tables. 


Let the formulae above, for Az, &Ay, &At, be written in the form 


2cx = 203 Ax = È log ee cos : 5 0. 
2cy = 2cLAy = b> log m sin 0 +0, 
9 Jr Ü — £(6.) 0 + 0, /[C — £(0)] 
V 9ct = / 2c ZAL— X log ————- cos 2 
C—E(0) ^ 2 Vg 


The right-hand sides of these equations involve only C (or the 
angle 8 of inclination of the asymptote) and @, which vary along any 
trajectory, and from one trajectory to another. 

We assume then c=1 for the present, and consider first for any 
assumed value of C the series of Az, Ay, At, calculated from degree 
to degree of 6, by the formulae above, for the ascending branch; and 
after this with C + E for the descending branch, the summation being 
made starting from the vertex where 0 — 0. 

lhe different trajectories can then differ only in the different 
values of the angle $ of departure. | 

But 1t 1s evident that all these trajectories are congruent to each 
other; for they are merely greater or smaller parts cut off the same 
curve, reckoned from the vertex. 

We have obtained then, for any and every C, the elements z, y, t 
of a complete series of trajectories, with different values of d. 

Expressed otherwise, when c 1s not restricted to the value unity, 
we have, for any given value of C or 8, the elements 2cx, 2cy, /(2c) t 
of the various trajectories, which differ in the angle of departure 4. 

We suppose this to be carried out for another value of C or 8, 
and so the elements 2cz, 2cy, Y(2c)t are known for a second series of 


trajectories, for various values of $; and so forth. 


lhe Tables should then be calculated, grouped for the different 
values of C which can occur 1n practice; and they will show in each 


group, and for every single $, the values of cz, cy, /(2c) t, as well as 


ot 2 which does not involve c. 
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Tables were calculated on these fundamental laws by H. Fr. von 
Jacobi (these tables are lost) by Fr. P. von Gravenitz, 1764, but 
notably by J. C. F. Otto, 1842. 


They have been extended later by Mola, Scheve, Siacci, Lardillon, 
Braccialini, and others, and arranged differently for convenience of use. 
Otto calculated his Tables, in 1842, for the various values of 8 


between 35° and 87°, mostly rising by 2 degrees at a time; and then 
between 30° and 75° rising by one degree at a time. 


Since the value of C (or of 8) is given by cv? and 4, the Tables 
are arranged for practical use 1n groups for different values of ¢, and 
in each group according to cvy. 

Also the elements are given of cX, w, ve, T : / X of the point of 
fall on the muzzle horizon, and also y, : X. 

lhis method can be illustrated by the following extract, where 
for instance $ = 60°. 


| = 
2cX er “0 W Te NE: Ma 
g 2g.X Vo X X 
"INED ! T — ren | 
1°35 1:759 1:303 72 44 0:570 2:146 0:550 
1°40 1894 | 1'353 13° 9 0:556 2:157 0:586 


Use of Otto's Tables for the solution of a particular trajectory. 
(See also Vol. 1v.) 


The range in metres on the muzzle horizon 1s denoted by X, the 
angle of departure by &, the initial velocity in m/sec by v, the acute 
angle of descent by o, the final velocity by v, in m/sec, the time of 
flight by 7' seconds, height of vertex by y, m 


The retardation due to air resistance 1s c??, and here 


where AK is the half-calibre in metres, 6 is the air density in kg/m’, 
g — 9:81 m/sec’, 2 1s the coefficient of shape of head (=1 for Krupp 


normal shell of 2 calibres as radius of the ogival head, or 1:3 calibre 
as height of ogive, or 415 half ogival angle at the point), P the 
weight of the shell in kg; A =0°014 for a velocity less than 240 


m/sec (but if less accuracy is necessary, the tables can be taken’ 
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118 Approximate solution [CH. IV 


Notes. (a) A. M. Legendre pointed out in 1782 that an error is contained in 
Euler’s procedure, where the Ax and Ay are calculated as if they were the projec- 
tions of the ends of the arc elements As, treated as straight lines, as the projections 
Ax and Ay are too great. Therefore he takes a circular element for As, instead of 
a straight line; and finds (consult Didion for the proof) 


. 0-6 . 01—6 
sin - sin 
Ax — (Euler Ar) ee Ay=(Euler Ay) pee. 
17 17 
EM (9. 


Didion showed later, in 1848, that this procedure of Legendre leads to no closer 
result than that of Euler. 

(b) A method corresponding to that of Euler, for the quadratic law of air 
resistance cv?, was brought forward by Bashforth in 1873, based on the cubic law 
cw’, 

This theory is considered below. 

(c) A. Bassani has carried out the integration on the assumption of the 
quadratic law of air resistance, on a method where the function | 


$p4/ (1+ p*) +3 logL/(1+p*) +7] 
which occurs in Euler’s solution, is replaced by the approximate value 
p (1 +0°2523 p) 
14-0091 p? 


$22. Method of F. Bashforth. 


As mentioned briefly already, F. Bashforth assumed the cubic 
law of air resistance, and retardation cf(v)-— c», where c varied in 
different zones of the velocity, as the basis of a method of solution ; 
and corresponding Tables were constructed on the same principles 
as were employed by Euler and Otto for the quadratic law cv? and 
by Sabudski for the biquadratic law. 

The relation between the velocity v of the shell 1n 1ts path, and the 
corresponding angle @ of slope of the tangent of the path to the 
horizon, 1s given, as proved in § 20, in the form 

1 a 
(vcos 0} — 
Let us put 


3 
v cos 0 = Uz, „er 3 tan 0 + tan? 0 = B (0), 


en ; (tan 8+ 1 tan? 0) -- the integration constant A. 


and determine the integration constant A from the relation at the 
vertex, when 0 = 0, v —v,; then the equation can be written 


Us 


VIE - = B0) | 


Vz = 


§ 22] of the ballistic problem 119 


The general expressions for dt, dz, dy, namely 
v tan 0d0 


v, dO 
me 20’ er: 


M= ToO. g cos? 6 


3 


lead then to 


ve [ 9 tan 0d0 
y= — g 3 "E 2 
|] eos?8. 1 — SB 
d K 


We see that these integrals depend only on @ and the value of 


=, because B(0) involves @ only. 


These integrals are denoted for brevity by T, X, Y ; and F. Bash- 
forth has calculated Tables for them, corresponding to values of 


7 and 6. 
K 


Values of the integrals are required between the limits $ and 6; 
for instance, 


15,9? — To? + T, = T,* — T£. 


It 1s sufficient then to have the integrals reckoned from the 
vertex (0 — 0). 


The formulae are therefore 


e=+— XQ$-34—(X$-— X) ec-c6990002009292909 (1) 
g g 
Us" Us 

y= + Yot --—(Y?-—Y)....5........ (2) 
J g 

pa P =DD nn (3) 
g g 
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nn 6) 
VIE + a B (p) cos? b 
BUG 3 tan 0 tan nennen (6) 


The calculation proceeds then with the aid of the Tables for values 
2 
of (=) and @, for X, Y, T, and a Table of B (0) for values of 6. 


For instance, if the calibre 1s 2R, weight of shell P, air density ò, 
initial velocity v,, and angle of departure ¢, we calculate from (7) the 
value of «x, take out from the Table of B (0) the value of B(¢), and cal- 


culate from (5) the vertex velocity v,. 
M: 
For any selected value of 0, and the value of the fraction - we 


have the tabular values of X, Y, 7’; and from (1), (2), (3), the trajectory 
elements x, y, t, which correspond to 0, the angle of slope chosen. 

In the special case of 0 = 0, we have the vertex coordinates £s, Ys, 
and also the time ¢, of reaching the vertex. 


Numerical example. Given 24820:2286 m, P=110°9 kg, «,2315:5 m/sec, 
p —43*:5, 65-2 1:206 kg/m?, i=1, to determine the height v, of the vertex. 


* € ce? 0000060 x (01143)? x 31416 AM 


B(p)=3 tan 43*:5 + tan? 43*:5 237015, 
"m 315°5 cos 43 75 
= J 1 „ 193 cos 4375) x 37015 
45,033,000 


v? (182198  ,. 
x? — 45,033,000 Sanam 


—182:1, 


A: 
The Y table gives, for e —0:1341, and 6=0, the value Y,5935—0:58195 ; so 
that the vertex ordinate 


$ 
v, Y, _ (182: 1)“ 


=, 9-81 x 058195 = 1966 m. 


In the approximation methods of the First Group, the “Method of 
Velocities” can be included, which E. Vallier employed for the integra- 
tion of the exact differential equations. 
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122 Approximate solution [CH. IV 


d(v cos 6) = — cf (v) cos 0, and M =v cos 6, 


dt 
it follows that 


Proceeding in the same manner, we find 


Fv) (0) = 2g cf (vo) E en — 1} sin È + v (cf(v)) — tofon) | i 


and so on. 
So long as the shell 1s above the muzzle horizon, y and ıts deriva- 
tives with respect to æ remain finite and continuous. Therefore we 


obtain the expansion of y ın terms of x by substitution of the calcu- 
lated values #(0), #’(0O),...ın the series above. 


The slope @ of the tangent will be obtained thence from tan 0 = = 


through a single differentiation, and v cos @ the horizontal component 


of the velocity from v cos 0 — V en. (see 818) through a second 


differentiation. 


Finally the time of flight £ 1s calculated from dt = " 


v cos @’ 


by means 


of an integration, while t= 0 for x — 0. 
In this way we obtain 


{LYE won] gc) 


V COS & 


+... +a remainder EK ; 


- o IJ 2 cf (%) : 
or y=axtand 2(v, cos d) L +3 aen $^ + wl +a remainder F 
— (1) 
_ | gc cf (V) ! 
tan 0 = tan $ (v, cos DY £ + v2 cos d r+ | +a remainder A 
EPEE (2 
ee cf (vo) j 
t = ona L + Ju? cos d e+. " +aremainderf ......... (9 


p cf (Vo) 


veos0 — v, cos d | 1 — 
i P| Vy cos od 


§ 22 a] of the ballistic problem 123 


Here, for instance, if the biquadratic law of air resistance, 
cf (v) = cv‘, is taken as the basis, 


cf (Up) = cut, (cf (w)) = (ct) r= = Aew, BE | = 3cv,?7, and so on. 


The expansion in a series can be constructed in this way for any 
law of air resistance. 

Expansions of this kind have been worked out in different ways 
since the end of the 18th century, with either x, or t, or O, or s, as 
the independent varıable (Lambert, Borda, Tempelhof, Otto, Heim, 
Francais, Pfister, Denecke, Ligowski, Neumann). 

The convergence of the series was either assumed as evident, or 
briefly discussed. 

Even the later work of P. Haupt (see Note) is not rigorous. 
C. Veithen was the first to give a rigorous proof that the ballistic 
expansion ın a series of powers of x and y, as a function of t, con- 
verges for all finite values of £, 1n all cases where a certain assumption 
is made with regard to the air resistance function. 


The following abstract may be given of the method of C. Veithen (see Note). 
A system of real ordinary differential equations of the First Order may be 
considered : 

dé _ dn 

dt = (t, &, n); dt = (t, & 9), 
and the functions $ and Y may be supposed to be expanded in a power series of 
(— to, £— £9, n— no, Which converges for all values of these differences. 

In this case, £ and n represent definite uniform functions of t, which satisfy 
the differential equations, and assume the values £= £,, n=no, for t=t,. 

These functions can be expanded in power series of t — tọ, 


E= Ey + £1(t — t) t ......... 
1, m(£-— ly) tH ......... 
Which converge for all values of t— tọ. | 
Now the fundamental equations can be written in the form (compare § 17, 
equations (1) and (2)), 


de dn _ 
qe 7E (w) & g, f£n-g9 
wherein we find 
de Uys 
pe =v cos Ó, y=, =vsin 0, 


o- HR, Py - T9. 


For the finite region of v which comes into consideration, we can approximate 
with sufficient accuracy to the empirical function F(v), so long as it is every- 
Where continuous, by means of a finite polynomial in :?, 


F (v) — av" + a,v? 4- Azv® + — EN d- a,v-™ : 
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that is, we can express, With the required accuracy, the right-hand side of the 
differential equation by polynomials in £, y. 

On these assumptions of the air resistance, the above laws hold; and we 
see that £ and 7 are capable of being expressed in a power series of £, 


E= Ét Et H EJ tee 
n —75o t né +t + TTTPPTPPT 


which converge for all values of ż, and £j —v, cos $, no — vo sin ©. 
It follows then, that the expansion of x and y, in terms of t, converges also for 
all values of ¢, where 


t 
-| Edt=&t+ajt*+ ET 
0 


f 
y- |. n di z nat + bot? +...... 


Supposing that only the first 3 or 4 terms of the series in (1) are employed, 
we know then that the trajectory can be regarded as a parabola of the 3rd or 
4th order. 


This 1s the procedure, for example, of B. Prehn, Dolliak, Piton- 


Bressant, Hélie, Mieg (the last calculating with arithmetic series 
of the 3rd or 4th order). 


SOME APPLICATIONS. 


1. Method of Piton-Bressant, and of Hélie ; formulae of the Gávre Committee. 


Series (1) was taken, breaking off at the 3rd term. The factor z 2 cQ) Was 


vy! cos Ø 
denoted by A, and determined from the range. 
Thus we have (compare also $ 18) 


vt 


and thence tan 0 = tan. $ — (24-342). 


2v Ju 
When vd y=0, 0— —o ; so that if we put 1+AX=Z, then 
gXZ Z Vo" Sin 2 | 


2(vcosó)' ^ | gX 
and Z denotes the ratio between the range in a vacuum, and the actual range .Y 
in air, for the same 4 and v}. 


At the end of the path, 


tan $ — 


gx 
tan (—)=tan d - og C *3ED- =tan ġ - 2 -7 ? (2 L3 (Z—1] 
=tan o (z — 2) i 
And further, since — y"— (14-3A2), 


vo TE p 
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126 Approximate solution [CH. IV 


It is often found that, for the same shell and the same initial velocity, A is 
independent of ¢, and so can be treated as a constant in the corresponding Range 
Table. As a matter of fact, X depends on &, as is seen immediately from the 
expansion in (1). It is somewhat better to work in equations (5) to (9) with A, as 
constant, Where A,=A cos d. 

A table is given for f, (Z), J2 (Z), Js (Z) on the next page. 

Example. Given X=3300 m, with @=10°, and v,—354 m/sec. To find 
d, ve, e, and T for A=4000 m. 


We find A from 
. 854?sin(2x10?) |, 0:32 
Te > “+ 3300 ° 


For the range X=4000, the corresponding angle of departure ¢ is calculated 


3542xsin2@ ,  0:32x4000 


from “9°81x4000 - ^ 3300 =] '888, then o = 12 53. 


Then for this range, since Z= 1'388, and thence from the Table, f (Z)=1'279, 
fa (Z) =0°680, fs (Z)=1250, 


tan w 


354 cos 195.79 680; v,=244 m/sec ; 
7'x 354 cos 12°53’ 
4000 
The values of $, o, v,, 7, calculated in this way, are in fairly good agreement 
with the truth. But if we should proceed, for instance, from the data for the 
range of 3300, and the corresponding value of X, to determine the elements of 
the path for a range of 6000, the error might be serious. 
2. Method of Duch£ne (French). 
The equation of the trajectory is to be assumed to be of the form 


Ax Da? ) 


—1:250; 7T=145. 


_ ONNE tensile DE ui mE 
mn 2 (vg eos h)” T COS d$ T cos“ d) 
in Which A and B are to be considered as dependent on v, for the same shell, but 
as independent of &, that is, as constant in a corresponding Range Table. 
To determine A and B, we employ two definite values of X and ¢. 
Substitute then in the equation 
vy sin2$ _ AX BX 


gX = + cosh T e6606000090900900209600060006099 ( 


and we have two equations for the unknown quantities A and 5. Given, for 
example, for v, — 529 m/sec, .Y, —1800 m, ¢, =2°28’, 


A,=2200m, $,-—3 12, 
we find 4=1984x10% Bz1724x10-79. 


$ 22a] 


MÀ ped d pi el alle 
3 th = OS N 
ROTMONOMOMOROUOUSCHE 


oo Qo -1-1 0» Go C oue Hw 


of the ballistic problem 

I (4) S2(4) 

1:0000 1:0000 
1:0476 0:9329 
1:0909 0:8771 
1:1304 0:8305 
1:1667 0:7906 
1:2000 0:7559 
1:2308 0:7253 
1:2593 0:6984 
1:2857 0:6742 
1°3103 0:6523 
1:3333 0:6323 
1:3548 0:6143 
1:3750 0:5976 
1:3939 0:5822 
1°4118 0:5680 
1:4286 0:5547 
1:4444 0:5423 
1:4595 0:5307 
1:4737 0:5199 
1:4872 0:5096 
1:5000 0:5000 
1:5122 0:4909 
1:5238 0:4822 
1:5349 0:4740 
1:5455 0:4662 
1:5556 0:4588 
1:5652 0:4517 
1:5745 0:4450 
1:5833 0:4385 
1:5918 0:4323 
1:6000 0:4264 
1:6078 0:4207 
1:6154 0:4153 
1°6226 0:4100 
1°6296 0:4049 
1°6364 0:4000 
1:6429 0:3953 
1:6491 0:3907 
1:6552 0:3863 
1:6610 0:3821 
1:6667 0:3780 
1:6774 0:3701 
1:6875 0:3627 
1:6970 0:3558 
1:7059 0:3492 
1:7143 0:3430 
1:7222 0.3371 
17297 0:3315 
1:7368 0:3262 
1:7436 0:3211 
1:7500 0:3162 
1:7778 0:2949 
1:8000 0:2774 
1:8182 0:2626 
1:8333 0.2500 
18571 0.2294 
1:8750 0:2132 
1:8889 0:2000 


JC) 


1:0000 
1:0366 
1:0716 
1:1052 
1°1376 
1:1689 
1:1992 
1:2287 
1:2573 
1:2852 
1:3124 
1:3390 
1:3650 
1:3904 
1:4153 
1:4397 
1:4637 
1:4873 
1:5104 
1:5332 
1:5556 
1:5776 
1:5993 
1:6207 
1:6418 
1:6626 
1:6832 
17035 
17235 
1:7433 
1:7628 
1°7821 
1:8012 
1:8201 
1:8387 
1:8571 
1:8754 
1:8935 
1:9114 
1:9291 
1:9467 
1:9813 
2:0153 
20487 
20816 
2:1139 
2:145 
21771 
22079 
22384 
220684 
94126 
2.5485 
26112 
2:8000 
30303 
32441 
344144 
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v vu sin 26 
Co gX -. 


V 


Z=1+J/ 


. fa( 4) ; 


A 
Va COS d 


T -— 


Ve COS w = vy COS D. fo(Z) ; 


tang. (2); 


tn o 


128 Approximate solution [CH. IV 


Then for the same shell and the same v,, but any arbitrary angle of departure 
h, we calculate the elements from 


y=xtan re (L4 DAP) ............. eere (18) 
tan 6 = tan $ — Ben (1 Ex = p+ 2gp?) ——— " (19) 
v cos d v9 cos h (1--3p--6gp?) 3. LL: (20) 
=, x =|, J (1 +804 Cop?) dp ......... eee (21) 
where A = p, and P q. 


This method of Duchêne, with regard to (1), is more exact than the preceding, 
but less convenient. 


3. If it is proposed to represent a given trajectory by a rational integral 
algebraical function of the 3rd or 4th degree, so as to obtain, for any given 
distance x, the height y, and thus to determine the trajectory, a great many 


methods are possible. 
A: parabola, for instance, of the 3rd Order, 


Y — Ay + 032 + aaz* + ager, 
is given by the range X, the angle of departure &, and the acute angle of descent 
w, through the four conditions that, for 


x=0, y=0, y=tand; and for x= X, y=0, y = -tan o. 
With these conditions | 


yzxtand- a ca x? — ln Le (22) 


A parabola of the 4th Order, 
YHA +t + agr? + 323 + a4 x, 


is given for instance by the angle of departure &, the initial velocity v,, the 
range X, and the angle of descent (acute) w; since, for 


x=0, y=0, y=tand, voc 


and for z= X, y=0, y= —tan o. And so we have the five conditions. 
From the first three relations we have at once 


= gat 2 > | 
y=xtand- TOW yh isa RE — ES (23) 
The two coefficients A and B are then obtained from 
AX+BX2= vo sin 26 1 
mM" (24) 


2 2 
34 X --AB X?— (tan $ +tan mr ND 
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130 Approximate solution [CH. IV 


For the same weapon and loading the equation above may be written 


y=rtand- I T———— (b) 
whence tan @=7' = tan h — f (2) le) 
ag anian i 
J ware aC, 
(v cos 0)? =y" T os Rs rere setti (d) 


Here x, y denote the coordinates OA, AB of the trajectory OB, or 1, for which 
the angle of departure is ¢; 
6 is the tangent slope at 2, 
and v the velocity, as in the 
I B & 
gure. 
| We next consider the tra- 
DA ——— jectory 2, having the range 
m -—— OA or x, and according to 
the Range Table having an 
angle of departure $,, acute angle of descent w, at A, and final velocity v,, and 
total time of flight Ty. 
This trajectory 2 has the equation 


y =x tan d; — - A 
Whence tan Ó — tan $,— "c ) g _ LC 


cos? db,’ (vcos 6)? cos? eo, 


Then if in this equation x denotes the range OA of the trajectory 2, and at 
the same time the abscissa OA of the point B of the trajectory 1, we have 


ü-ztan$,- 207 ———— (e) 

tan (— wz) =tan $, — E son "——— (f) 
g  . J (x) 

(Vex COS wz)? cos? dx €999»98252980*09000900a499*90660699096225€022829 (g) 


Eliminating f(x) between (b) and (e), f'(x) between (c) and (f), and f" (x) 
between (d) and (g), we obtain the results 
o u cos“ $, tan db, sin 2m — sin 26, 
J54 (tan o cos? d ) —* Cos? p i 
B cos? f, tan Øz B cos? $, tan wz, _Y tan o, cos’ Qy 
wr cos? & cosso x cosh ° 


v cos Ó cos P 
Vex COS Wz COS hy 


Finally, the time of flight from O to B is given by 
dt 1 COS px 1 


dx vcosÓ Cos&"v,, cos o; 


§ 22 a] of the ballistic problem 131 


and then by integration, from O to A, we have 
=T, COS x 


cose ` 


We have, therefore, the following results: 


Y=X (tan - nn a Ps) ee (25) 
_y _ tan a, cos’ dz 
tan dap" "Mid O adenine (26) 
cos @ i 
v COS Ü — Vax COS 9x Cos ob, ————— WERE (27) 
^m 9030, 
<r anak eaae (28) 


Equation (25) will serve to determine the height AB or y, when the angle of 
departure & is given. 
Solved with respect to $, we have 


2 _ 
itd 1 — yY [cost 25, —2 tan Esin 2¢, | tan et, (29) 


CUN , tan =~, ......... 
and this serves to calculate the departure angle $, when a given mark B (xy) is to 
be struck. Equation (26) determines 6, and then (27) determines the velocity v, 
and (28) the time of flight ¢. 

Provided the angles & and &, of departure are not very different, equations 
(25) to (28) can be replaced approximately by tke following: 


-=tand- tan Øy, tan 6= ^ —tan Wz, VCOSO=Vez COS Wz, C= Tz. 


Since = 2 i is the tangent of the angle of sight BOA, or E, as seen from O (E is 


the slope of the ground) the first of these equations is equivalent to 
tan Z=tand-tand,, 
or with small angles, H=¢— ¢, (“Tilting of the trajectory"). 
These equations, (25) to (28), provide useful approximations, at least for angles 
of departure up to 20°. 
5. Vallier, in 1886, was the first to employ the remainder Z in its integral 


form in ballistic calculations. 
The corresponding equations for y, 6, v, and t, are expressed as follows: 


y=rtand- er -g | B (a — t) EST X ;| dt, eese (30) 
"REIR PR m 
Ei d | EZ T 7 A LL ui ERE LUE € (z— t) dt, ...(32) 
Er + f-o E 5 |, @ " A—— (33) 


9—2 


132 Approximate solution of the ballistic problem | [cH. 1v 


Except in the third of these equations, the integral expresses the correction 
of the equation of motion in a vacuum by insertion of the term due to the space 
being filled with air. 

A first application by Vallier nhi to the deduction in a different way of the 
equations of S 25 for flat trajectories. 

Suppose the biquadratic law of air resistance is assumed, cf (v) ^ cvt, and sec 6 
is replaced in the integral by a constant mean value a (Didion's mean value). 
Then equation (30) becomes 


gx? 4 L=2 o 
pera: dae" - (2 —t) dt 


ee ae ae lH catv ^ cos? d z) 
2vg* cos? o 3 " 


as in § 25. 
A second application will be mentioned in S 29, for the caleulation of an 
expression for an adjusting factor £. 
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134 Second group of [CH. V 


As will be shown later, the solution ın the last line is the same 


as that of Didion (compare § 29, with a=sec¢). The same pro- 
cedure is due to Besout. | 


Legendre made many suggestions as to the ıntegration of the 


Chief Equation; ın particular under an assumption of the quadratic 
law, cf (v) = cv”, he replaced the air density 6 by 


Pe or c by ccos 0 (1 + ap’), 
where p= tan 0; and the factor a he assumes = =< . (This c 


l+cos& 
agrees with the true c in three points of the trajectory, namely 
for 0= + ¢, 0 20, and 0 — — ¢.) 


Thence the equation becomes the following: 


dg Ip = gd (v cos 0) _ gd (v cos 0) 
cos P  vcosÜ.cVcosÜ ^ vcos 0 .c(1 + ap?) v? cos? 0 
gdu gdu 


^ae tap a? 07 SP (lL +ap’)= 


cur ` 
In this equation the variables are separated again, between p and 
u, or tan @ and vcos 0. And when it is integrated, and the value of 


v? as a function of 1s substituted in the general equation for dz, that 
is in gdz = —v?d6, then this equation can be solved in a finite form: 
and by help of an equation of the 3rd degree, x will be expressed in 
terms of p; and y also. 

Francais raised the objection to this procedure, that for 0 — 1r, 
and tan 0— oo, the air density will become infinite. He himself, on 
l + a tan? 0 
/(1 + b tan? 0) 


this account, replaces 6 by 6 cos @ ‚where a and b must be 


determined accordingly. 


A more general method, that 1s applicable to any function cf (v) 
whatever, whether given analytically or in a tabular form, 1s the 
following : 


Let the retardation due to air resistance be still denoted by cf (v). 
The exact equation 18 


7 (^ COS 2 
dO. gd (v cos 0) J 7] 


cos?  vcosOcf(v)cosÜ  vcosÓ 
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where c denotes a constant, to be determined hereafter; and we have 
in addition the equations 


dæ = — — AG, cecceccscccccccvccccccccccccevees 9 
7 (2) 
vd 
ning 7711 :—-——-—-—-—-O———"——» (3) 
dy =— v tan oap ——— (4) 


g 
With the object of integrating equation (1) the simplification 1s 
introduced of replacing the cos 0 under the functional sign f, enclosed 


in a single pair of round brackets, by a constant mean value ø, con- 
sidering that along the trajectory or at least along a great part of it, 


cos Ó varies slowly; replacing also the cos # between a pair of double 
round brackets by another constant y. 


Then the equation 1s approximately exact 


v cos G 
wo al) get " 
cos |  vcosÓ £C cosQV — cyu f(u)? TUT ) 
c JV s. jT 
where u =< — E Thereby the variables 6 and u are separated, and 
_g {* du B B 
(tan 0), = oy] uf (uy or tan 0 = tan $ 5 [J (u) — J (u,)], 
du 
where J(u) =— 2g "Ol 
and therefore 
de= — 40 NNLLA ^de __FW gdu _ — g` udu 
g g cos? 6 g cyuf(u) = ye f(u)’ 
x g?[" udu, _, œ B 
eX ---] Tuy eat SD W-Dm) 
where D (u) = — | Eo 
Further 
di = — vda _ ou d |. au g du | © du 
~ gcos god | g'cyuf(u) cy f(u) 
c (^ du diu 
ier M Tj + es LL Q) - T ()], where Lu) = | 7 
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Finally dy=dzxtan 0 = dz tan $ — — [J (u)—d (u,)] dz, 


m 
or, substituting the above value of dz, k 
dy = da tan $ — 5 - J (u) en J (wade 
and integrating from y=0 to y, or from u, to u, or from æ =0 to x, 
= c tan $ — m -z — (a — = J (u) {D (u) — D CIN 
and, when — | de is denoted by A (u), 


y= z tan $ — 50 (LA (0) — A (u)] — J (m) ED (u) - D (u))): 


The integral values of D (u), T (u), J (u), A (u), which are called 
Siacci’s Primary Functions, can be evaluated exactly if we assume the 


monomial law, f(v) =v”, or f (u) =u”, and then entered in a Table. 
Thus, for instance, on the cubic law of resistance, cf (v)=cv’, or f (u)= u, 


For more complicated functions f(u), the integrals must be 
evaluated by Simpson’s rule, or by the use of an Integraph. 


This is similar to the case when the coefficient of form 7 involved in c is 


replaced by a constant mean value. In such a case, where 7 is to be expressed 
as a function of v, as for example 


zl :3906 — 0 0001024 v, 


or, more generally = p ~ —rv, 


the procedure can be carried out in two Ways. 
Either we calculate for the purpose an adjusting factor 8, and this will be 


explained later in S 29. Or else we proceed more exactly in the way first proposed 
by O. von Eberhard: the function above, for example, J (v) is replaced by 


q 
(p - £-ru) du du 
mei kn ne | at] apt? ] Fay 
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138 Second group of [CH. V 


Still it 1s of interest to treat the different methods from a general 
standpoint, and to examine their inner connexion. 


(a) Borda, 1769, assumes: 


1 ! ; 
gc —1,y- saa! on the assumption cf (v) = cv’. 
(6) J. Didion, 1848: ==: where a 1s some mean value of 


sec 0 between the beginning and end of the corresponding are of the 


! ! | v 
trajectory. He chose the air resistance function cf(v) = cv (1 + 3. 
c and r being constants; and therefore 


w= [D (u) — D (uw) |; u = av cos 6, 


t= l [T (u) — T (u,)], — $3 


y=atand- ga (4 (u) - A (w) - J (u) LD (v) - D (u)]]. 


Moreover Didion did not take u as the independent variable 1n his 
method of solution, but x, and established a system of formulae for 


t, 0, y, v cos 0, as functions of zx. 
The mean value for a, employed by him, 1s 


9 

| | sect de 

i ae 
tan 0 — tan $ 


(c) St Robert proposed instead, among other things, the arithmetic 
mean between the value of sec @ at the starting point 0 = œ (and also 


at the point 0 — — $ in the descending branch) and the value at the 
vertex 0 — 0; ie. the arithmetic mean between sec œ and secO, or 


a= X (1 + sec). 


(d) Helie in his method of solution assumed the geometric mean 
between sec $ and sec 0, that 1s a= 4/(sec’). 


(e) F. Siacci too in his method of 1880 (denoted briefly for conveni- 


ence by “Sıaccı I”) assumed — and employed them in his 


a 
method assuming zones for the laws of air resistance. 


S 23] numerical methods of approximation 139 


(f) N. V. Wuich, 1886, also assumes go =y =- , and the quadratic 


law cf (v)=cv, with a possible change of c along the trajectory, and 
with x as independent variable. 


(g) F. Krupp (first procedure): o=y=1; and employment of the 
Krupp Tables of air resistance. 


(h) F. Siacci, in his procedure of 1888 (denoted conveniently as 
“Siacci II"): e = cos $, y =f cos? $, where 8 is to be taken out of a 
Table from X and &; so that a first approximation results. Zones are 
to be employed for air resistance to determine the dependence on the 
velocity v. 

The system of equations 1s then: 


£ = cg [D (u) - D (u)], u = ed | 
inl - asa UL (27 T (91 Uy = Vo, 
tan 0 = tan p ivi ETT [J (u) = J (uy) |, 
y =a tan p — ———— {A (u) — AQ) — J (u) [D (9) — D ()]]. 


20:9? cos? d 


Similar suggestions were made by J. M. Ingalls (North America) 
1900, and by N. Sabudski (Russia), for flat trajectories. 


(1) E. Vallier in 1894: here e — cos 9, y — cos! $, and after a 


first approximation, m.ıs to be calculated by a formula. 


(k) F. Siacei, procedure of 1896 (* Sıaccı III”): again e = cos ¢, 
y = 8 cos? ©. 


(1) P. Charbonnier: as a first approximation e = y = 1 (as also in 
the former procedure of F. Krupp), and so 


= - [D (u) — D (u,)], u = v cos O, 
je s Qu) — T (,)] 92 


tan 0 = tan p — ar [J (u) — J (1,)], 


~= (4 (u) — A Qu) — J (tu) ED (u) — D ()]]. 
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And then we proceed again 1n a second approximation, taking 1n the 
ascending branch, instead of ò, 6 (1 + $x, tan? $), and in the descending 


branch 6 (1 + 1«, tan’), and «=$ | cos 0 come = 4 — 1 . The pro- 


cedure 1s to be employed in flat trajectories, and the air resistance 
taken from Krupps tables. 


§ 24. Solution of J. Didion (1848). 


The retardation of air resistance 1s taken as c/(v) = cv? (1 + - 


where c ia r are the constants introduced in§10. According to $17, 


dæ = — — vq or since d@ = g d (v cos 0) 
g vcf (v) 


.,. vcos Od (v cos 0) 
dæ = — — ef(v)eosÜ ` TUTTI (1) 


Didion’s method of approximate calculation has already been men- 
tioned, in which f(v) on the right-hand side has been replaced by 


f (av cos 0) and cos 0 by = ais then a mean value of sec 6. 


Thence, with av cos 0 = u, the differential equation (1) assumes 
a form, in which the variables x and u are separated, so that the 


integration can be carried out at once; in fact dz = — i Le du 
ac f(u) 
joan (t+!) 
d —— — du €0€699€0€60€69€90006099990€609006009099 (2) 
ac U 
«(1 + 3 


From this equation an integration will give v cos 6, and further 6, 
t and y as functions of «. 


The equation (2) may be deduced in the manner proposed by Didion himself; 
but the introduction of % as independent variable in the method of solution was 
first employed by St Robert in 1872. 


The equation of motion of the shell resolved in a horizontal direction leads to 
di — cf (v) cos 0 = — cv? € + j or — cv (1 +2) Vey OF De — cv (1 +2) À 

Didion now replaces ds by the approximate value adx; or v by avz. 

With w=av,=av cos 0, du=ad (vz), the equation will become as in (2) above 
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142 Second group of [CH. V 


The expressions for v cos 0, t, 0, y as functions of x are stated again 
further on. 


Didion calculates the mean value a of the actual variable 2 or 
(1+ tan? @) or sec @ as approximately the ratio Ž of the finite arc 


a 


(OM =s) of the actual trajectory, which 1s under consideration, to its 
horizontal projection (0M, =x). This ratio, OM: OM,, he takes as 
approximately the same as the ratio s,:2, of the arc of the path of 


flight OP in a vacuum (having the same initial and final inclinations 
$ and 6, and the same initial velocity v), to the horizontal projection 


OP, of this arc: that 1s 


OP  arcin a vacuum with the same $, 0, and v, s, 


aS lie ri sr ee mc m 


"OP, horizontal projection of this arc u. 


Given the values of 6, 0, and v,, OP and OP, must then be calcu- 
lated on the assumption that the resistance of the aır ceases (compare 


31). 
(a) Numerator OP=s,: 


6 dy, 2 
Now $, [| + A | da,. 


In à vacuum 


_ | 9g2Y = | Gk 
y; = 2, tan $ Ju? cos! d tan 6, = tan $ Ir 
di i g da, 
Put tan 0, — d, = p, so that dp = ~ a2 cos then 
Sane (8 
S = — ey cos? p V(1 + p*) dp 

| g $ 
Now 
6 1 [ sin @ 1 1 P db | 

fva +p) dp=5 | 25 + log jan (Gr 89) =f asa £0 


(Table, Vol. 1v, No. 10); thence 


-— u -9E($) — £(0)]. 


(b Denominator OP; = 


According to the above, ©, = " a $ (tan @ — tan 0); so that 
nn (6) 
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When the arc of flight to be calculated extends from the starting 

point (0 = $) up to the vertex (0 — 0), we have 
= x since when 0 — 0, £(0) 20, tan 0 =0. 

If the trajectory 1s to be calculated as accurately as possible, 1t 1s 
divided into several arcs, of which the parts near the vertex can be 
taken of greater length: thus, for example, if the angle of departure 1s 
45°, the division would be made into four arcs: say, 

(a) from 0 = $ = 45° to 0 = 30; here 

45 (30 
ne u” "EH 

(b) from 0 = 30° to 0 — 0 (vertex); here 


_ £(30)-£(0) _ £(80) _ 1.9591. 


Zr n *— Sr Ta — = nn Sn eT ET na 


~ tan30—tan0 tan 30 
(c) from 0-0 to 0 — 30^; here 
_ &(-£(-30)  E(30) 
tan 0 —tan(—30) tan 30 
(d) from 0 2 — 30° to 0 — — 45°; here 


_ _&(-30)-&(-45) _ E(45)— E(30) 
tan (— 30) — tan (— 45) tan 45 — tan 30 


= 1:0531, as 1n (b); 


= 12772, as in (a). 


i Odo 


an (p) — - = J ? gan also be determined from 
qw EN sec? 0d0 


The mean value a— 


another point of view. For if there are n positive fractions, E b at "ag 2 
then the fraction 21 22 * +++ iş smaller than the greatest, and greater than the 
bit bat... +b, 


smallest of the ides fractions, and so is some mean value between them. 
Now denote by 6,, 065, 63, ... the angles of slope to the horizon of the tangent 


to the trajectory at various intermediate points. The values of secÓ or a: 
are thus 

sec?  sec?0, sec?d, sec? 6, ü sec? 6 

sec? $?’ sec? 6,’ sec? 62’ sec? 03’ °" sec? 0’ 
where 6 and ¢ are the end-values of the angle of slope. These fractions are un 
equal, but a certain mean value of them is the fraction ' 

9 
3 
sec? Q + sec? 6, + sec? gras 099 — £(6)-£(¢) 


2 2 à 20 7/9 
sec* $ +sec* 0, +sec* 6,+...+sec* 6 | sec? Bde ~ tan 6— tar tan o’ 


as above, 
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Statement of the Formulae for Didion’s solution. 


5 7 gx? _ „er? — 2cax — 1 
(1) y=atand 20? cos ó B | where B —(1- xo) 1 (Scan) 
eo — car— 1 
— 2k, (1 + Ko) (ap 7 Ko 
B 7 gu _ ; g?cax EN 1 
(2) tand=tand 1 cos J d (1 + xp) mm 
cat __ ] 
— 2x, (1 + Ko) ú = + Ky, 
(3) v cos 0= vcos $ 7y V, — (1 + x) e^* Ko, 
] 
y eot EN 1 
(4) pad" D — (1+ «,) car — Kg; 
A R?T 916 
C= 1308 Do ce (5) 
Ko --u iio r"—————n (6) 
_ £($) — ECO) 
ud n Eq ates (7) 
or, approximately 
+ 
(A) 
a BEEF ET) T (8) 
an 
2 
_ ($) 
or, ae B seremos (9) 


Here for (xy), the end point of the arc of the trajectory to be 
calculated, v ıs the velocity of the shell in its path, in m/sec; @ the 
inclination to the horizon of the tangent; t the time of flight in 
seconds to this point. Further v, 1s the initial velocity of the shell 
in m/sec; & the angle of departure; 2R the calibre of the shell in 
metres; 6 the air density in kg/m’; P the weight of the shell in kg; 
g the acceleration of gravity in m/sec?; A =0°0270; r=435 (from 
v= 550 m/sec, downwards; according to Didion, Traité de balistique, 
Paris 1860, p. 67); = 1 for spheres. The functions B, J, Vi, D are to 


be put — 1 for a vacuum. 
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(d) Given a target (xy), c and angle of impact 6; to find $ and vo. 
Approximate solutions for $ and v are found from the vacuum equations 


and tand=tand- (two equations with two 


gx 

% cos? d 
unknowns vy and &); thence the first ee values are obtained of ko, 
B and J; thence corresponding to equations (1) and (2) in which 2, y, 0, B, J 
are known, the two unknown quantities v, and ¢ are to be calculated. 

This calculation is to be repeated with the values of v, and $ so found. 

Numerical example. Given 2/720:1895 m; $—45', P=29'37 kg; 8—1:208; 
;—1; X 2225 m (for y 20); to find v, and further 6,, ve, T. Then 


c=0'000254; a-£(45): tan 45—1:1478; 
ca X — 0:000254 x 11478 x 225 —0'065. 
In à vacuum 


7 gi — 9°81 x 225 a. 
Vo = VE: T = vi 1 = 46:98 m/sec, 


thence ult cos p  11478x46 9B x x COS 45 —0:0875 ; 
p 439 
and the Tables of Didion give 2—1:024, J=1:0375, D=1:0355, V,=1°0555. 
Thence a closer value of v, is obtained from equation (1), where «= X=225, 
and y=0. 
We have, thus, 2v,? cos? 45 tan 45 = 925 x 9:81 x1:024; and so %=47°5. 
Further, with x — X, 


—— gx 
don An P- 953 cos? e’ 


9°81 x 225x 10375 


tan 0, — tan 49 TU 5Y cost 45 ; 0, = — 45° 0, 
|. “ocos ġ 47:5 cos 45 ° ,..n. 
“=y ; COS 6, = 17-0555 xcos 6, ^9) 
AD | 229 55 
x 1:03 9 6-94. 


~ Uy COS 475 x cos 45 
Therefore, v, — 47:5 m/sec, 0, — — 45° 50’, ve=45°6 m/sec, 7=6'94 sec. 


$325. Bernoulli-Didion Approximation Method for the 
Monomial Law cf(v) = cv". 


On the law of retardation due to air resistance cf(v) = cv" (which 
becomes the quadratic law for n = 2, cubic for n 23, biquadratic for 
n = 4, and so on) the solution can be carried out 1n a manner similar 
to that of Didion (§ 24). 

The procedure in that case was, from the approximate equa- 


tion dg = — in which u = av cos 0, to obtain. a relation between 


acf (iy 


147 


or since t = av cos O, Uy = Av, cos œ, 


v cos 0 = v, cos $ (1+ 2ca3y, cos?’ e.a) 3, 


daz 1 
we have dt= cual aaa V(1 + 2co* 0 cos? $ . x) dx, 
1 ; 
and t = Patera [(1 + 2ca v cos? $ . x)? — 1] 
Further 
dO — g = 
cos? neo (1+2ca®v2 cos? $ . x) de, 
tan 0 — tan $ = — — 2 — (z + ce? cos? Pr: 
Up? cos? $ Í P 
dy 


and since tan @ = — 


da 


y =x tan ġ — MET — (1) 
tan &— tan $- — p^ eM (3) 
v cos 0 =v cos $ p. — — (3) 
=, — gD eee (4) 


1n which the functions B, J, V, D have the following values:- 


10—2 
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Retardation | | 


due to air | cf (v) =c? cv? cut cf (v)=cv" in general 
resistance 
2n —2 
n-2 2n-2 
&—z—]1 (1+42)° — 94-1 
B= TI 1+42+ $2 l+łz 2 
e" n(n- 1), 
| (n — 2) 
| 
NE 
n 
- 2-3 
J= m 1+2+42- l-ràiz (1*2)  —1 
2 7 
n— 2 
, 1 
T = ^ | MA y — 9 
V= e 1+: (1+2) | (14-2)" 2 
| 
n-1 
iz O APO | 1 | 
De | UL aae je, — 028 
$2 = i 32 n— l 
n—2 
with the dar | Z7 00 Mo z= Read vy" z=ca""I(n-—2) 
abbreviation | " ^ xcosdr| x cords x (vy cos $)"7?x 
| 


Various trana/ormations of the Bernoulli-Didion 
Approximate Solution, specially for the Quadratic and 
the Cubic Laws of Air Resistance. 


A.-In the case of the quadratic law (retardation c/(v) = cv’), 
a" 
"minio dn S h BASE 
= -——- 
tan 6 = tan $ 7, cos? d J(z), 
vecos , ææ 
V(z) ' = vy COS P "i 
where z—2cax. For the point of fall (x2 X, y=0), let 2caX = Z; 


v cos 6 = 
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Statement of the Vormulae. 


For any pownt-(xy) of the trajectory : 


y = x tan - Na B()- tang |1- Zar 


20 cos? $ X B (Z) 
tan 0 = tan 6 —-—__ 2 J (z)=tandi1— la [1 + EG 
vy? cos? $ A Db (Z) 
for the inclination of the tangent to the trajectory. ............... (2) 
v cos 0 = 2 ? for the horizontal velocity v cos 6....(3) 
Y e 
be ae u D (2) = Cox 3 V LB (2) © (z)] for the time of flight t. (4) 
"Luo D o—————————— E à 
For the point of descent : 
2 1 s 
2ca 98 — Boa nt = ZB (Z), or K 52 — B(Z) ...(6) 
with Z — 2caX. 
— tan 6, = -. 94 _ 
tano=—-tand,=tand E (Z), or tan w = 2 cos d J (Z) — tan $ 
for the acute angle of descent ow. .......csesrennenneennennnnnnnnnennnnen (7) 
Vy COS 
Ve = cos o V(Z’ for the final velocity v,....(8) 
E -s D (2) = v E O(Z | for the total time - of 
Vp COS D 
i ————————— (9) 
For the vertez : 

XB(Z)22z,J (z,), or 2ca —2z,J (z,) ......... (10) 
V2(z,)=1+ca¥S =1+4ZB(Z) for z, = 2cax,, and thence the vertex 
ADSCISSA Lge ......... — ———————" (11) 

_ gts 
Ys = c, tan p 20? cos d B (z,) for the vertex ordinate Ys. ...(12) 
|. V9 C08 $ ! 
Us = 7 (a) for the vertex velocity Vs. ......... (13) 


E 
y, COS P 


S 
d 


D (2s), | for the time of flight £, to the vertex. (14) 
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Here v= initial velocity in m/sec; &=angle of departure; 


] | o. LL El) 
A= range 1n metres for y= 0; a= tT? (see Vol. ıv, Table 10 for E), 


or more exactly a= , and more exactly still 


u = 


tan $ — tan 8’ ^^ 1:206 P 


where 2 — calibre of shell in m, P = weight of shell in kg, ò= air 
density on the day in question in kg/m’, 1=1 for elongated shell 
with ogival point of 2 calibre radius (compare also § 13); the factor 
0:014 holds good for velocities below the normal velocity of sound; 
a factor 0:039 (instead of 0:014) holds for v between 550 and 420 
m/sec; sometimes a mean value of the factor 1s taken; but it 1s safer 
to calculate the trajectory in several parts, and to vary the numerical 
factor (compare § 29 and see pp. 48, 51, 52 for the factor K): B, J, 
V, D, E, © are the functions as follows, 


E-E). _Rmgid_ -— 


Bo) = (Vol. 1v, Table 6), J (s)  5—— (Vol. 1v, Table 6 c) 
j $Z 
V(z) =e (Vol. 1v, Table 6 a), D(z) - - L (Vol. 1v, Table 66), 
| .€&(z—l)-l. | 2 (e — 1y 
ul n e&—z—]l ' 92-3, 1 


(for corresponding Tables for Æ (z) and © (z), as well as for z B (z), 


consult Heydenreich, Lehre vom Schuss, Berlin 1908, Vol. 11, pp. 130 
—131). 


Procedure in the solution of individual examples: (1) Given vo, $, X, R, P, 8; 
Vo’ sin 2p 


to determine 42, ve, T, v, La, Yay v, and y for any given x. Calculate JX and a, 
thence Z from (6), and with it c= y and consequently 7. Then z, follows from 


(11) and with it v,, and then y, from (12), v, from (13), t from (14). Further o 
from (7), then v, from (8), T from (9). Since © has been calculated, the value of 


z is given for any given x, and then y from (1), Ó from (2), v from (3) and ¢ 
from (4). 


(2) Given c, &, v; to determine the remaining quantities. With the first 


£ ($) 
tan ġ 
then y, 6, v, t from (1), (2), (3), (4). 

Next from (6) the Table for ZB (Z) gives the value of Z and thence of X, as 


approximation a= ‚and for any given x, the value of z is given by (5), and 
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well as o from (7). With this value of œ the value of a can be calculated more 
accurately, and then the remaining calculations are to be repeated. 

Thus v, follows from (8), 7 from (9), z, and with it x, from (11); and 
SO On. 


(3) Given ec, «y, X; to determine ¢ (as for instance in the calculation of the 
error of departure); also the remaining quantities. 

The value of & is calculated either from the formula corresponding to a 
vacuum, or else from a Range Table; and then the first approximate value of a 
is calculated. 

Thence Z=2caX, and from it the second approximation to & from (6) and c 
from (7). 'Then a can be found more accurately, and the calculation repeated. 

Then v, is given from (8), and 7 from (9), &c. 


(4) Given c, œ, x and v cos 6, to determine vo. 
Caleulate a, and then z and V (z); then v, follows from (3). 


(5) Given R, P, ò, as well as X, p, 7; to determine 7, v, Ves v, &c. 


Since 7, X, & are given, © (Z) follows from (9) and thence Z; c= i and 
thence 2 is found. | 
Afterwards vj is determined, for instance, from v= roost , w from (7), 


v, from (8), &c. 

The above solution applies especially to cases, where the initial velocity v, of 
the shell is less than 300 m/sec ; on the degree of the accuracy, consult S 33. 

Besides the original functions B, J, V, D, and the functions E, © and zB (2), it 
is evident that others may be introduced into the system of equations. 

N. v. Wuich has prepared Tables for practical use. The method introduced 
by Heydenreich in his Lehre vom Schuss, Berlin, 1908, 11. p. 122 is identical with 
the above. 


> 


B. Siacci’s “Factors of Fire" are given in Vol. Iv, Table 11, 
and are to be used for similar purposes. 
This table contains for the different values of Z the values of 


v? sın 2h tanw T "cos m, Ys 


gX ^" tang’ J(Xtan)' vcoso' X’ X tang’ 


Sia X (2Ry1000 , čia 1000 (2R¥ v? sin 2b. 
1206P ^ 1306P g ^ 


these expressions are denoted respectively by f, fi, f» ..., fz; they 
are called the * Factors of Fire." 

lhe tables are to be used as follows: 

Given P, R, ò, 4, as well as X and 4. 

Proceed from the given f,; look out on the horizontal line, 1.e., for 
the given value of Z, the corresponding numerical values of f, fi, fi, 
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a, 4 
nes VA 


f . ta X (2R) 1000 

° ]206P ^" 

f 62a 1000 (2%)? v sin 20 
7 ]1906P g 


In this way for every value of Z the corresponding value can be calculated of 
f f... This calculation is extended in Table 11. It is seen that f is merely 


the former function B (z) of Table 68, f; the function 


1 
VG of Table 6a, and that. 
with / and fz, the functions Æ (z) and © (z) are given in a tabular form. 


C. For the cubic law of air resistance the corresponding table 
of Factors of Fire has been constructed by F. Chapel. 


This table 1s equivalent to the system of formulae constructed by 


Fr. v. Zedlitz 1n. 1896, independently of Chapel, based on the cubic 
law. 


When the retardation due to air resistance 1s taken as cv’, 


yo stané- ss (1 + 22 + 42°) 


where z = cx v, cos d, 


tan 0 — tan $ — rer 4) 


v, COS È 
l+z ^" 


(L+ 32). 


Substituting 1+32=g,or2=2(g-]) 


v cos 0 = 


n cod 


7 u gx? 1 + 20° 
we have y = x tan $ cose 3 ^ 
= | ga Zus 2q + 4q° 
tan 0 = tan d NETT 3 ^" 
Vy COS @ . tw COS ọ 


inn 775 6 = 


Here q 1s a parameter, which varies along the trajectory; at the 
end, where y 20, c= X, v—v,, 0=-w,t=T, the value of q may be 
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denoted by g,; and then 


sin 26 = "t qoem (1) 
| 2] 1 — dge + Oqe 
tan w = kae e emen (Il) 


Ve = ee in dq, AON, laden abies (111) 
_ XG 
Tad rne (IV) 


The construction of a Range Table will proceed then in the 
following manner: For various ranges X the angle of departure will 
be found by experiment, and the initial velocity v, will be known as 
well. The corrections for wind, air density and so forth will be 
carried out; and then from the three values of vw, $, X and by the 
help of (I) a definite q, will be determined. The collection of 
q,- values 1s then shown graphically as a function of X. 


On this curve the values of qe will be shown corresponding to 
values of X, say, to X — 100, 200, 300,... metres. 


For every value of q, the angle of departure $ will be calculated 
by (L), the acute angle of descent w by (IL), the final velocity v, from 


(IIT) and the time of flight T from (IV). 

The following remarks on this system of solutions were made by 
Fr. v. Zedlitz, to prove that, in spite of a difference of form, it 1s 
identical with Chapel's Table of “ Factors of Fire": therefore it is 
not included among the Tables of Vol. tv. 

The system of equations (I) to (IV) shows that the “ Factors of 
Fire” | 

vsın26b tanw wcosw T'v,cosd 
X  ! tan$ «cos o’ X C 
are definite functions of q, or 1 +42, and so of Z = ca? Xvocos $ ; they 


can be calculated 1n consequence as functions of Z, and given in a 
tabular form. 


I^, cos $ - vesin 2h 
Y to be divided by Y ^ 


is a given function of Z. So also 1s the expression 


it will be seen 
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We know that 


I | gë 1+2¢ 
perum 2v cod 3 ` 
2 2 
and y, =4X tan d — p UD 


8v cod 3 © 


from which we have . 


But qe = 1 + dco? Xv, cos $, so that qı 2 1-- 1 (qe — 1): and so qi 18 
also a function of qe. Now 


u 9X l+ 
n=3X tan [1 2u,%sin2d 3 | 


v? sin 2h 
X 


quantity in the bracket is a function of Z, and ~—*— also. 


These * Factors of Fire " 


and since q, and are given functions of q,, and so of Z, the 


vsmn2d tanw  v,cosc T Yı 


X ’ tm’ wcosd’ sind’ X tang’ 


are those given by Chapel in his Table; and we see now the intimate 
connexion with the system of equations introduced by Fr. v. Zedlitz. 
Ronca has shown this 1n another way. 


$26. Approximate solution of F. Siacci, 1880 
(* Siacci I”). 


As opposed to Didion’s procedure, Siacci introduced the following 
modifications, which depend less on methods of mathematical inte- 
gration. 

In the first place, following N. Mayevskı (1872), and the proposal 
of St Robert (1872), he chose as independent variable in his method 
of solution the horizontal velocity multiplied by Didion’s correction 


factor a, (u = av cos 0), instead of the abscissa of the trajectory; or, 


| l. | 
in other words, he chose ø = y = — in the general system of solutions 


a 
of § 23. 

Secondly, in the place of Didion’s law of air resistance, Mayevski's 
Zones are employed. | 
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As to the calculation of the integrals D, J, T, A, it 1s seen 1n the 
first place that in the expressions for x, O, t, these functions occur 


only in their difference values, calculated from some initial condition, 
as D, — Du, Ju — Ju., and soon, so that arbitrary numerical constants 
may be introduced. 

The same is true for A, since y 1s obtained from tan @ by inte- 
gration with respect to w; in the passage between the zones it 1s 
necessary to preserve continuity. 

The calculation 1s carried out 1n the following manner: 


(a) First zone: v between 700 and 419 m/sec: f(v) = qv’, 


where q = a 

D(u)=- ES =— > => =— log u + anarbitrary constant Q, 
J (u) =— 29 rO aot St Qi, 
a-f 7 - Jae * 9) me 77 ehe 2] 


2.9 € 
= Daag log u +an arbitrary constant Q;. 


The constants Q, Qi, Q., Qs are arbitrary. Siacci takes Q, = 0, and 
Q, Qs, Q; such that the tables for D (u), T (u), A (u) begin at zero for 


u = 700. 
(b) Second zone: v between 419 and 375 m/sec: f(v) = pv, 


_ 0 0:00009404. Tg 
p= 4000 
udu 1 fudu l 
D (u) = — | Elan 7 Tn To +an arbitrary constant C, 


J (u) 2 — 2g = — = eor Tt s C 


and so on. 

The constants C, C,, C2, C, are to be determined, so as to make the 
initial value of a function at the beginning of the second zone the 
same as the final value at the end ? the first zone. ‘Thus, for 


instance, C is such that, when u = 419, — ; lan tQ Mn + C: and so 
forth. 
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The solution of the separate trajectories by means of the system 
of equations (1) to (5), is as follows: Suppose, for example, v, 9, c, 
given, and for given « the values of y, v, t, 0 are to be determined; 
then from (1), in which z, vo, &, c, as well as w and a are known, D (u) 


and u are calculated: the other Tables determine the corresponding 
values of J(u), A (u), T (u): then @ 1s obtained from (2): and from 


it the value of a is corrected and the calculation of 0 repeated; then 
y 18 found from (3), ¢ from (4), and v from (5). 


On the other hand the calculation of the elements X, v., w, T of 
the point, of descent from the same data v, $, c, requires more work. 
From (3), at the point of descent, (y = 0, x = X), we have 


and here, by successive trials, 4, = av, cos w 1s determined : thence it 
follows from (1) X = to (Du, — D,,): and then tan w from (2). Then 


a closer value of a 1s determined, and the whole calculation is re- 
peated. 

The problem of greatest importance ın the range table calculation, 
(viz., from given %, 6, X, P, R and 6, but with ? unknown, and also 
c unknown, to calculate the elements ve, w, T of the point of descent), 
1s not easy to carry out, because successive approximation by trial 
and error 1s required. 

On this account Siacci proposed to construct other functions and 
tables, in addition to the primary functions D, J, T, A, with a view 
to lessening the labour 1n the solution of these problems. 


Secondary functions E, N, Q, O, S, S' and the 
corresponding tables. 


When equation (1), D (u) — acc + D (u) is solved for the deter- 
mination of u, we see that u ıs a function of acz and wu; and 


also Ju. — Ju Au-Au, T,— Tun, and 


functions of acc and uo. 


The following abbreviations are introduced in the use of these 
functions : 


Iu- — Lu, =N; N ty = Q5 


—— - Ju, are given 
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Another function, dependent on acy and u, is further = = N; 
x 
also Q — E = O, and finally ome S. 
ACH 


These functions, £, N, Q, S, S', O, are called secondary functions ; 


the corresponding tables are easily constructed by the help of the 
original values of D, J, A and 7. 


Therefore 


D (u) = aca + D (u,), 


tan 0 = tan $ — 5, O(cax, Uo), 


-- Hives ni 


u = auv cos O, u, = av, cos d. 


At the vertex, u = u, = av,, £ = £i, Y = y,, 0 = 0, and so 


D (us) = aca, +D (u), tand= 5: Q(can,, Uy); 
Ys = x, tan $ — 3 E (CALg, Uo), te = - S (cax,, Uy) 


At the point of descent, y= 0, x = X, U = le = av. COS w, O =— w; 
and so 


D (ue) = acX + D (u), 


tan $ = 5; E (caX,u)) T —- S (caX, Uy) 3 


and also 


tan w = » O(caX,w), tan ġ= X a N (ca X, u,), 


T —aX S (caX, u). 


For instance, if the range X, the angle of departure ¢, and the 
initial velocity v, are given, and c 1s to be determined (or the form 
coefficient 2 with given R, P, ò), the most convenient equation to 
employ would be tan $ = 4a? XN. 

Here X, ¢, v, are known, and a and u,; therefore N can be cal- 
culated, and from the JV table in the column of given u the value 
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mio) 


7 > > denoted by J (u), 
1000 | 


1 
8. J (u) Ag, or Ty 


U 


(u) 


[CH. V 


, denoted by A (u). 


The system Siacci I consisted of the following equations, in which 


the factor c occurs, where c= 


tardatıon: 


(2R)? i. 1000 
P.1-206 


, and cf(v) 1s the re- 


163 


When we put a= 1, and introduce the notation of Krupp, where 


p = Fem (in cm’) dig _ 
P (in kg) 1'206 dy: 
(tL UL[7 «du ry [ —du rp. [ —du 
us gfu) t (u) = gfu)’ we uf (u) 
; — J'(u)udu 
A’(u)= 
e) JF Fu) 
then we have 
da = = y where u =vcos 0, or dx = ot 
1 —udu li 
bt i Du- P , 
É IO a D w) 
dy | u 1 —du | l,,, , 
7, tan 0 = tan $ —— lr = tan 6 —-(Ju—4J u), 
1 (*—J'(u)yudu <æ ,, 
y —cian $ — QUT ti (Uo) 
J (uo) 


u —du | 
=>] =i (T'a T'a), 
a us 9 f (u) e 2 


u — v cos O, u, = v, cos d. 


The integrals arising here, Du- Du, Ju-S u, Au-Au: 
l'.,—1'w«, were calculated approximately by Krupp, by summation 
of the corresponding values from u = 1000 m/sec, downwards; and he 


assumes, for instance, Au = — 1 m/sec, and calculates 
“lu WY 
to gf (u) 1000 TION 


is calculated for every value of the horizontal 


velocity u, from u — 1000 downwards, and each value added to the 
sum of the preceding values, starting from the beginning of the 
Table; the successive sums are the values of D'u. 


11—2 
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The corresponding values of T'u, J'u, A's, are obtained by a finite 
summation of the small finite differences. This procedure recalls 1n 
many respects. the methods of calculation long employed in the 
insurance offices, where a similar method for the establishment of 


death probability by an integration of finite summations from one 
year of life to another, 1s employed. 


Formulae. 


For any given point (xy): 


= = (Du- Du) u-vcos0, u= mcos o, ......... (1) 
ky p 
tan = tan P+ — SD u, — >A us ce Hh (2) 
( ct 
1 ,, l,,, 
y m a (tan $ += J'u) = (u Au) HAMM (3) 
lm, , 
= (LuLu) soe eee oOo eee 2 ,.n:. -_ m. .....nm. „1. ........-- -.... ..e... (4) 
For the point of descent, c= X, u = ue = ve cos w, t=T, 0—-—o, 
y = 0: 
X e c (Diag — Dug) nennen (5) 
or = 
tan w=—(tan b+—J «) RlJg.,..(6) 
aq q 

J w m 1 A? / 
X (tan p + " ) = a (A Ue A ug)» ——— — — (7) 

1 "NN l A^, m A 
tan D + " J tto 77 " Di, - "n -————M (7a) 
T= ] (Tum Pa), eerte (8) 

Ue 
Ug pete (9) 
At the vertex, æ = £s, Y = Ys, 0 = Q, u = u; = v; cos 0 = v, t= t: 
Fa D qe A E (10) 
leo, 

Wig EE ag, A E (11) 
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(d) To determine v,, £a, ts, y,, at the vertex: 


From (10), J oss 0:2829 = 0:9680, 
U = v4 391:6 m/sec. 

From (11), £= 7058 m, 

from (13), .. t = 16:02 sec ; 

and further, A u 9387, A Vm 1838, 

and so from (12), Y,= 1498 m. 


. 2. Example. Application to the calculation of the muzzle velocity vo, when 
the velocity of the shell has been measured near the muzzle, by screens and the 
Boulenge chronograph. 

Suppose, for example, the velocity has been measured at 50m from the 
muzzle and found to be v= 544 m/sec. 
That is, the horizontal projection of the velocity, measured between two 
parallel vertical screens, is 
V COS 6 = vay = 544, 
Further, take 


ö=1'206 kg/m’, ;—1, Air: P=4°'76 cm?2/kg. 
Then from equation (1), 
D (va cos $) 2 D' (vu) — 50a, 
2 2) 57 
a= Á Tes 2067 4°76, 
50a= 238, v4,—544, D’ (vs) =17277, 
D' (vy cos $) 217277 — 238 = 17039, 
vo cos b= 549. 
Assume an angle $=8 in the experiment, then 
vy = 549 sec 8° =554 m/sec. 


For such problems, which frequently occur in practice, the Krupp tables are 
of great use. 


where 


Gross has given a table, for different values of u, and u, for the 
Aue p Aii 
D ‘Ue ec dE Uo 
of u, can be calculated by (7a). 

Finally W. Olsson has calculated a convenient table, 1n which the 
values of v, cos w, T, X, w, for a= 1, are given for different values of 


& and v, cos ©. 


expression = E, from which, for given u, and #, the value 
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$ 28. Methods of solution of Siacci 1888 (Siacci II) 
and 1896 (Siacci III). 


In respect to the methods of integration, we here have (see § 23), 


o=cosd, y = 8 cos? $, where $ 1s the angle of departure and £ is a 
certain correction factor to be described more closely later, but deter- 
mined like Didion's factor a, to smooth out the errors arising 1n the 


integration. 
The system of solution 1s the following: 


1 
T = cB (Du m Du) 


| 1 
tan 0 = tan $ ~ 9c8 cos? $ (Ju — Jin), 
1 
YS g tan d — 20223 cos? $ [Aw inn An, = Ju, (Du u Da)h 
l  ,, 
t= a u Tu) 


For the determination of the air resistance as depending on the 
velocity, S1acci 1888 chose the zone laws: 


retardation =c,v, for v — 700 to 420 m/sec 
— 0,0), , v=420 ,, 343 , 


" =C;v", „ v—240 m/sec downwards. 


Ihe corresponding tables were calculated by Berardinelli, from 
u=7100; later by von Mola to w=983; secondary functions were 
calculated by Braccialini. 

Similar primary and secondary tables, but with somewhat dif- 
ferent division into zones (viz., with those of Mayevski-Sabudsk1), are 
to be found in the work of von Heydenreich, Die Lehre vom Schuss, 
Berlin 1908, Part II, to which reference should be made. 

Siaccıs procedure of 1896 (Siacci III) differs from Sıaccı II 
merely in being based on other laws of air resistance: here also 
Sıaccı has recalculated the primary Tables D, J, T, A, as well as a 


Table of 8. 
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Theactor of correction B of Siacci IT and III. 


The point of difficulty in the solution lies obviously in the 


factor 6. 
The exact Chief Equation was 


dð g d(vcos@) g 


lippe 


cos? 0 cvf(v)cosÓ c, Aaka, p= 


in which c depends among other things on the air density, and 1s 
variable in fact with the height y of the shell above the ground; 
this may be represented by the suffix y 1n cy. 

The approximate Chief Equation 1s 


7 (* cos ) 
d? 9g cos œ 
cosh cvcosO0 ./vcosÓ j 


and here c 1s provided with the suffix 0, to denote that the c, really 
variable, may be represented approximately by its value at the 
v cos Ó 
coso’ 
mation consists in putting c, f (v) cos 0 = ~ c, f (u) 8 cos? $. So that 
since 


height of the muzzle of the gun. Introducing u = the approxi- 


on the quadratic law for instance, f (v) = v?, 


v cos Q v cos Oh? 
"d LI) ' 
Ê has the following values: 


at the point of departure O (0 — $), B= 
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The integral on the left-hand side 1s — $ tan? $ ; and further 1t 
is seen that, for cf (v) = cv", the fraction ®,, -- 1: (and herein lies the 


reason of its introduction by Siacci); Siacci then puts it equal to 
unity. 


On the right-hand side, the limits are inverted, and J, replaced 


by 2 K ; In this manner, as-ıs seen easily by the expansion of 


(tan $ + tan 0y, the concluding formula is 
C, 3 > (V tan? 0X dé 
Bn= (9) ser, f( o COS $5 (14 an | (4) 


Cy 
Co 
and $; the integral was calculated by Siacci by approximate quad- 


Except for the fraction 6 , this expression contains only V, 


rature for different values of ¢ and V, cos $; so that, putting x) 
0 


aside, a Table of 8 can be drawn up that gives it for all possible 
values of $ and V,cos& in practice; or for all possible @ and 


X, since V,= V ais Dp ` 


Siaccıs 8 Table gives these values. 


How far this factor 8 will adjust the errors of integration, requires. 
further consideration (consult 8 32, 33). 


It was seen in the calculation of 8 that various quantities were 
neglected, that might affect the accuracy of the complete calculation 


of the trajectory. 
Siaccı sought to make the procedure more accurate by calculating 


with different values of 8 for 220, 4X, 4X, 2X4, X; and also with 
different 9 for x, y, t, 0. 

Parodi has extended this method for practical purposes (see Note 
no. 28). 


7h 


S 29. The approximate solution of E. Vallier, 1894. 


The choice of c and y, on Vallier’s method, 1s the same as in 
Sıaccı II and III. But the calculation of 8 1s somewhat different. 


Moreover a different law of air resistance 1s assumed: that 1s, 1n 
the value of the air resistance as dependent on the velocity v of the 


shell, for v > 330 m/sec the Chapel-Vallier laws have been employed; 
and for v « 330, the two zone-laws of Hojel (compare § 10). 
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When the retardation due to the air resistance 1s represented, as 


: Ò, Ft 
before, by c/(v), and c= 1:206 P 


measured in kg/m?; R the half calibre of the shell in cm, P weight of 


(6, 18 the air density at a height y, 


shell in kg, ? = —#— , the coefficient of form), then, as in § 10, 8; for 


10,0 
v & 330 m/sec, f (v) = 0:125 (v — 263), 
330»v2z300 , , = 0091692 v, 
(5) 
v«300 , , = 0033814 v^. 


Here 1 = 1 for rotating elongated shell with ogival head of semi- 
angle of opening y = 415. 

But Vallier on the other hand considers 2 as slightly variable, 
and puts 


yl» — (180 + 2y)] — : 
= -ITE (v—363) ' for v2 330 m/sec ; 


but for v< 330 m/sec, 
;— 067, 072, O78, 1:10, 


for y-931, 33°6, 36°% 482. 


The adjusting factor 8 has been calculated by Vallier very 
systematically, employing the Taylor-Maclaurin expansion and the 
remainder in the integral form. A finite formula for 8 is thus 
obtained. 

This formula is really not so simple to manage as the 8 Table of 
Siaccl, given in Siacci’s work, Balistique extérieure, Paris 1892, or in 
the Lehre vom Schuss of Heydenreich, Berlin 1908, rr. p. 30. Vallıer’s 
formula 1s hardly suitable for tables. 

On the other hand it has the advantage of greater generality; the 
B Tables of Siacci and Heydenreich fail frequently with guns of great 
calibre. The formula for 8 1s calculated in the following manner. 
Vallier starts with the Maclaurin expansion of § 22a, with the re- 
mainder term in the integral form, as in equation (30) in § 22a; and 


thus FQ) 
- - 99 e a | ID 
y=etand Ju? cos! b g e (z — t) | l di. —..... (1) 


The method of approximation, employed by Valher, as well as 1n 
Siaccl II and III, in the integration of the Chief Equation, consists 
in replacing 


R?i (v) ò, f (v) cos 8 
1:206 P 
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approximately by 


vcos @ 


R?i(v,) 5, F( ae l B cos? d 
1206 P. ' 


in which 6, and 2(v) denote the air density and the form coefficient 1 
for the actual height y above the horizon of the muzzle; 6, and (v), 
on the other hand, are the corresponding values at the point of de- 


parture of the trajectory. 
Further cf(v)cos @ is replaced approximately by the function 


cf(u) and u= rd further 6, = 6,(1— 0'00011y).  ......... (2) 
The following relations are contrasted : 
correct : 
7 oO gÈ [^ — (vx | CF (0) cos © 
J=% = P 2 Up. cos” d 4 t=0 (@ t) i v* cos“ Ü Ld (3) 
Ri(v) 8 (1 —0: A), 
= 1'206 P 
incorrect : 
_ gt ft af 
y=% tan h Jug cos! d g o (x — t) E wer; ha — (4) 
_ It (vo) B cos? $ 
a 1-206 P 


In this approximation, the error e ın relation to the ordinate y of 
the path, corresponding to the abscissa x, 1s thus the difference of the 


two expressions in (3) and (4), 


ind Ko cos 0 — e di 


vi cost O 


Let us consider the complete trajectory, 1n so far as 1t lies above 
the horizontal through the muzzle. 

Then «=X; and y — 0 1n (3), assuming that there 1s no error 1n 
the employment of the function c/(v): on the other hand y 1n (4) will 
be different from zero. Denote then the error in the height y of the 


trajectory at the end of the range by G. 
Let the variable in the definite integrals be æ instead of t; and 


]let the other variables remain as before, then the error 1s 
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since 4, — 9,; and 


b (s) = Eòs  1()(1—0:00011 y,) f(v) — 2(v,) f(u,) B cos? $ 
1:206 P (Us. 1)* or us cos! & ' 


Substitute these values of $(0) and $ (s) in (7), and we have 
g g / C09) + p J (Us) 
(P 4 


Us 


l sec? d «(v,) 


— sim LEY sec! 4- 5i(v,) (1 _ 0:00011 y,) L l (8) 


V$ Vs 4 e*e¢e8 8 8 


This ıs the formula for the determination of 8 that was to be 
constructed. 


It 1s obvious that this value of B can only be employed after 
finding a first approximate value of 8 (such as 8 = 1 or better, accord- 
ing to Valliers procedure, 8 — cos2$) in a provisional calculation 
of the trajectory ın respect of the vertex, and provisional values of 
Us, Us, Ys» A repeated application of this procedure does not always 


lead to a more accurate result. Vallier denotes 82 (v) by t 


m 
Another somewhat more exact formula for 8, given by Vallier, may 


be stated here without proof. 

Suppose a preliminary calculation of the ballistic elements 
27,9,€1,0, has been provisionally made for the point (a,y,) with 
abscissa æ, = 0:2252,, then 


B Er + yee 1(U) sed 
= J (v) I = (1 — 000011 y,) sec? 0, 
+ 4a ou B (1— 0'00011y,). .................. (9) 


The author, in 1910, has proposed another form of the Vallier formula for g. 
Js 
X 
In the provisional calculation of a trajectory, always required in the applica- 
tion of Vallier's 8, besides v,, v,, and y,, we can calculate x, and X as well. 
The ratio z,: X is thus known more accurately; and then the preceding 
process is carried out afresh : for instance, the formula (8) becomes the following: 


Bl (4 -1) C FE | seo? pi (a) 


Us: 


In the preceding calculation the value ==0°55, has been assumed. 


(vs) 
4 


Ug 


— (4 ai RR 1) = sec? bi (vo) +?(v,) (1 — 0-00011 "n » (10) 
0 
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in which the special feature is that, with constant 7, the factors i (vp) and : (v,) 
cancel, as i (vo) « t (v,). 

The 8 formulae above can obviously be applied to the 7 values of v. Eberhard 
($ 10) 

Further it might be possible to have a suitable value for the function ¢ (2), 
instead of the linear a, -- a,2, which might apply to a definite group of values of 
€, vo, $, for rifles, field guns, howitzers, etc. 


Finally it may be noted that the choice of the mean value o=cos@ in 


veos@ vcosé 


m = —__— was arbitrary. More generally, we may put o —cos? y, and 


obtain p from calculated trajectories ($ 32) or from observation; here y» denotes 
a mean of the values of 6 at the ends of the corresponding arc of the trajectory. 


$ 30. Approximate solutions of P. Charbonnier. 


Charbonnier attempts the calculation of trajectories, equally by 
the help of expansion in series, but yet in a manner essentially 
different from Siacci and Vallier. His method may be explained here, 
as applied to flat trajectories. 

A first approximate solution 1s made on Krupp's method, or 
according to Siacci I, with a=1, based on the system 


1 l 
z=- (Du — Du), tan 0 = tan $ — z, (Ju — Jw), 


A, — A 


! 1 
y=atan p— > pan pe Tu) te; (T«- Tu) 


in which wu—vcos 0, u,— v, cos $, and cf(v) denotes the retardation 
due to air resistance. 


The exact Chief Equation 1s 
dd ^ g  d(vcosO) 


cosÜ  cvf(v) cosh ' 


or, with v cos Ó = u, and 
1 v cos 0 u 
777 $9 - Cg) - 4 EM 


it may be written 
dé I) aep EEE (1) 


cos? 0 cos 0/ cos? 0 


Employ on the right-hand side of the equation the expansion 


] 0 59: 1 0 20 
=l+>,+7+..., eg ni tT T 
cos? Q 


cosÓÜ 9! 4! l. 1.37 
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so that | 
dð? g uf Bub: | 0e 209 
ELIGE A! um (LET e Tog es) du 
and here the function & C + a + - is expanded by Taylor's 


Theorem, and written 
= b(u) + ue p (u) + 9 E (u) d- u cd 4 


Multiply together the two series, and the equivalent of the Chief 
Equation 1n (1) may be given 1n the form 


rA $60) Had G^ Qs ee de um 


If 0 1s so small that only the first term in the square brackets need 
be retained, we have 


dé 


cos? 6 — 


gd(vcosO) | i 
eos Fluch? n (3) 


and this 1s the approximate equation, which formed the basis of the 
previous Krupp solution, and that of S1acci I, with a=1. 


A second approximation 1s reached when the first two terms of (2) 
are employed. The simplified Chief Equation 1n this case leads to 


=" (du 


= E ALTO + 0° E (Cu) EB $0) |} du, 
or since 
nn -/(u)- uf’ (u) 
(u) = uf CL d (u) = = ru) 
ad _ gdu g 
cos?  cuf(u) +x Pyu) AU, eese (4) 
where 


Even this differential equation between @ and « will lead to diffi- 
culties in an exact solution, because @ occurs on the right-hand side ; 
for this reason, Charbonnier replaces 6? on the right by tan?@ as an 
approximation ; and as a further approximation takes the expression 


tan 0 = tan $ — d. (Ju — Ju) from a former equation (Siacci I with 
a= 1). 
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Finally y will be given by 


_ (vcos 0)” dd 
dy= I tan 6 - TI 


Considering that the construction of further tables 1s laborious, 
and that even when these tables are at hand, the calculation of tra- 
jectories is only shghtly simplified, the following method 1s proposed 
by Charbonnier. 

Equation (4) can be written in the form: 


where K(u)= 2 — 4; 


or approximately: 


dO ^g 00V 7 
LEES I C E (7) 
- dO gdu 


Contrasted with equation (3) this equation is more 


cos?  cuf(u)' 


accurate. 

Charbonnier next operates with a mean value of the factor 1 + «@, 
which 1s different for the ascending and descending branches of the 
trajectory. On the first branch the value of that factor 1s 1 + d? (14) 
at the point of departure, at the vertex 1t 1s 1, so that the mean 1s 
l-ri$?k(w) On the descending branch the mean value 1s 


1+ io?x(u,), 


where w 1s the acute angle of descent, and u,— v, cos e. So that the 
procedure 1s as follows: 


dé gdu 
cos? cu f (u)' 
similar to that of Siacci I (with a= 1) or to the earlier one of Krupp, 
a first provisional estimate 1s made, determining in particular the 
vertex and point of descent; the calculation is then repeated, and 
c is replaced by c(1+4«,¢?) in the ascending branch, where 


uf (uo) 
2f (Uo) 


replaced by c(1+4«,.w’), where re = 


Starting from the equation — on a system of solution 


— $, u,— v cos ġ; and in the descending branch c is 


Uef (Ue) 
2f (Ue) 


$? or e? 1s then replaced by tan? $, or tan? w, respectively. 


Ko = 


— $, Ue = v, cos w; and 
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It must be added that Charbonnier’s plan contains a rational 
principle for increasing the accuracy of the calculation of a trajectory. 
Nevertheless it 1s somewhat laborious, in spite of the employment of 
tables, which Charbonnier has calculated recently (see Note). This 
method of approximation, which provides a separate calculation for 
the two branches, is tested, partially at least, in 8 32, 33. 


§ 30a. On the secondary ballistic functions, and on 
ballistic curves. 


1. The Secondary functions. 


The Bernoulli-Didion solution in §25 may first be examined. 
There the functions B, J, V, D enter in the equations (1) to (4), 
serving for the calculation of y, 0, v, and ¢t Subsequently the func- 
tions # and © are derived from these. 

So also in the Sıaccı I procedure of § 26, the functions E, N, Q, 


O, S, S’ are introduced as supplementary. 
Corresponding relations hold for the system of solutions of Sıaccı II 


and III, §28, and of Vallier, §29. Writing c’ for — : 


zg this system of 
equations 1s as follows: 


A —— (1) 

= spe GLP TO] eee (2) 
tan =tan ¢ — 5 r4 UI een (3) 
y =atand— 5 = rg 4 (u) — A (9) - J (v) [D (u) -D (Yo) 
tan (de m): en (4) 
w= 2 Vy = Uoj seen (5) 


and thus the elements x, t, 0, y of any chosen trajectory are expressed 
in the parameter u. 

The functions occurring here, D, T, J, A, are called the primary 
ballistic functions (tables for them in Vol ıv, Table 12a and 
Table 13). 


12—2 
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Denote 7, in equation (1) by £, and for the end point of the path, 


C 
where «= X, let S be denoted by &,; then equation (1) shows that 


u 18 a function of E and vo. 
Let (2), (3), (4), be written respectively : 


T (u) — T (v) = H (v, £), 
J (u) — J (v) = L (v, E), 


A (u) — A (v) Nu 
D^uw-D(w) J (v) = E (v, £). 


It 1s easily seen, how by help of the primary tables, the secondary 
tables for H, L and Æ, can be established. A definite value of v, and 
& is chosen, and then, for example, from equation (1) we get the value 


of u and thence of J (u), and thence the value of L. 


Tables may also be calculated for ; = N, and L — E = M. 
The system of equations 1s given then 1n the form: 
E= D(w)— Dy), ................... eene (6) 
C. 
t = ud HUN. PL seenettecrerteriititéeker (7) 
C . 
tan 0 = tan $ BETT EIN 2m (8) 
C 
= tan $ L ~ Sin 96 L (v, 2! — ERTS (9) 
Cx 
y= a tanp- gg (Mos 34 p (10) 
| «C sin 2b 
= dcos d | 7 — E (v, b T—U (11) 


Referring specially to the point of descent on the horizon through 
the muzzle, here y 20, £ = X, 0 = — w, V= Ve, U= Up, E = &. 


Thence, from (11), sin 2ġ =c E (v, £,), and since fan and 


Ee 


E » 5.) _ N (v, Ee), 1t follows that 
In 2 
in2ó y, p) 
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uw = Llw é) eee (18) 
E Com, ey |... 19) for the vertex, 
Ls a &,), ( ) 
T b= Lg, Y = Ys, 
&=7=D(iw)- Di), eer (20) 020 
C dg 
Ys= a cogi ^ O se) E) 
_ M (v 2) |... 21 
hak ae RE E)' (21) 
Ue = Ug COS db. Eon (22) 


The functions introduced here, E, N, H, L, M, are called the 


secondary ballistic functions. The corresponding tables are given in 
Vol. ıv, Tables 125 to 127 | | 

The use of these secondary functions 1s evident at once, when the 
problem to be solved 1s thus: the range X being measured, and the 
angle of departure &, and the initial velocity v; to find the time of 
flight T, the velocity v, at descent, the angle of descent «c, the 
abscissa x, and ordinate y, of the vertex. 

The solution is laborious with the use of the primary functions, 


D, T,.J, A (compare Chapter VIII for the solution of particular 
problems of trajectories); on the other hand with the secondary 
functions the solution 1s completed very simply: 

In equation (13), sin 26 = XN (v, E), 6 and X are known, and 
consequently N, and since v, 18 known also, & can be calculated, and 
c also, by (12). 

Equation (16) gives T, and (17) gives w. And D(ue) follows from 


(15), and also ue.. And v, can be calculated from (14). Further 


E-T is given by (18), and z; and then the value of y, from (21). 


It is evident moreover that there 1s nothing to prevent the intro- 
duction of other secondary functions, in addition to 4, N, H, L, M. 
For instance 1t follows from (12) and (16) that 


X 
T= Eo" E); 
and consequently, if another function KA 1s introduced for P and a 
table 1s calculated, we have 
X 
T=- HQ» $e); 


and so forth. 
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2. The Ballistic Curve. (Vol. Iv, diagrams 111 a to 111g.) 


Equations (I) to (IV) in 823, give the point of descent (x = 
y=), 0=— w, v=%, t=T, u= ue): then 


= = D (ue) — Duy), .................. EIERN (1) 

T= = did —T(u), eese (3) 

— tan w = tan $ — 3 [S (tle) — S (U), ...............ee. (3) 

u 1 | A(u.)— A(u,) 

nk Su 7 men = J(u) | — (4) 

Ue = Ben ———— —— (5) 

TAIN ias ARN (6) 

Let yo 


Equation (1) shows that, from u, and £E, ue also 1s given; conse- 
quently from (2) a T 1s a function of u, and £; and from (3) the same 


holds for (tan $ + tan w) 2cy; and, from (4), 2cy tan ó 1s a function of 
uy, and &; or, 


o 1 
eS E de a &)— tan $; 
1 
tan d = go, Qt £), 
and ıt follows also that 
1 
tan w = 2 m Pi tto, £) 


Assuming the two quantities u, and & are known, it follows that 
these also are given: 


firstly : 


uo? 2sin cos $ 


~ cos? o X 


= 2u? Ft, E) = 2 Fu, E), 


T. 
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in which only known quantities are present ; 


hy: lpp B4 — 022 Fw E 
fourthly ee) oy Pie P XVEEQ B] 7 VE USQCHB) 


The equations (I) to (IV) give in a similar way the vertex of the 
V. 


trajectory, for 020, xz—2a,,y—y,;, = tz, v—v;, U= Ug = c and 1t 1s 
Ts Ys . . 5 
easily seen that Y and X tan are given with u, and &. 


It has already been convenient to choose e = cos $ and y= 8 cos’? 
(Sıaccı II and III); then wu, =% , and £—c8X, and the results can be 
expressed in the following manner: Suppose v, and c9 X given, then 
the following elements of the trajectory are known: 


vy sin 265 tan @ 
Et A. = D 
X tan $ 
V, COS @ T x 1 
: — A ; ut S= A, Js et Aa, 


and finally A, = £A,. 

In practice, the initial velocity 1s usually given, and also the range 
X to which the gun fires with angle of departure ¢, so that A, and v, are 
given. Then A, 1s given too, and with it the acute angle of descent 
w; and A, and consequently the final velocity v,; A, and the time of 
flight 7; A, and the abscissa of the vertex «,; A, and the height 
of the vertex ys; finally c8X and thence c, and consequently the 
product 81, given the calibre 2%, weight of shell P, and air density ò. 

It ıs clear from the above that these factors A,, A., Á}, ... can be 


calculated with the appropriate tables. For instance Schatte took the 
Ballistic Tables, No. 13 of Sıaccı 1896, and the Tables of Fasella, in 
which several of the factors are calculated ; and with their help, on the 
suggestion of the author, he constructed the six curves, Tables ITI a— f, 
which are printed ın Vol. Iv. 

If the elements of the trajectory $, X, œ, Ve, Zs, Ys, T could be 
observed directly in numerous trajectories (Method of Neesen) 1t would 
be possible to construct such a curve empirically, without a law of air 
resistance, together with primary and secondary tables; and for 8 the 
value in Valliers formula would be assumed. 

On the assumption that the Range Tables are of purely experi- 
mental nature—which is known not to be the case—an empirical 
curve could be drawn from a number of Range Tables; 1t appears 
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the shell is equal to the work done by 7), in the short distance M, Mı; assume 
the force T, constant along this arc, and we have 


smv — smv? =M, Mi. To; 


and hence v; can be calculated; for we know 7,, v, and m the mass of the shell, 
and M, M, can be chosen, as small as desired. . ' 

The arc JM, M, can be described in the following manner: The component. 
| vector Mo No (or N,) along the normal J, Cp 
M. gives zero Work. The force N, is thus employed 

in curving the path, and so has the magnitude 


Sr 


yO 
a 


7 


f, 


TA. 
N,=m PA . Thence the radius of curvature M, C, 
0 


or pọ 18 known at M), and so the point of 
intersection Cy of the two consecutive normals. 
MoCo and M, Co. Round Cp describe a short. 
arc M, M, with radius M,C, very nearly co- 
incident with the chord M, M,; and so the 
point M, is reached, at which the new tangent 
M, M, is the tangent of the circular arc at Mi, 
and is perpendicular to M, C}. 

Proceeding from M, the same procedure is followed; we calculate 


2 
Ti= W(vj)--PLN,, and 42m ^ 
1 


and this value of 7, is employed in 
tmv dmv = Ti. Mi Wr, 


to determine the new velocity v,; while the component M, N (or JV) gives the 
new radius of curvature p, or M, C1; and so on. 

This is the procedure of the construction by points; after passing the vertex, 
the two forces, air resistance and tangential component of gravity, are ee 
opposed to each other; and for that reason care must be paid to the sign in the 
calculation of 7. 

Finally the time of flight is found as follows: in describing the arc M, M, the 
shell takes a small time ¢: assume the force 7) constant along M, Mi; this force 
is then the mass m of the shell, multiplied by the ratio of the diminution of the 
velocity v, — v, to the time ¢ in which this takes place; and so 

T,=m 2 : "lor t= 
M, M, 
$ (Vg - vij ' 
can in fact be deduced by noting that the arc M, W, actually described by the 
shell with diminishing velocity, can also be died as described with a 
constant velocity, equal to the arithmetic mean of the initial and final velocities, 
v, and v, at M, and M. 

The whole m of flight is then the sum of all. these small elements of 

time. 


or since mv? - mv? -2 M, M, . T,, thence t= This is a relation which 
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The vertex also, which is the point of least velocity, and the point of shortest 
radius of curvature, can be determined graphically in this manner. 

In very flat trajectories, the radii of curvature, po, pi, ... are very great; so 
that the points Cy, C1, ... are at a great distance. 

Didion proposed in this case to consider the arcs Jf) M,, M, Ma, ... as circular 
or even parabolic ares. On the first assumption we have for instance, taking 
M, T, as abscissa axis and the direction of M,C, as ordinate axis, (x, y) the co- 
ordinates of Mj, the equation z?-- 4? — 20,5 — 0, from which py or y follows. For 
further details, consult Didion. 


B. Graphical solutions of approximation, by 
the author (1896/7). 


The procedure can in particular be useful in cases, in Which it is required 
to determine without trouble at numerous points of the trajectory the ballistic 
elements, such as the coordinates, the velocity of the shell, time of flight, and 
slope of the tangent; on the assumption of direct fire and knowledge of form 
coefficient. The solutions rest on the mechanical principle of independence and 
on the application of the empirical tables, for example, of Krupp (see Vol. Iv 
Table 8). 

First consider the constructions of the trajectory in a vacuum (figs. 1 to 4). 

In fig. 1, let OB, B2... be the straight line drawn from the origin O in the 
direction of the angle of departure with the horizon: and take equal lengths 
OB,=B,B,=..., representing to a given scale the initial velocity vj or some 
constant part of it. 

From 2}, B5, ... the vertical distances B,0,, B-02, ... are drawn downward, 
equal to 49.12, 19.27, 49.3%, ..., so that O, O,, Ox, ... are points on the path. 


D37 
V gt 

B, 2 0 g 

2 C, at 
B, 0. (2,) C, 0, : 
g 
vo 0,2 Vo 0, 
' À ı A . A p ‘A, A, A; 
O P A LER T: LO ITIEEUUR KTFEXTISUD LEITET 0 ETOILES AT aA TS E ANANN EIES AAN 
Fig. 1. Fig. 2 


A similar construction, as is easily seen, is given in fig. 2: draw OC, equal to 
vo in the initial direction, and C,0,=4g: then 0,C; equal and parallel to OC, 
and 030,=3.%g; further 0,C3 equal and parallel to 0; C, and C303;=5.4g, and 
so on. 

A modification of the original method of fig. 1 is shown also in the 
construction by chords in fig. 3: draw OD,=v in the original direction and 
D,0O,;=49; next 00,—0, D; and D,0,=2.4g; then 00; prolonged to D;, so 
that A, da= A2 A1 = A10, and D303 is equal to 3.39; and so on. 
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In the last construction the following convenient method can be employed. 
Draw (in fig. 4), OA,)= A145, — A5 As— ..., and verticals through A,, 45, ... ; and let 
OE, be the initial tangent of the trajectory. Make £,0,=49, where OE, repre- 
sents the initial velocity in m/sec, and then Z, 0; is the corresponding distance of 


D; 
3 9 E, 
"3 E A 
è 0, 
c EN NE. 
Fig. 4. 


fall in the first time element. Join O, with the midpoint M, of OE, and let the 
prolongation of Jf, O, cut the vertical through A, in Ey. Make £,0;— E,0;, and 
draw JM, 0, from M, the midpoint of O, E;,, and so on. Then in this case the 
trajectory passes through the points O, Oi, O2, O3, ... and OM,, M10, M50,, ... 
determine the tangents of the trajectory. This method has the advantage in 
construction, that the equal lengths 3g = £10, — £,0,=...can be set off with the 
compass. 

All these constructions can be adapted to motion in the air, and so are of 
practical interest. 


l. Begin with the construction in fig. 1, and treat it in the following manner: 
The movement of the shell is supposed to be divided up into a large number of 
small equal time elements At (in fig. 5, At is taken equal to one second); the 
motion of the shell under the impulse of firing, in these elements of time, will be 
along the initial tangent; suppose then OB, = D1C,- C, D, -.... 

Next consider the problem without taking gravity into account, on the 
assumption of a definite law of air resistance, with the laws of Chapel-Vallier 
or the laws of Siacci. The corresponding differential equations determine then 
the loss of velocity Av experienced by the shell in each separate element of 
time At; denote half the loss of velocity in the 1, 2, 3, ... time elements by s, $2, 
$5, ... respectively. 

Where will the shell be found at the end of the first element of time? 

According to the principle of independence, the result (for an infinite small 
element of time) is the same as if the three influences in operation, the powder 
impulse, the air resistance, and gravity come into operation one after the other, 
and independently. 

Due to the initial velocity, received by the shell from the powder pressure, 
the shell would proceed from O to B,: through the air resistance it will move 
back a step s; from B, to B; (fig. 5), where it is assumed that the element of time 
t is taken so small that the air resistance may be assumed to act along the 
direction 2,0. Lastly, under gravity alone the shell would drop from B; to O, 
a distance 19g At,?; and so at the end of the element of time At, the shell is found 
actually at 0. 
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sectional load 1, that is to say, in employing the table for a special case, the 
corresponding numbers >Az and ZAt of the table must be multiplied by the 

ròi 
P x 1:206 ° 
section in sq cm, 6 the weight of a cubic metre of air in kg; 2 is the form 
coefficient, varying with the shape of the shell; for Krupp’s original normal shell, 
i=1, or nearly so; but it is best determined by experiment, by taking the hori- 
zontal components of the initial and the final velocity, which relate to a given 
range, and then comparing With the tabular results for the corresponding shell. 
The Tables of Krupp provide then the complete horizontal projection of the motion 
of the shell. Given the successive points O, A}, Aa, A3,... on the horizontal axis 
through the origin O, the horizontal component vw of the velocity v in the tra- 
jectory is known at these points, and also the times At,, Ato,... Which are required 
in the horizontal motion from O to A,, from A, to A,, and so on. 

The angle of departure, $, is supposed to be given. 

A second trajectory can then be found, that is the one whose projection is 
A,, by drawing vertically downward from B; the line B,0, equal to 4g At?. The 
tangent at O, of the trajectory may be taken as M, O; B5, joining M,, the middle 
point of OB,, to 0,; and then the construction may be started afresh from O,, 
proceeding in a similar manner; the vertical in A, meets J/, 0, in B2, and from 
D, the line 25904,2396? is drawn vertically downward; then 4,0, is drawn 
from the middle point of O, Bz, giving Oz a third point on the trajectory, aud 
My 05 the tangent at Oo; and so on. 

In this procedure the trajectory is shown as an envelope of the tangents; and 
we thus describe a trajectory of a number of arcs of different parabolas with 


factor a= where P is the weight of the shell in kg, A? the cross 


B- M, B 
^ M, B. 
B ae, 4 0; ES M. 
} + M i O ^ 
i i ‘ : + 5. 
M 0 f | 6 E 
o “2 f i 
» i 1 0, " 
] e : 
A? ~ t A, A, „A Ag As: s. A, 
Oc L ASS NN ZH ROS Sean ren | TED PPTERCERXEM ELD LELE NNNNA HUANA NWN HET a at SE Wri ane EN rats ape 
s B. 
Fig. 6. : 
7 


vertical axes, corresponding to the number of the lengths O41, A; da, ... on the 
abscissa axis. 

In fact, when the first arc of a parabola between O and O; is taken (fig. 7), 
the two points O and O, are given on it, the vertical direction of the axis, and 
the tangent OB, at the point O. 

Now if M,0, is to be the tangent of such a parabola i in the same point 0,, 
M, must be the middle point of OB. ` 

Because if the sides of a triangle ABC (fig. 8) touch a conic section in 41, B1, 
C,, and AA,, BB,, CC, are eunt: then by Brianchon's Theorem, these three 
lines meet in a point, M, and P, B,, N, C, are four harmonic points. Now let the 
side CB, and with it A,, recede to infinity; the conic section becomes a para- 
bola, with vertical axis: the vertical line M, Q (fig. 7) Joining the point of inter- 
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section of the two tangents M,O and MM, 0, to the middle point of GO, will be a 
diameter of the parabola, and so vertical and parallel to A, B.. 

At the same time it is evident 
that the middle point of 14¢@ is ? B, 
another point of the parabola. 
Therein lies a very simple way of 
constructing any number of tra- 
jectories and of drawing the tangent 
at any arbitrary point. Join M, with 
the middle point Q of OO, and 
bisect M, Q in P, then P is another 
point of the trajectory, and the 
tangent at this point is the line 
joining P with the middle point of :0« 
OM,; and soon. ` 

The next question is to settle the 
way in Which the range, the part of the "— axis between the departure O 
and point of descent, should be divided, into OA,, 4,45, A243, .... The con- 
struction will naturally be more exact, if a number of points, 4,, Aa, da, ... are 
taken. 

For this purpose, we can either 


a 
Fas ANNA Biga METTLE OS PETEN AU FINS HERE, 


Fig. 7. 


(a) Select the divisions so that the time elements A¢,, Ato, ... are all equal: 
this has the advantage that the lengths B,0,, B202, ... can all be drawn with the 


nA 


Á, ^B 


C FIN 
et EN C, 
u 


Fıg. 8 


same setting of the compass; on the other hand there is the inconvenience that 
interpolation is required in Krupp’s Table. 


(b) Or the distances OA,, 4,45, 4545, ... can be made equal, and the corre- 
sponding velocity and time intervals At,, Atz, ... can then be taken out of Krupp’s 
Table. 


(c) Finally, the intervening points A,, A2, Áz, ... can be chosen on the 
horizontal projection at any desired interval, and the corresponding time interval 
At taken from Krupp’s Table. This procedure is the one which leads to the 
result in the simplest and easiest manner if Krupp’s Tables do not require to be 
used with interpolation, by choosing suitable, but nearly equal lengths for 
OA,, Ay Ao, Azz... 

Examples are given below. 
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If we are to avoid the intersection of the tangents in a flat trajectory at 
“ A too small an angle, the scale of the ordi. 
nates alone is increased; the range X on 

the drawing is not altered thereby. 
Further if we do not wish to measure 


C 

| out with the compass the small lengths 

: B, D10,, B350,, ... and to set them out on the 

b, diagram, in which case the errors accumu- 

: O; ^y late, it is easy to calculate the distances 

| A, A, B,0,, C102, C203, ... that are all measured 

O ST RAO RTT SS hs from the initial tangent, and then combine 

"s them in one measurement (fig. 9). 


Suppose then, with equal lengths 04,— 4, 45 ... the distances 2,04, B202, 
B;03,.., are denoted respectively by 4), 82, 83, ... ; it is easy to show that 


Bb, O0,;= 81, C, Oo = 38, + 89, Co O3 = 58, + 38, + 83, C3 Oy = 78, + 58,4383 +84, 


and so on. 
These lengths are given by mere addition, as shown in the scheme 


aa | a = 
b | a+b | 2a+b | 3a+b 
c | a+b+c  3a+2b-+c 0a 4-35 4-c 


d | a+b+c+d | Au+3b+2c+d | Ta4-bb 2e d 


But, In this neun there is the PTEE irrespective of the trouble of 
the or ore calculation, that for a prolongation of the initial tangent OB, a 
very large sheet of drawing paper must be employed. 


Examples of the graphical procedure. 


l. Example. Given the initial velocity v, m/sec, the angle of departure $^; 
further P (kg) the weight of the shell and A? (cm?) its cross section, as well as 
the form coefficient 2. 

To determine the range X, the acute angle of descent w, the coordinates 
(2,, Ye) of the vertex, the whole time of flight 7, the final velocity v,; and for any 
given horizontal distance x, to determine the ordinate y of the trajectory, the 
time of flight ¢, and the slope 8 of the tangent to the horizon. 

The horizontal range is supposed to be divided into à number of (nearly 


equal) parts OA}, Aı Aa, A4243, ..., and after application of the factor a= Fata 


we use Krupp’s Table to calculate the horizontal velocity at the corresponding 
points A,, As, A,,... and the times of flight t==Az¢. From the corresponding 
time interval At, the fall under gravity 4gAz is calculated, and thence the 
distances B101, B202, B303, ... (fig. 6). The trajectory from `O, the point of 
departure, is then constructed, bit by bit, as follows: Millimetre ruled paper is 
taken, and on it to a large scale (for instance, for infantry weapons, 1 mm=2m 
to 5 m: for artillery, 1 mm=5m to 20 m) the intervals Ax chosen are drawn, or 


THIS PAGE IS LOCKED TO FREE MEMBERS 


Purchase full membership to immediately unlock this page 


EL 
um Wess Wem rs, 
` a TOGA Rija Yo = r 
Ria lock MN -— 
\ nee > th ? 


LS 


- —— 


"re y 
ru. 


er 
Phere) 
à; 


= A 
V fui ui 
t 2 NP 


Never be without a book! 


Forgotten Books Full Membership gives universal access to 
/97,885 books from our apps and website, across all your devices: 
tablet, phone, e-reader, laptop and desktop computer 


A library in your pocket for $8.99/month 


Continue 


"Fair usage policy applies 


194 Second group of [CH. V 


Consequently the following numbers are those required to be taken from the 
Table. 


Multiplied by 0:100, the | Corresponding 


Horizontal | Krupps fable actual values, from O fall 
velocity u 
v | ZAt ZArm | ZAtsec bgAt5m 
At O 495 23711 36:93 0 | O0 0 
„4ı 358 28619 | 49:57 491 | 1264 78 
„4: 316 33734 | 6487 1002 | 1:530 11:5 
» As 287 38830 | 8178 1512 > 1691 14:0 
» 44 263 43858 | 100:07 9015 | 1829 16:4 
„ As 242 48730 | 11939 | 2502 | 1:932 18:3 
> Ag 293 | 53655 | 14061 | 2994 | 2122 22-1 
” A, 206 | 58750 | 16440 | 3504 | 2379 27-8 
» Ag 191 63961 | 190:69 | 4025 2:699 33:9 
1, dg 179 68725 | 91647 | 4501 | 2-578 32:6 
u io 168 73624 | 24474 | 4991 ı 9:827 392 


The results of the graphical solution are as follows: 
Range A — 4501 m, 

Angle of descent w= 24° 534 (tan w = 500) i 

Total time of flight 7=18°0 sec, 

Final horizontal velocity =179 m/sec, 


179 -. 
Final velocity t "6082453 197:3 m/sec, 
Abscissa of the vertex =2600 m, 
Ordinate ,, " — 412 m. 


Moreover the drawing can be measured directly to give the slope of the 
tangent, and the height of flight: 


x= Om | 0-jzcl15 17 tan 0 =0°2732 y= 0 
491 = 12° 38° | 112 : 500 126°0 m 
1002 11 3l . 102 : 500 239'5 
1512 8° 45 14 : 900 329°5 
2015 4° 55° 43 : 500 3880 
2902 0 52 | 1'9 : 500 411 
2994 - 4°50’ | — 42:5 : 500 3945 
3004 —1l 5° | 98 : 500 329°) 
4025 -18 0 — 162°5 : 500 188°5 
4501 — 24° 53 232 : 500 O to about 0:2 m 


In illustration of the remarks on the insertion of additional points on the 
trajectory, the additional point P is constructed in the drawing between O, 
and O9; 0,0, is drawn, bisected in Q, and P is the middle point of 44, Q. 


(b Example: 22224 cm; P=215 kg; vy=640 m/sec; 8, on the ground, 


20.1 
— 1:206, #=22°, i=1, -—0476. 
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Allowing for the alteration of air density, we have 
X=13650m, 0227384, v,=307'5m/sec, 7=37'3 sec. 
From calculation (Table, Vol. rv, no. 12a) the results obtained were 
X=14170m, o=33°36', v,=323m/sec, 7-38: sec. 


(c) Example: v2 465 m/sec, d=9° Fg, = 0:1548, X=4075 m (observed 


4000 m), 7—12:75 sec (observed 13:0 sec), v,=253 m/sec (range table 255:5), 
= 2250 m, y,— 214m. " 


2. Problem. Given the range X, initial velocity vp, as well as the shape and 
mass of the shell, in P, 24, i. To find the angle of departure $, and the other 
elements. 

As before, a graphical solution is the best to employ, taking a provisional 
value of &, selected by a comparison with the range table. A certain range X, 
is obtained, not agreeing exactly with the given X. But the trajectory is re- 
volved or swung like a rigid line about the origin O, until the range becomes 
the given X. The angle Ad, through which the trajectory must be turned down- 
ward, must then be subtracted from the angle of departure $, (or must be 
added). Thereby ¢ is obtained, and as in No. 1 the other results, all referred 
to the true range as abscissa axis. 

Take the same numerical example, with X=4300 m; to find 4. 

The trajectory is first constructed with $215? 17’, as was the case in the 
example above, when the range was found to be 4501 m. The trajectory is now 
turned about O till the range is 4300 m: thus a circular arc is described about 
a centre O with radius O W,=4300 m, cutting the trajectory drawn already in 
W, and O W is drawn, which is the true abscissa axis. 

The angle W,OW or Ad, through which the turn is made, is given by 
tan Ad = 727,, ^0 — 1^23': and this angle is to be subtracted from the pre- 
vious angle of departure. 


3. Problem. Given range X and angle of departure $, and also P, 2R, and 7. 
To find v and the other quantities. 

The simplest procedure is to choose a range table, with a value of vq as close 
as can be found to the given vy. Then with the initial horizontal velocity 
v cos $, employ Krupp's Tables, and make the drawing. A range X, is obtained 
thereby, but not identical with the given X. If X, is smaller than X, select 
another value of v,, to give a range greater than X, and make another drawing 
which determines a second range X2. Then by interpolation between .Y;, Xo, 
and X, a value is found of the initial velocity vo. 

A saving of labour results from not calculating a second time the complete 
list of the values of OA,, 4,45, ..., B101, B202, .... The first interval alone is 
increased or diminished, and the other numbers remain unaltered, while the 
horizontal velocity at O, and the first step Az, or OA, and the first drop B,0, 
are different. 


4. Problem. Given v), $, and X; to determine the factor a (for instance, to 


find 2, when P, 6, and 2K are given). 
This important problem, which requires in Siacci's method a double calcula- 
tion and subsequent interpolation, and only by the employment of the secondary 


13—2 
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CHAPTER VI 


Investigation of modern methods of calculation, 
and of their accuracy 


132. The calculations of a trajectory according to the formulae 
in use are subject to a double error. 

The first part of the error arises in that the Chief Equation in 
the ballistic problem cannot be integrated exactly, but 1s treated on a 


method of approximation, and this 1s different in the various systems. 
The second part of the error arises from the fact that the 


function for the air resistance, comprising coefficient of form, density 
of air and its variation, etc., 1s not known with accuracy. 

But at the present time 1t is not yet known which of these errors 
is the more serious. 

The different approximate methods of calculation must therefore 
be tested, 1n order to see the magnitude of error ansing from the 
method of integration, and also how far the errors 1n the integration 
counterbalance one another. 

The modern methods of solution have the following in common. 

As before, v denotes the velocity in the trajectory, 0 the slope 
to the horizon of the tangent of the path, ¢ the time of flight, c/(v) 
the air-resistance retardation, at any point (xy) on the trajectory. 

The exact Chief Equation of the problem is then 


jp. 9d(vcos8) |. — dO _ g d (v cos 6) 
| vf (v) ' cos? 0 v cos 6 À 
v cos 0 cf em 9) [cos 6] 


As an approximation, the two values of cos 0, contained in the square 
brackets, are treated as constant along the trajectory, and replaced 
by their mean values, o and y respectively: so that 


] v cos Q 

dO — g d (v cos 0) B J ( o ) _g du 

cosh vcos0\  vcos® v cos @ ^ yc u f (u) 
v cos 8 of ( - E - of ( » )v 


v cos Q 


where w= 
" 


§ 32] 


This differential equation between u and @ 1s integrable; the 
variables are separated. ‘Therefore we obtain 
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c? „4 I B . 
L ye (D, m Du): b = vs Tw); 
tan 0 = tan & 5 (Ju — Ju); 


y= utan $— s, aldu = Au = Ju (Du — Da] 


where 
du J(u)udu udu 
da —— 2 C We Ng A, mue. mm c p eco , D, = == „. 2 ; 
T, du | V COS Ü "- V, COS $ | 


= — | ——— t= - 
Ku)’ cs 7 ” T 


This system of solutions, depending on the above mentioned 
general procedure, may be called the Modern System (compare 
Chapter V, 2nd group of solutions). 

In all of them an error 1s present, because o and y have been 
assumed constant, whereas in reality they are varıable along the 
trajectory. 

They differ moreover in the choice of the value, more or less 
approximate, of o and w. 

When the object 1s merely to settle the corresponding error, and 
to classify the systems according to the error, the comparison must 
be made on the same law of air resistance, including the form 
coefficient 7 and air density ò, and further the same angle of de- 
parture $ and initial velocity v; and then the investigation must 
determine the magnitude of the error in the neighbourhood of the 
vertex, and at the end of the trajectory. 

Concerning the method of investigation, Cauchy’s Law on the 
approximate solution of a differential equation must first be stated. 
Suppose a differential equation dy = F (x, y) dx, between the variables 
x and y. Starting from a given point 2y, take an arbitrary small 
increment Az, and calculate the corresponding Ay = F(a., y) Az; 
a second point (x + Az, y + Ay) 1s obtained on the curve. 

Proceed from this point ın the same way to another third point, 
and so on, building up in succession the integral curve as a polygon 
of small finite straight elements. 

Then if e is the greatest value of the different Ax increments, 
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further if A, B, C denote the greatest numerical values that occur 
of F, a 6, respectively, between the starting and the end point of 
the corresponding part of the curve, and if n is the number of elements 
employed, then the error of y at the end of this part compared with 
B+AU (1-- Ce) 1 . 

2 C ' 
This procedure was employed by St Robert in an example with 


the true-value of y is always less than 


small initial velocity, where he started with the function Lep. which 


changes only slowly; and he has thus obtained an upper limit to the 
error. 

This method involves great labour if the accuracy is to be such 
as 18 required in the present case. 

On this account the following method was introduced by the 
author (1909), in order to obtain several “Normal solutions” of 
the trajectory problem, for purpose of comparison. 

Mayevskis Law of “Zones” was assumed as a basis; this takes 
a resistance function v”, with n an integer, for velocities from v = 550 
m/sec, downward. In such cases the Chief Equation can be inte- 
grated exactly: care must, however, be taken that the constants of 
integration are adjusted, so as to make the change continuous from 
one zone to another. 

The relation between v and @ 1s thus known; ın particular the 
vertex velocity v, 1s known, where @ = 0. 

The functions of 0, A = tan 0, — ns can then be calculated in 
terms of 6. These functions, after they have been determined for a 
number of values of 0, are to be shown graphically on a large 
scale. 

Finally the summation of 


s =—7 pede, y-- fe tan 6dé, (= 2 [vsec 048 
7 g y 


is carried out either by a planimeter or integraph. 

Since the probable error of measurement by a planimeter can be 
determined as a percentage for the actual curve by measuring a 
circle or square of similar area, the probable errors w,, wz, ws,... of 
the individual portions of curved-line areas in the measurement are 
known. 
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lt 
9. 0=y= : , where a= ——, (Didion, Mayevski, v. Wuich). 
tan 
2 
4. o —wy - , where a 1s the arithmetic mean of the values of sec 8 


at the point of departure, and at the vertex (0 — 0); so that 


a = i (sec $ + 1) 
(St Robert). 


. 1 | | 
5 gy, where a is the geometric mean of the values 


mentioned above, so that a= „(sec $) (Hélie). 


0. o=y=]1, so that u =vcos0 (simplified procedure of Sıaccı, 
employed also by F. Krupp). 


7. o=cosd, y= B cos? d, so that u = S z ; and therein 
u 3 $ (^: cos i (1 " tan? 4 d 
. 9sin 2h f(V,) Jl cos @ tan? $/ cos 0 


where V, 18 defined by V, = -J/ Gs and X 1s the horizontal 


range. 

This is Siacci’s procedure 1888 (Siacci II) and 1896 (Sıaccı III); 
in both these solutions the principle of compensation of the inte- 
gration error 1s the same; different laws of air resistance are used. 


8. The same as (7), but 8=1; and so 


sin Zu j 


_ EN _ V cost 
c —c08 ġ, y= cos ġ, U Ux 
" 
9. o=cosd, y=Pcos’d, and del ; where 8-—cos$o 


as a first approximation: 1t 1s then calculated more accurately through 
the relation 


JE 6f (v) , 8f (us) cos’ 3E 6f (uo), Sf (es), 
u | 


Uy COS" ag Vo cos v, 

v = Initial velocity, v, = vertex velocity, us = value of u at the vertex, 
Ug 
cos o` 
sistance, and 1s taken from the corresponding zone law. 


With constant t and ò, this is Vallier's method (Vallier I). 


so that u,— ; f (v) 1s the variable part of the function of air re- 


S 33] of calculation and their accuracy 203 


10. o=cosd.y=ßcos®’d,u=— ——: and for 8 at first an 


approximate value, 8 — cos 2 $ : thence the elements are calculated, 
Le, Ys, Us, Va at the vertex, as well as w, v,, 0, at the point (a, y) of 
the trajectory, where the abscissa z, = 0:225 z,; then 1s recalculated 
from 


This 1s another procedure of E. Vallier (Vallier II). 


1l. Procedure of Charbonnier for flat trajectories: First let 
o =y = l, and u=vcos 0. Thence the acute angle of descent w and 
the final horizontal velocity vz, = v, cos are calculated. Afterwards 
the calculation of the path proceeds in two parts. In the ascending 
branch c 1s replaced by c (1+ 4x, tan? $), 1n which 


v; 18 the horizontal velocity, v cos 0, 1n the path; so that 1n the special 
case 


k, —4 122 Wa) _ 1 , Ux, = U, COS È. 


In the descending branch c is to be replaced by c(1+ $x, tan? o»), 
where 


$33. All these trajectory calculations were made with the same 
shell, with the same v, ¢, 2, ò, and with the same zone laws as above; 


the Tables for D (u), J(u), T (u), A (u), and 8 of Siacci II and III, are 


to be found in the Lehre vom Schuss of W. Heydenreich, 2nd edition, 
Berlin 1908. 


The details of the calculations are not here given; only the first 
case 1s explained 1n full. 


l. Example. Let the initial velocity v, = 465 m/sec; the angle of departure 
& = 3419 degrees, the weight of the shell P = 6:85 kg, the calibre 2R=0-077 m, 


the coefficient of form is constant, ¿= 1, the air density 6 is constant and 
= 1:200 kg/m*. 
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First zone, from v— v, 465 to v—v,—419. Here the relation between v and 6 
is the following 
GHP) 
Bi — pA (1 -- p?) - log [V0 +p) +p)’ 
(0:077) 9°81 1:200 


ci v^ — p —tan 6, 


C1 = 1.3 X 6-85 X 1-206 x 00394 ; log nib 
i : 9 (14- tan? d) 
D,-—tan $ J(1 +tan $)-rlog [/(1 + tan o)+tan h] +- er a = 1°74052 ; 
1 "0 | 


so that at v=v,=419, we have 4=4, =33°46'. 

Weare here at the end of the first and beginning of the second zone. 

Second zone, from v=7,;=419 to v=v,=375. Here v and Ó are connected by 
the relation 


1 ND 
PEL. AN 3 
y3 coss g 77 (tan d-+5 tan 0) Ds; 
- Zo (4) 
C = SiL ia x th x e x 009404 ; log e2— 7719519; 


E 6:85 1°206 


, . , (6) 
B, is determined, then, from the relation 0 =33° 46’, v=419; and so B, =0:0170269. 
When v=v,=375, we find 6=6,=32° 35’; this is the beginning of the third 
zone. 
1 963 


Third zone: ————-— 
7? cos? 0 g 


(tanet; tan? 64 tan? ) + Bs, 
-— (11) 
and there log c,— 12:64854 ; and at the beginning of the third zone, B3=002211. 
For v=v3= 295, @=63;=27° 21' 50": ms is the beginning of the fourth zone. 


l ] l Nu ND 3 (6) = 
Fourth zone: TAT g ( an 6 tan ) + 0:0122358, and logc, = 7:58785: 
and for v=v,= 240, 0—0,—17^36'; and iiie! is the beginning of the last zone. 


: ! a) 
Fifth zone: ¢st"= 566310 T S4 p) — log| Va 495 p]' 
p=tan 6; logc; = 5'96801 : and at 0 =0, v=», = 199'13 (vertex velocity) -atd=—15, 
v= 18791: at 0— — 49°°5, v—214:06 (near the end point of the horizontal range). 


The function 7 tan 6 must now be calculated for a great number of values of 
the angle 6, and drawn graphically on a large scale in several parts, from 


2 
0 = p —34? 37-5 to d= — 50°, with 0 for abscissa, and tan 0 as ordinate. 


The area of the to be measured by the plani- 


meter, in four parts. In the first three parts, one square cm represents 1:1636m, 
in the last part one square cm represents 3:4907 m. The curved boundary of each 
part is measured 10 times by the planimeter. At first the planimeter measure- 
ment is to be carried out up to the point where d= — 49°°5, in the neighbour- 
hood of the point of descent to the muzzle horizontal; here the ordinate y is 
still 34:1 m: afterwards to y 20 where x= X. 

As to the probable error in the determination of y, derived from the square 
of the errors, this had the value +0°13°/,: the probable error of y as far as 
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2. Example. P=69ke, 2R = 0077m, v=—550m/sec, ò= 1'206 kg/m}, 
~=1, $—20. 

In Table II the results are given for the vertex velocity v,, abscissa x,, 
ordinate y,, time of flight -¢,: further the elements v, z, y, t for a point near the 
point of fall, where 6= -31° 10’: lastly the final velocity v,, acute angle of 
descent o, range X, time of flight 7 for the point of descent, where y —0. 

All these elements refer to the “normal trajectory,” and to all trajectories 
calculated by the various methods for the same law of air resistance. 

The measurement by planimeter for y and z was made in 7 parts. 


3. Example, as before, but with ¢= 45° (Table III). Planimeter measurement 
in 14 parts. 


4. Example, as before, but with ¢=70° (Table IV). 

The first zone (v=550 to 419) reached to 06269? 12' 56"; the second zone 
(v=419 to 375) ended at 0 — 68? 44’ 48" ; the third (v — 375 to 295) at 0 — 66? 50' 50" ; 
the fourth (v=295 to 240) at 6=63° 51’ 48”; the fifth (v= 240 and less) to 
0— —77° 17' 5”; this zone contains the — and the point of minimum 
velocity, v— 82:398 m/sec at 0— —4^; the sixth zone (v=240 to 295) reached 
from 0 2 — 77° Y7' 5" up to the end. 

The summation of the values of dy by planimeter was carried out in the 
ascending branch in 21, and in the descending branch in 18 steps: and for 


2 
abscissa, 6, the scale was 1° to 6cm ; for ordinate, : tan 0, 1000 m to 5 cm. 


Summation for x in 15+17 parts, to the same scale as that of the drawing. 
Summation of the ¢ values in 34+30 parts; scale of abscissa, 6, 1° to 6 cm; scale 


of ordinate, PTT A 


This example was chosen for $-—70? because the Siacci ß tables in his 
Ballistik (1892) extend from an initial angle of 60°, and this was extended 
to 70° in the Lehre vom Schuss of W. Heydenreich (1908, Tables p. 32): and 
therefore the application of the method to such steep trajectories was obviously 
considered. 

Two other examples were worked out, relating to the same initial velocity 
vy) =550m/sec, but to shells of greater weight. 

5. Example P=41kg, 2R=015m, ö=1'206, i=1, $=45°; planimetric 
operations in 10 --7 parts. Minimum velocity, v= 189 49 m/sec, was at 0= — 12°30’ 


6. Example. P=82 kg, v9 =550m/sec, 2?=0'21m, §=1°206, 2=1, d= 


one second to 5cm. 


The corresponding series of figures show that the accuracy. of 
the “normal” trajectories 1s satisfactory. 

Comparing, however, the different methods of solution, contained 
in 2 to 12 for the range X, final velocity ve, angle of descent w, time 
of flight 7, height of vertex y,, &c., with the corresponding figures 
of the “normal” trajectory 1, and expressing the difference as a per- 
centage of the normal trajectory, we find for instance ın y, an extreme 
error of 13*/,, and in the range of about 29°/ with $ —45^; and so on. 
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These errors arise entirely in the procedure of integration, and 


can be very serious. 
So far as the ballistic quantities are concerned, by which the 


merit of the system of calculation 1s to be measured, we may assume 
that the total range X and the height of vertex y, are those that 
serve best; because these are the most important quantities ın 
practice, and moreover exhibit the greatest percentage of error, the 
trajectory being very “susceptible” to change 1n regard to range and 
height of vertex. 

This susceptibility 1s much less ın respect of the angle of descent 
v: thus for example, when 2R = 77 cm and $ = 45° (Example 3) the 
absolute values of the w errors according to the successive methods 
are 1:1, 3:8, 1:6, 1:5, 15, L1, 11, 05, 0:6, 08 per cent.; and at 
$ = 10^, 1:8, 377, 1:9, 1:9, —, —, 02, 0:9, 0:9, 0:9 per cent. 

So too the numbers for the time of flight T, at $ = 45^, give the 
following differences with respect to the “normal” solution: 6:2, 7:0, 1:4, 
3:4, 439» 14:3, 36, 02, 0:3, 1-1 per cent.; and for the final velocity v, 
for 6=45°, and 2R — T7 cm, respectively 977, 6:7, 5:6, 776, 84, 1834, 
128, 10:1, 6:1, 5:0 per cent. 

On this account only the percentage errors for the total range X 
and the vertex height y, will be worked out for the different methods 
of solution, and from this will be found the average percentage of error, 
that 1s the sum of the absolute values divided by the number under 
consideration (n=6, or 5, or 4; some do not allow of calculation, 
because the Sıaccı Tables, 1n Lehre vom Schuss of W. Heydenreich, do 
not go far enough). | 

This method of averaging 1s suitable to the case, because 1n practice 
the same formulae are mostly employed for very different values of 
angle of departure and weight of shell. (Obviously, 1nstead of the 
average error, the mean quadratic error can be employed as an abso- 
lute measure of the mean error.) 

On this account the method of Vallier (France) is better than the 
others for adjusting the errors of integration; and then follows the 
Wuich method, employed in Austria, which represents a slight modi- 
fication of the Didion method. 

But the simplified method of Siacci I with a=1 1s quite useless, 
concerning which P. Charbonnier has correctly remarked, that it must 
always give too long trajectories: ıt 1s seen that on this method, with 
an angle of departure 45°, the range will be 29°/. too long. 

Both modifications (Vallıer I and Il) of Vallier’s procedure are 


14—2 
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about equal 1n accuracy. In practice the simpler formula of Vallier I 
will be taken, and £ 1s then calculated from the equation 


8 | G Ley +5 J Qu) 


Vo Us 


sec? d = 6 ros sec d + 5 (1 —Ay,) f al, 


0 VU," 

_ m | v cos 6 
v, the initial velocity, v, the vertex velocity, u = KT Us = V, Sec db, 
& angle of departure, f(v) the part of the expression for the air 
resistance which is a function of the velocity v of the .shell; y, 
vertex height; and the function 1 — Ay, 1n place of 1 represents the 


alteration of air density 1n consequence of the height, X — 0:00008 
according to St Robert and Vallier, A = 0:00011 on Charbonnier's 
calculations. 

Compared with the Siacci 8 table, which is more convenient for 
use than this formula for 8, the formula has the advantage of genera- 
lity, and of greater accuracy. 

In the employment of this formula even with very steep high angle 
trajectories, the error can still be kept within moderate bounds. With 
v = 500 m/sec, 2R = 37 cm, P = 680 gr, 1 = 1, 6 = 1:206 on the ground, 
$ = 80", the trajectory was calculated planimetrically, taking into 
account the alteration of air density; ıt was found that 


%=3571'2m, v,= 3451 m/sec. 


On the other hand, a single application of the formula gave 
%=%4164m (error of 16 ^/.), v,=34'4 m/sec (an error of 0°3°/.). 
At $ — 75”, the normal solution gave 


2,—15181m, %= 94395 m; 
while the formula gave 


x, =1742 m, %,= 4138 m. 


Usually in practice the formula for B will be employed for an 
angle of departure not exceeding 50°. 

The result can be expressed 1n the following manner: 

The best value of 8 is found when the ballistic coefficient c', and 
the 8 implied in it, are determined experimentally; this 1s the case 
for instance, when, besides v, œ, (2, P, ò and 2), the range X or the 
time of flight T, or the final velocity ve, or the angle of descent 1s 


known and thence c’ is determined. 
But then ın all cases, where we must obtain the £9 value theo- 


retically, the greatest accuracy is obtained on the average, if the 
Valher system of formulae is employed. 
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The results of four such calculations are given in the following 
Table, in which & lies between 6° and 36°. 


| 
| 


Range X in m E: PN 

error in m | Percentage 

| 
Calculated according to Law I: 4061:2 — 49 - 12 
39 99 39 $9 II : 4049: 2 um 61 zu 19 
29 „ 99 39 Ill: 4173-0 + 63 +1°d 
— 

Calculated according to Law I: 4919-1 — 92 —1°8 
39 ,3 ?3 99 II : 4959: l — 57 — 10 
T T T T IIl : 50648 d- 54 + l-l 
Calculated according to Law I: 6369°7 — 78 -12 
T T T 39 II : 647273 +94 +04 
9 9» )^ 99 III: 6596-4 +148 +2°3 
Calculated according to Law I: 76694 — 156 —2°5 
99 T T T II : 171132 -- 02 — 0:7 


: E » „n III: 7870°3' +45 | +06 


In these examples, the results of those worked on the Law I of 
Chapel-Vallier-Hojel required to be increased (assuming the accuracy 
of the observations), but on the Law III of Sıaccı, the results gave 
ranges too great. 

The results are not so very different, and the errors are relatively 
small. 

We have to reckon with an error arising from the integration 
procedure of 5°6°/,, when the calculation is made on the system of 
Siaccı II (Lehre vom Schuss of Heydenreich); so that in this case the 
error, arising from the 8 Table, was greater than that arising from 
the air resistance law. 

The choice of the law of air resistance ın the three specific instances 
is possibly of somewhat slighter importance than the choice of the 
system of calculation. The three laws of air resistance are good enough 
to employ ın practical work; still they need improvement. 

An improvement can be reached as a preliminary, when something 
else 1s chosen for 2 instead of unity, in Law I, as well as in Law III, 
for the normal shape of shell. 

The problem with the 8 of Vallier can thus be solved on the basis 
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of Law I as well as Law II, and the mean taken; later on, however, the 
question of experiments on air resistance must be considered. 


Remark. 'The preceding holds merely for guns of the calibre mentioned. The 
statement is not to be considered to hold good for rifle bullets. The calculations 
relating to such cases have not been attempted, as no experiments are known to 
the author, in which the values of $, v, X and č are trustworthy (for $ especially, 
in consequence of the error of departure and jump). 

As soon as the new Krupp-Eberhard values of air resistance (S 10) are used 
for the construction of the primary and secondary functions, it will obviously be 
desirable to use them for such problems. 


CHAPTER VII 


The high angle trajectory. The method 
of swinging the trajectory 


I. CALCULATION OF A HIGH ANGLE TRAJECTORY. VERTICAL FIRE. 
$395. Motion of a shell in a vertical line. 


Suppose a shell projected from .O with initial velocity v, vertically 
upwards; the velocity of the shell, under the influence of gravity and 
air resistance, will diminish more and more, and after a certain 
time t, will be zero; and the shell will have reached its maximum 
height Y. 

After that 1t begins to fall again with a zero initial velocity; the 
velocity increases and approaches more and more to a limiting value 
v, determined by the equality of air resistance and gravity, so that 
the movement tends to become uniform. On the other hand, however, 
the velocity of a meteoric stone, starting from space with very much 
greater velocity, over 30,000 m/sec on the average, and penetrating 
the atmosphere and striking the Earth, diminishes much more and will 
approach such a velocity v, as an inferior limit. 

Before the shell can reach this superior limit v, of its velocity, 1t 
strikes the ground again after t, seconds, reckoned from the highest 
point, and its fall is Y and its velocity may be denoted by 2,. 

The motion of the shell must be calculated separately for the ascent 
and descent, as these two parts of the motion are not symmetrical: on 
the contrary in the first part of the ascent, air resistance and gravity 
act in the same direction, both retarding the motion; 1n the second part 
of the descent, air resistance and gravity act In opposite directions, 
the air resistance retarding, but gravity accelerating the motion. 


Ascending Motion. 

Let the coordinate y be reckoned positive upward from the 
origin O. 

Suppose the shell to have reached a height y above O after ¢ 
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218. The high angle trajectory [CH. VII 
Example. Given c= 4, vo =700 m/sec. Taken either from the Tables, Volume tv, 
or from the diagrams: 
M(0)=1821, M(v))—0:52, Q(0)—2850, Q(v,)—480, 
so that t; = 18°21 —0°52=17°7 seconds, 
Y = 2850 — 480 = 2370 m. 


Descending Motion. 


The coordinate y 1s here reckoned from the highest point 0, 
downwards, and then 


dy " vdv 
93447 tI 9 O) y]. y T—"(—— (6) 
ve dv 
Y=+ | BEEN """—— 7 
o g — cf Qv) V) 
thus the velocity of descent is given after Y. has been calculated 
by (5). | 
Moreover 
mrtg- d. t=[ I (8) 
7 qg , dca it oe 
and 
Ue dv 
t= | -————A,. eeeeüf ee ntn 9 
! Eer i ) 


giving t, the time of descent. 

An elimination of v between (6) and (8), or another integration of 
the equation (6), will give the instantaneous distance of the shell from 
the ground, after any time ¢ ın the descending motion. 

If a law of air resistance 1s assumed, giving the retardation cf (v) 
in a monomial form cv", and n 1s an integer, the integration 1s at once 
possible. When zone laws of this monomial form are assumed, the 
integration must be carried out 1n each zone. When an analytical 
formula 1s taken, of which the integration is not possible in a finite 
form, or when the law 1s expressed graphically in a tabular form, it 
is convenient to employ the Abdank-Abakanowitz integraph, or a 
planimeter. 


Diagrams are given in Volume rv, for finding Y from equation (7) and t from 
(9), for the values c=0'1, 0:2, 0°5, 1, 3, 6. 
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Assumption of the quadratic law, cf (v) = cv. 
(For c and the value of A consult § 10.) 


The results are as follows: 


1. Ascending motion from intial velocity v: 


219 


for the maximum height Y. ascended. 


2. Descending motion, starting from rest: 


= 57 leg 14 
Š a EEE 
9 V gc VE _, (14) 
C 
— 24V gc - 
—] E 

or =, / d epia Jf T 

o PNT] ] th(tVgc), ...... (14a) 
l,.¢ +07" 1 

J= c log 9 703343. log ch(tV gc), aaa (15) 


220 The high angle trajectory [CH. VII 


which determines the total time t, of falling, when Y. has been given 
by (13); and 


„= VE th (f Vge), sececscececcceeeesees (18) 
for the velocity of fall ve. 


3. Descending motion with initial velocity of projection Uo: 


"sss EN eoo e eo 
Y = 54343 6 1^8 E 2" (t V gc) -- ch (£go) |, ...(19) 


for downward descent y after time t. 

Tables for the hyperbolic functions, sh, ch, th, are given in: 
W. Ligowski, Tables of hyperbolic and circular functions, Berlin, 
Ernst and Korn, 1890; also in E. Jahnke and F. Emde, Functionen- 
tafeln, Leipzig, Teubner, 1909. 

Consult § 10, for the value of c for air. 


l. Example. A bullet with sectional area 0:52 x 1073 m?, weight 0-01 kg, is 
dropped in a vertical line from a height Y —2600 m, from rest, in air of mean 
density 8=1:08 kg/m3; and c=0°0039, 9 —9*81. 

The time of falling t,=56 sec, and the striking velocity v,=41 m/sec, from 
formulae (17) and (18). 


2. Example. Shooting vertically downwards in water. According to § 9, 
2 
Ed E: , Where AR?r is the cross-section in m?; P is the weight of the shell 
in kg, ö the weight in kg of one m? of water; X is a numerical factor to be 
determined experimentally, depending on the form of the shell, the state of the 
Water, and the velocity. 

Take P=14 kg, R?r —0:025 m?, ô= 1:050 kg/m3, 4 20:3, and let the shell start 
from the surface of the water with the downward initial velocity of s, — 150 m/sec. 
What is the depth reached by the shell in £201 sec? 

By formula (19) the depth reached will be about 7 m. 


Explanation of the preceding equations. 


The differential equation — dt= a leads at once to 
9g d- cv 


g Ng 


-iNge=tan! —— E, 
1+ — Vv 
T8 4 
GaP _ -la4--tan-^l 
Lx a8 tan ^^ a-ctan-^', 
equation (10) is obtained by solution for v. 


Or, since tan! 


Then if v=% is integrated again, the relation (11) follows. Put v=0 in (10), 


and then ¢=¢), as in (12); and then y= Y in (13). 
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Here M is finite, since in Z+ c the velocity v varies between V and œ, and so 


M lies between the two finite values 


and = thus T is finite. 


In a corresponding way, 
(di 
_ ” vdv _ [F vdv " v* 
ogter Jo gter g 
P 
v 


7 |ovdv iy B x ( ). =f vdv 
i 0 gter | 0 gro) 


It can be proved, with the monomial law cv, that if n > ad r has a finite value; 
and if » >2, é also has a finite value. 

The maximum height £, that a shell can reach, and the corresponding time + of 
the ascent, have been calculated by St Robert for the law of retardation 


b 
cf (v) — cv* (1 t- ) 
and he finds for £, 


bd? 
= (3g +) E= "e + Hg ( TIS 40x] L2 jT Tsin^ sal KA 


where À is given by the sabie equation bA? — cA? — g =0. 

For an iron sphere of weight 12 kg, in air of density ô= 1:208 kg/m?, and with 
g —9:81, c=0'000374, b=0:00000086, it was found that A= 48363, r=19°24 sec, 
é = 3966 m, so that the shell would not reach a height beyond that of Mont Blanc. 

St Robert then took into account further the diminution of air density 
and gravity with the height. As the calculation led to a somewhat complicated 
differential equation when both influences were taken into account together, 
St Robert calculated an upper limit H for £, a value H that must always be greater 
than £, in the following way: 

The motion is supposed to be divided into two parts, and the assumption is 
made that in the first part the resistance of the air alone is at work, without gravity : 
in the second part, gravity alone is at work, but not the air resistance. 

The first part reaches from v, — o» to some arbitrary finite velocity v,, and the 
corresponding height of ascent is denoted by ^,. The second part reaches from 
v; to v — O0, and the corresponding further ascent is hj. Thus H=h,+hz, is always 
greater than the true value of £, the height that would be reached when air 
resistance and gravity are acting simultaneously. 

The motion in the first part requires the differential equation, 

y 
= "m = — cf (v)e 999,  f(y)ac? (1 +20) ’ 


as the air resistance alone is assumed at work, and at the same time the baro. 
metric influence is taken into account. 
The integration from v=o to v=t,, and y=0 to y =Å, gives 


ZEN "P 1 C 
hi = — 8440 log £ 34406 log (14 t; i) |: 
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In the second part, where gravity alone, on Newton's law of gravitation, is 
acting, the differential equation is 


dv dv p WN* 
di^ dy "ot | 
Where 7 — 6370000 m, the radius of the Earth : and this gives (since for v=v,, y=/, 
and v=0, y= A, + As), 
p= LECHU 
^ 9gri —v,? (r+ hy)’ 

On the same assumptions as before, and taking the given value v, = 175 m/sec, 
it is found that A, =4248 m, h,.=1564m; thus the height £ is always less than 
H =h + hy =5812 m. 

Higher than this the shell can never fly, however great the initial velocity may 


be made. 

The author is of the opinion that calculations of this nature are inconclusive ; 
because the law of resistance employed by St Robert is purely empirical, and is 
a law based on experimental velocities up to about 600 m/sec; and an extrapola- 
tion from v=600 to v — c is not permissible. 

In fact we may say that nothing is known of the resistance of the air at in. 
ordinately high velocities of the moving body. 


§ 36. Shooting nearly vertical. Use of the 
auxiliary functions. 


The following procedure relates to the case, where the angle wy of 
the tangent of the trajectory with the vertical remains so small that 
in the expansion of the series for cos y» and sin y, 

2 3 
cosy =1-¥ + ie sin y = y- 3, + 
only the first term need be retained; the whole of the ascending 
branch does not come into consideration, but only the nearly straight 
part. 

A. High angle firing. 

Let P (xy) be any point of the path, reached after a time t; v the 
velocity, cf (v) retardation of the air resistance, 4p — 1T — 0 the 
inclination to the vertical of the tangent of the path, W, the initial 
angle, and v, the initial velocity. 

Since cos Ar = sin 0, sin Nr = cos 0, d4y = — d0, the general equations 
of 517 become 

d (vcos Y) 2 — gdt—cf(v) cos y dt, ............... (1) 
d (v sim Y) = — cf (v) sein Y dt, ................... eee es (2) 
UD P EU ———— (3) 


gdt = + vcosee Wd, ....cccceseseeeees (4) 
gdy = +v eot ye dW, .....ccceccscceeeeees (5) 
gd (vsin pr) = — CLV) vds,............ eese eese (6) 
and thence, on the assumption above, 
dv 
dt = — - 
g + of(v) 
Integrating from t= 0 to t, and from v, = 0 to v, 
" dv 
t=— | — = M(v) — M (4 ),..ccccccccceces 7 
gy MO- M) (7) 


where 


Integrating from Ws to Y, and v to v, the instantaneous slope of 
the tangent 1s obtained 


| Ne G (v) 
ME Wiesner (8) 
where, 1n our notation, 
G (v) E "i G (v,) - BE 
1200 1200 
gdu gdu 

N (v) = ———, NM —— 
TO), sgt I], vig of (D: 


Equation (3) gives 


2 4, Vo G Qv) udu 
-$9 Gey gt TOY "aol 0 - P621 © 


where 


. [99 G (v) v dv 
to g + cf (v) 


Finally the altitude y of the shell above the horizontal through 
the muzzle 1s given from (5), 


where 
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226 The high angle trajectory [CH. VII 


The diminution of air density with the height can be taken into 
account, by calculating the path ın several parts: but 1n most cases 
it 1s sufficient to take the mean density of the air through which the 


shell passes. 


B. Shooting vertically downwards. 


The origin O of coordinates is taken again at the point of 
departure, and the positive axis of y 18 drawn vertically downward. 
The only alteration from A 1s to replace + g by — g. 


Time of flight 
t = M, (v) — M, (v). 


Slope of tangent 


Abscissa of trajectory 


Y= (i (v) — (Qi (vo). 


[P9 Gi(v)vdv 
nof -g cf w) 
1200 vdv 
Q (v) = , — g+ cf (v) 


The curves of Table II (Vol. Iv), for M,, G, un Q, should be 


consulted. 
In the calculation of this Table it 1s assumed that the initial 


velocity of departure v, of the shell ıs greater than the terminal 
velocity v’, for which the weight and the air resistance are equal, 
when g — cf (v). 

The velocity will then diminish from the initial value vu, and 


tend more and-more to the terminal velocity v. 
In the case where v, = v, the velocity remains very nearly constant. 


The case of v <v 1s not taken into account, as in this case the 
quadratic law may be employed. 


§ 37] The high angle trajectory 227 


Remarks. 

l. With ordinary small shot the previous laws of air resistance should not 
be employed without further examination, because of the very small cross- 
section and the small velocity which are to be considered, for Which the usual 
constants in the laws of air resistance are possibly inaccurate. 


2. These auxiliary functions, which in the form above were first taken to hold 
for very small values of y, may receive a somewhat more extended application, 
if 1n equation (1) above, 

d (v cos yy) z2 — gdt — cf (v) cos Y dt, 
the value of cos y» is replaced by some constant mean value. 

Denoting this by either o,, or yı, then 

g, Qv 
grey) 

This generalisation is analogous to the methods of $$ 23—31, where c, and yı 
were determined by an appropriate choice; the consideration of this question 
will be resumed later. 

For a numerical example (of vertical fire with the S bullet), and the re- 
searches of Preuss on time of flight and striking velocity in vertical or nearly 
vertical rifle fire, consult notes to SS 35 to 37. 


dt= 


& 37. General calculation of high angle trajectories. Allowance 
for the diminution of air density. 


Undoubtedly the most accurate procedure for the plotting of a 
high angle trajectory 1s the experimental method, making use of two 
photo-theodolites, described in Vol. 111, § 184. Here, however, we are 
concerned exclusively with methods of calculation. 


1. The several processes of § 23 show how in the calculation of a 
steep trajectory any one of the methods of the second group of 
approximations can be employed, if the trajectory 1s divided up into 
several arcs. 

The extent of any individual arc must be chosen smaller 1n pro- 
portion as the trajectory 1s more curved ın the neighbourhood. This 
procedure, proposed by J. Didion, 1848, is in principle the following : 

The system of equations 1s 


] l 
& — (Du — Dug); = (Lu — Lug); 
tan 0 = tan d— 5- (Ju — Ju) 


y =g tan dj — = [Au m Au, m Ju, (Du Du)} 


u = av cos O, Uy = AV, COS . 
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An arbitrary choice 1s made of the angle Ó of slope corresponding 


to the end of the first arc; and then given 6, $, a, C, Vo, the third 
equation | will serve to calculate w. "P 


"The first equation then determines x, the second t ‘the fourth y, 
the fifth v for the end of the first arc. The factor a is here a mean 
value between sec $ and sec 6 at the beginning and end of the arc. 


| »" _ £($) — £(0) 
According to Didion, am. b— tan 0’ 
b+ 

according tov. Wuich a= - $8) 

an 

2 
or to St Robert a = $ (sec $ + sec 0), 
or to Hélie, | a= „(sec h sec 0). 


2. ‘The choice of the number and length of the arcs, of which the 


trajectory 1s built up, 1s then of especial 1mportance. 

. In order to know whether the desired degree of accuracy In the 
caleulation 1s actually reached with the arbitrary assumed system 
of division into arcs, we shall calculate some trajectories (for angles 
of departure, for instance, of @=50", 65°, 80°) according to a 
method, which has the advantage from a mathematical point of view 


of known accuracy. 
For this purpose the 1909 method of the author 1s proposed, that 


was employed in 832 in testing the different methods of solution and 
their accuracy; this may be called the “planimetric” method. 

An integrable law is chosen for the representation of the air 
resistance as a function of the velocity (§ 17), for instance a monomial 
law, giving retardation cv”. The corresponding Tables, Au, Du, Ju, Tu, 
will then be taken as the basis of the calculations. 


The relation between the instantaneous velocity v of the shell in 
its path and the angle @ of slope with the horizon 1s then given by 


(v — y — g J (cos Hyrtı 


The integration constant C is then to be calculated, so as to. 
connect the zones, taking the pair of values (0,v) at the end of one 
zone to be the same as at the beginning of the following zone. 

The constant c 1s given by the mass of the shell, 1ts dimensions. 
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230 The high angle trajectory [CH. VII 


The details of the procedure will be made more clear by an 
example. 

Example. (a) Angle of departure p =80°, calibre 22— 0:037 m, weight of 
shell P—0:680 kg, initial velocity v,— 500 m/sec, (—1 (for the choice of 7, see 
below), air density at the muzzle level = 1:206 kg/m}. 

Ist Zone (500—419 m/sec). The air density is assumed at first throughout 
the Whole zone to be the same as at the beginning of the zone, and so ò= 1-206. 


2c _ Kr . 2 . 0:0394 
g P 


T = (00185)? x 2 x 00394 (0-68)1, 


log" — 109551. 


The relation in this zone between v and @ is 
1 2e f dé dc E sin 6 


(v cos 0% ^g cosg t^ — eom g 9 cout d TTE log tan dr +46) [+ 4. 

The integration constant A is given at the beginning of the zone, where 
0—4-—80', and v=v7)=500; thence A=0'0023191. At the end of the zone, 
v= 419, and thence 0 — +79° 52^:4. 

A provisional planimetric summation gives y= — - tan dô up to the end 


of the zone, and the result is y; — 264:8 m, for the ordinate y, of the end point. 
This makes the air density at the end of the zone 
8, = 8 (1—0:000115j) = 1:206 x 09709; 


and the mean density (arithmetic mean of values at the muzzle level and at the. 


end of the zone), is 
0; — 1:206 x 0:9854. 


Thence, more accurately 
2€ _ (00185)? x 2x 00394 x 0:9854 x (0:68) - 1, 
g 


Repeating the calculation, the integration constant is now A —0:0022872. 
At the end of the zone, where v= 419, the corrected value à = + 79° 523. 
By the use of the planimeter y, =268:41 m (to a scale of 1 square cm of the 
drawing sheet to 0:097 m). 
And the air density ö,, at the end of the first zone is given by 
dy, — 6 (1 — 000011 x 268:4) =0:9705 x 1'206. 
2nd Zone (419—375 m/sec). Here 
! IC 
IE: EEE We Meese 1 3 ; 
FT. I (tan 6+4 tan? 0) - B 
Assuming the air density inside the second zone as constant and equal to the. 
amount, 0:9705, at the end of the first zone, then in the second zone 


= =3x(0°0185)? x m x0 00009404 x 0:9705 x (0°68) !, 


log 2° — = 763640. 
g 
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The integration constant B is derived from the (6, v) pair of values at the end 
of the first zone; that is, v=419, 0— 79" 52’:3, and thence B=90'000030237, 
The value at the end of the zone, Where v= 375, 18 therefore 
| 0 = +79° 45^:53. 
By use of the planimeter up to the end of the second zone, a first value is 
3/5 175:06 m. 
The air density at the end of the second zone is therefore 
8,28 [1 —0-00011 (yj +y2)]= 1:206 x 0:05122 ; 
and so the mean density inside the second zone is 
} (8,, + ôy) = 1:206 x 096085. 


The calculation is repeated with this mean air density; and a closer value is 
found of 


log = = 7°63206, 


and of B = 00000299618. 


Using the planimeter, in four steps, to a scale of 1 square cm of the drawing 
sheet to 0:01164 m, the end value of the ordinate of the second zone is 


Y2=176'8 m. 


. 3rd Zone (375—295 m/sec). In a first approximation, the end values of the 
third zone,  — 295, 0 — 4- 79? 1509, and thence y4—522:29 m. 

' Hence the mean relative air density in the third zone is 092230 ; thence closer 
values are v— 295, 6=79° 1433, and y3 =536'20 m. 


4th Zone (295—240 m/sec). With the air density prevailing at the end of the 
third zone, namely 0:8920 x 1:206, the value obtained for the end of the zone is 
at first, for v—240, 0 — +78° 197; and thence y,—575:15 m. At the end of the 
zone this makes 


ôy, =ô [1 —0°00011 (y, + ya t 93 y4)] =ð x 0:82878, 
or a mean density in the zone ô x 0:86041. 


Repeating the calculation with this mean density, a closer value is obtained, 
0=78° 184, and y, 588:85 m. 

5th Zone (240--0 m/sec). At 0—0, the vertex of the trajectory, 

v=v,=33'3 m/sec. 

The planimeter gave (in six parts) a first value y —1925:8 m at the end of 
the zone; and so a first value of the air density at the end of the zone 0:61543 ; 
thus the mean density in the fifth zone is taken as 072135. 

Repeating the calculation, a closer value is found at 6 20 for the vertex velocity 
v, = 34°51 m/sec. 

. The planimeter is employed again in four groups; first to = -- 78? 18':4, 
secondly to @=45°, and thirdly to 6=0 (in 3, 5, 9 steps respectively). 

Thence the value found at the end of the fifth zone was y —2000:96 m. The 


separate values of y, as well as of x and t, are then added for the ascending 
branch; and the results are shown in the table on the next page. 
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Horizontal 
Altitude of the | advance of the 
shell above the! shell from the 


Slope of the 


Velocity of the 
tangent to the 


Time of flight shell in the 


from the start 


horizon muzzle level point of trajectory 
departure 
0—80 y=0 m 5=0 m (—O sec v = 500:0 m/sec 
19^ 55' 185:0 32°78 0:3984 442°8 
79° 523 268°4 47°66 0:5949 4190 
19" 45°5 445°2 79°49 1:0486 3750 
79° 30 7459 134:5 1:9298 328:5 
79° 143 981:4 178:6 2°7056 295°0 
78° 50 1274°0 235:2 37/682 266°5 
78° 184 1570°3 295°0 4:9631 240°0 
77) 30 1910°8 368'8 6:5119 212°7 
76° 30 2218°8 439°4 8:0917 187:7 
76° 2340'1 469°1 8°7748 177:6 
75° 2537°2 5019:9 9:9780 160:8 
74° 2689'2 0620 11:0027 147:3 
13° 2810°0 597-6 11:5895 136'2 
12° 2900°4 628:3 12:6663 126:8 
70° 30549 678°9 13:9667 111:8 
68 31584 11877 15:0180 100:3 
66 3235°5 751:3 15:8887 91:2 
64^ 32941 11872 16:6239 83:8 
61° 33597 811:9 17:5384 149 
08 34060 839-0 18:2896 67:9 
54° 34499 868:4 19-1096 60°7 
50° 3480°5 892°3 19°7812 55:2 
45° 39073 916:8 20-4694 49:9 
40° 3520°3 0372 21:0474 45:9 
30° 3550°1 970:3 21:9845 40:50 
20° 3562°6 9970 227433 26:98 
10 35691 1020°0 23°4040 30°16 
x,=1041°5 t, = 24:0302 v,— 34:51 


0 3,730112 


| 


Thence the following range table can be obtained. The slope Æ of the ground 
is given, on Which the target is seen ; moreover the coordinates of the target, the - 
time of flight ¢, and the striking velocity, measured along the tangent. 


E 

80" 0° Om Om O sec 500 m/sec 
78 2 27°85 092 117717 139 

76 4 3430 855 18:718 641 

14 6 3569'5 1024 23:524 39:0 


In the table a is the sighting angle above the sloping ground. 
Remarks. 


1. In most cases in practice the calculation would be made to a fewer number of 
decimal places, and the variation of air density would not be found by a double 
calculation, but simply by assuming a mean value. 
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234 The high angle trajectory [CH. VII 
The range table is therefore as follows: 
Angle of slope of ground Z=74°, 72, 70, 68, or angle of sight relative to the 
F ground a=1°, 3, 5, 7; 
y fr x=419, 870, 1170, 1373 m; 
a y=1470, 2697, 3217, 3398 m ; 
OZ =r =1525, 2827, 3416, 3656 m; 
t= 4°72, 10°89, 16:06, 19°85 sec ; 
0 = 72° 30’, 65°, 51°15’, 31° 45’ 
The tangential velocity on striking the 
target is 
v = 248, 141, 88, 58 m/sec. 
At the vertex 
Ya = 3439'9 + 2°37 m, 
v,=1518'1+0°49m, 
t, = 23:011 + 0:006 sec. 
(c) The same P, 2R, 8, i, v; as before, but angle of departure p = 70° with the 
following range table: 
Angle of slope E = 70°, 68, 66, 64, 62 ; angle of relative elevation a 20^, 2, 4, 6, 8; 
“=O, 782:6, 1183:8, 1469°4, 1685°5 m; y —0, 19370, 2658:0, 30124, 3174 m ; 
( —0, 7'215, 12:080, 15:797, 18:615 sec; v= 9500, 202°4 1374, 96:85, 7877 m/sec ; 
direct distance of mark 0Z —7— (4? 4- y?) « 0, 2089, 2909:5, 3351:8, 359073 m. 


Th Wr VG 0 1L 22 eee m å e B M o M 
L 
m 


0° pr X 


g y 4 t V 

70° QO m O m O sec 500°0 m/sec | 
69° 50’ 176-4 65:43 04055 442-3 | 
69° 40’ 319-2 117:9 0-766 401°1 
69° 30’ 1378 162:0 1:094 371-8 
69? 90' 540-4 200°] 1:398 350-2 
69° 10’ 631:9 235:3 1:684 3234-9 
69° 0’ 715-2 267] 1:956 391-4 
68° 30’ 9307  — 3507 2-709 294-2 | 
68° O 11113 | 422°7 3-392 275:5 | 
67° 30' 1267-2 186-5 4:021 260°3 | 
67° 1403-8 143-8 1:604 2475 | 
66° 1634-4 643-8 5:662 227-6 | 
65° 1823-5 798-8 6:605 211°8 | 
63° 2114-0 869° 8-99] 1871 | 
61? | 2326 982 9:556 168:5 
59° 2486 1074 10-697 153-9 
56° 2663 1186 | — 12-108 137:0 | 
59? 2896 1304 | 13:594 120-4 
48° 2937 1397 14810 1082 | 
40° 3074 1537 16724 91-6 : 
3]? 3159 1654 ^ — 18:346 79-9 | 
19° 3216 1774 | 20-05 70:9 
10° 3936 1850 21:17 67-2 

4° 3241 1897 | 21-88 65:8 

0° Yeu 3943 2,= 1928 4, 22-29 v,— 6574 

| | 
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(d) Same 22, P, 8, à, vo as before, but angle of departure $ = 65°. 

The first zone reached from 0-65? to 06264? 46’, the second from 64° 46' to 
64° 30, the third from 64° 30 to 63° 25’, the fourth from 63° 25' to 61° 10’, the fifth 
from 61°10’ to 39°. 

As to the probable error of the results as derived from the arithmetic mean 
of a repeated operation with the planimeter, 

3,7 3026°0 +01 m; 

£L, = 2307°83 + 0:056 m; 
ta = 21:919 + 0:00055 sec ; 
v, = 80:40 + 0°0. 

Over the slope Z=65°, 64, 62, 60, 58, 56, 54, corresponding to az 0^, 1, 3, 5, 
7, 9, 11, the direct distances of the points struck worked out to 

0Z —0, 1140, 2300, 2918, 3310, 3565, 3724 m. 


0 y U t U 
65° Om Om O sec 300°0 m/sec 
64° 52’ 116:47 0448 0:271 459'1 
64 40 260 °36 112:29 0:635 415°2 
64° 30’ 360°56 169°9 0:912 38773 
64 10' O27 °5 249 °9 1'415 3497 
63 55 632°7 301°3 17760 331:2 
63° 40' 727°5 348'0 2:087 317 0 
63° 25’ 813°9 391°] 2'397 3056 
63 10 894-2 43] 4 2:695 295 °1 
62° 50 992°5 481°5 3:075 285'2 
62" 30' 10827 528°1 3°437 275'6 
62° 10 1166'0 oil'i 37,83 267'1 
61" 40' 1243°3 612°8 4:116 2594 
61° 10 13828 688:5 4'744 2461 
60° 15902 804-8 5'761 227 °5 
59° 1736°6 8914 6:531 214°] 
58° 18627 9759 171247 202°7 
56° 2067 4 1109°4 3:513 184:2 
03. 2294-8 12699 10:110 1634 
48 2541°4 1472°3 12:184 139:5 
39 27849 1725:3 14:971 1137 
25° 2951°5 1983°6 17:991 93:1 

X = 2307 °8 ;,= 21'919 v= 80°40 


0— O0 Y, = 3026:0 


The preceding results from four steep high angle trajectories of the same 
gun are given here in detail because they give an opportunity of settling the 
value of the method, employed far too frequently in practical gunnery, of tilting 
the trajectory. 


3. The foregoing planimetric method was simplified to a con- 
siderable extent by Freiherr von Zedlitz in 1913. 


He proceeds equally from the division of the trajectory into a 
number of arcs, on the assumption of a monomial law cv” for the 
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retardation due to air resistance; and the relation between v and @ 
1s first obtained. 

So too the value of v at the end of an arc may be calculated, 
corresponding to arbitrary angles of slope of the tangent. 

Thus for instance, as in § 20, on the quadratic law the relation is 


1 1 2C 
(v cos 6)? u (v, cos 0,» u g LE (Go) = ECO) 


Freiherr von Zedlitz next applies to such an are the method of 
expansion in a series, described already in § 22a, where y, 0, v cos 0, t 
are given as functions of z. 

Eliminate between the four equations the term involving c, and 
three equations are obtained between the three variables x, y, t; and in 
this way v. Zedlitz derives two systems of equations of different degrees 
of accuracy. For details reference must be made to the work of 
v. Zedlitz (see Note). 


Collection off ormulae. 


On the preceding notation, and with 


v, COS 0, — p-l _ 

v cos O ES tan@,—tand ^4 

(1) gen ere etn id 
g (14 p?) 

E dion 

(2) y=" (1 qtan 8, 3921) 

, -.2 v: Pl 

G) t= rey a mm 


and thence the end point of the first arc 1s determined. 

Similarly for the end point of the second arc, and so finally for 
the complete trajectory. 

The value of c differs 1n proceeding from one arc to the next, 
taking 1nto account the diminution of air density with the height. 

It may be mentioned that in this solution there 1s no need to 
assume a monomial law, cv”. As stated already 1n § 17, the integral 
relation between v and @ or the so-called hodograph equation can be 
obtained with accuracy for any given law of air resistance. 


Example (by Freiherr v. Zedlitz). 
Calibre 10 cm, weight of shell 11:6 kg, initial velocity v,— 353:6 m/sec, angle 
of departure d=4,=27° 15’, air density 1:20 kg/m3. Results as follows: 
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II. ON THE ERRORS WHICH CAN ARISE IN THE TILTING 
OF A TRAJECTORY. 


A general consideration of these errors can only be made on the 
conditions of a vacuum (§ 4); in practice, the errors must be in- 
vestigated for each particular case. 


S 38. Ordinary procedure of tilting or swinging a trajectory. 


A trajectory OS, Z,, as in the figure, 1s treated as a rigid curve, 
and rotated through the angle 
E of the slope of the ground 
into the steep position. OSZ. 
Conversely, if à mark Z on 
the line of sight OZ at the 
angle, Æ, of the slope of the 
ground, is struck when the 
actual angle of departure with 
the horizon 1s 6=# + a, it 1s 
assumed that the trajectory 
OSZ can be calculated, as 1f it 
were treated as a flat trajectory 
OS,Z, with the angle of de- 
parture $ — E or a, and with the same initial velocity. 

From the preceding examples the ranges on the steep slope,w or OZ, 
are known for four high angle trajectories OSZ, and also the angles of 
departure of the same shell, relating to several angles of slope Æ of 
the ground. 

Then if the flat trajectory range w, 1s calculated by Vallier's 
method for the angle of tangent sighting ¢ — E, and compared with w, 
the error e 1s obtained, due to the employment of the method of 
swinging the trajectory. 

The adjoining table enables us to see that under these con- 
ditions, with the employment of the same tangent elevation, the 
range 1s greater over the rising ground than over the horizontal; 
or in other words if, as usual, the tangent graduations of the weapon 
are marked for aiming at a target on the horizontal through the 
muzzle, then for aiming at a target at the same distance but at a 
high angle of sight, the tangent elevation must be smaller. 


§ 39] 


As stated in § 4, we are concerned chiefly with long range fire ; 
and sometimes the corresponding relations may be found to be 
reversed completely. 
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Flat-trajectory | Actual range 


Tangent 
Slope | elevation | range w, with | w on the slope | Difference | Error as 

of from angle of for incline £ between | percentage 

ground | ground departure a and tangent | w and w, of w, 
slope and slope zero | elevation a 
= a=ġ- E= — >] 
= 78 2 wy=1llllm | w=2847 m 1736 156 
ir Y 76 4 1791 3935 1744 91 
©- 74 6 2325 3713 1388 60 
" 74 1 667 1525 858 129 
is 72 3 1480 2827 1347 91 
If 70 5 2069 3416 1347 65 
91 68 7 2554 3656 1102 43 
68 2 1117 2094 977 88 
= | 66 4 1791 29095 1118°5 62 
= | 64 6 2326 3302 1026 44 
62 8 2770 3590 820 30 
64 ] 668 1140 412 71 
z 62 3 | 1480 2300 820 3n 
B 60 5 | 2069 2918 849 41 
I 58 4 | 2554 3310 756 30 
*|| 56 9 2966 3565 599 20 
54 11 3319 3724 


405 12 


At all events the errors that arise in the simple tilting of a 
trajectory may be serious. 


39. Burgsdorff and Gouin’s method. 


The principle is the following: Given a flat trajectory OZ, with 
the angle of departure a,, as in the figure on the next page. 

Here the height fallen A,Z,=f is known, being the vertical 
distance from A, to the muzzle horizontal in Z,, and also the 
distance OA,=a; and OA,Z, 1s considered as if it were a bar with 
hinges at O and A, or as a fishing-rod OA,, with line A,Z,; the 
system is rotated about O, the point of departure, as a fixed centre 
of rotation into the position OAZ, with 


OA = 04A, =a, and AZ=A,2=f. 


The rotation 1s carried out till Z, reaches the line OZ, sloping 
up at the given angle ZOZ,= E. 
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Then let OZ. or w be the range on the slope for the high angle 
fire, and let the angle of departure be reckoned from the horizontal 
AOZ, = E +a, so that a is the tangent elevation with respect to the 
ground line of sight. 

This angle a and the range w are given for this rotation; and they 
are found either by a graphical construction or else from the formulae 
sina = sm q cos £, 

w = w, tan a, cos ( E + a) cosec a. 

In the graphical construction we notice that in the motion 
described, Z, moves on a circle. 
If a point O, 1s placed vertically 

below O at a depth 

00, — 4,2, — AZ =f, 
a hinged parallelogram 

\ 0012, A, 

can be changed into OO,ZÀA in 


k the second position, the fxeq 

f points of rotation being O and C. 

2l The point Z, moves along a 

w 77Z, -  ereular are Z,Z with centre at 


O,, and radius a. 

This shifting movement can thus be carried out by means of a 
mechanism, or a parallelogram linkage, for any distance OZ of the 
target, or any angle of slope E, in order to determine the tangent 
elevation AOZ or a (the apparatus is constructed by the firm of 
Haker and Heidorn in Hamburg). 

In the application of this principle the following mechanical 
assumptions have been made; the flat trajectory OZ, 1s described in 
time of flight 7 sec, and under the simultaneous influence of air 
resistance ‘and gravity. 

It 1s assumed that the same mark Z, will be reached, if these two 
forces come 1nto'action 1n succession for a time T. 

The shell projected in the direction OA,, subject to air resistance 
alone, but with gravity left out of account, will move in the straight. 
line OA, to A,; and afterwards under gravity; ıt will fall from A, 
to Z,. 

In the high angle trajectory OZ, on the same assumptions, these 
two steps remain the same, viz., OA =OA,=a, AZ = A,Z, =f. 

_ The difference between the flat and steep trajectories can only be 
due to the diminution of air density with. the height. 
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to a flat trajectory OB of range p + Ap = OB; where p denotes the 
horizontal projection OC = w cos E 


" 
170 
vertical height CZ of the mark 
above O; the + or — sign to be 
employed, according as Æ 1s greater 
or less than 2a; so that Ap=0 
when H=2a. Under certain cir- 
cumstances, Ap must be multiplied 
———— ae a by a factor k, to be determined 
experimentally. 


, where A 1s the 


1. Example, as above, $ —80*. 
For a= 2°, and h=?785 m, 


2 x 2785 
100 


with a correct angle of departure a = 0 57745. According to Percin, 
a=2°; difference 1° 2^55, or 52 /,. 

For a= 4°, h = 3430 m, OB = 992:2 m; and the correct a = 1? 41^7; 
difference of 58°/). 

For a= 6°, h 23569:5 m, OB = 12382 m, and correct a= 2^ 14^1; 
difference of 63 */,. 


2. Example, as above, $ = 75". 
For a=1, 3, 5, 7°, the differences were 42, 50,53, 58 °/,, respectively. 


Ap = =557m, and OB = 6417 m, 


3. Example, as above, $ = 70". 
For a= 2, 4, 6, 8°, differences 26, 29, 30, 32 °/,. 


Result: Thus we see that the ordinary procedure of tilting the 
trajectory 1s not applicable with very high angle fire. 

The method of Percin 1s, moreover, inexact, unless an empirical 
factor k 1s introduced. However on slopes up to about 65" the per- 


centage error on this method comes out nearly constant, so that good 
results may be obtained by the introduction of such a factor. 


The smallest errors arise from the employment of Burgsdorft’s 
method; in particular for the steep part of the ascending branch of a 
high angle trajectory it can often give good and fairly accurate 


results. 


CHAPTER VIII 


Solution of various trajectories. Employment of 
experimental results for the construction of 
Range Tables 


$41. I. Solution of problems by means of Table 12, Vol. IV. 


System of formulae. 


(A) for any given point (xy) on the trajectory. 
Primary Functions D, J, A, T (Table 12a, Vol. Iv): 


i D(u) - D(w), |... (1) 
— sr /4UA) TR (2) 
tan 0 — tan $ — 3 cos d [J(u) —J(w)]  .................. (3) 

7 cx | A(u)— A(v,) 
a | — (4) 
u COS P " 
VE C Uem eene (5) 

Secondary Functions E, H, L, etc. (Tables 12b to 12f): 
E s = D(uU)— Du), eee (6) 
| F 
t = Y BEES a E— (7) 
tan = tan $ — g 5 LO B) :—-—"'""'"--——"- (8) 
tan 0 = tan $ L | —— (9) 
Cx 

y= wan — — T e) ———— (10) 
y=; Ls ; E - E(w, 7] NM (11) 
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(B) At the point of descent (y=0, «= X): 
yxy 


is E = D(u)- Div), .... eee (20) 
C dg M Uo, Ss 
Ms = 5 —— j a Co Es) = T, tan & LG 2 = senna (21) 
KEN 1 E — n; (22) 
(D) Some empirical and semi-empirical approximations: 
y, = 12267”, \ 
y, = T2(1'226 + 0:002, 
y; 7 1X X(tan $ tan w), | 
,— iX (ta t 
Mose NR o ov oon (23) 
-1X sın @ SIn a) | 
"ot sine Fey | 
m 0:55.X | 
Js cot $ + cot w’ j 
T,-— 1X + y, cot , 
7 — E e (24) 
a7 X(054 10000) 


Practical rule: The abscissa x, of the vertex 1s equal to that range 
in the Range Table, for which the angles of descent and of elevation 
are together equal to the elevation required for the whole range. 


This 1s derived from tilting the trajectory, because the tangent at the 
vertex is horizontal ; compare 838 to 40. 
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A (v) is given in the following table: 

v 101° K’ (v) 1077 K’ (v) v 10:2 K’ (v) v 10!? K’ (v) 
150 1870 390 687 700 228 
160 1680 400 669 750 194 
170 1510 420 628 800 164 
180 140] 440 590 850 140 
190 1293 460 590 900 121 
200 1195 480 oll 950 106 
210 1124 - 900 474 1000 92 
220 1037 020 43] 1050 Sl 
230 971 550 393 1100 12 
240 915 oto sol 1150 64 
250 856 600 825 1200 od 

808 650 212 1250 5l 


The law of the retardation cf (v) due to air resistance, given in kg, 
is as follows: 


for v > 330 m/sec, cf(v) = c x 0'125 (v — 263) (Chapel- Vallier law), 


(11) 
for 330 > v» 300, cf (v) =c x 0021692 v? | 
(Hojel law), 


(0) 
for 300 >v, cf (w) = c x 0033814 v? 
R? (m? ) 1000 6,2 _ (cm?) 6,2 | 
~ Px1806. P x 1:206 ’ 


; = 1 for ogıval shell of 2 calibre radius of rounding, since the laws of 
air resistance were obtained by experiment with shell of this form; 
moreover 2, as shown later, 1s slightly variable with the velocity, as well 
as with the shape of the shell; 6, 1s the air density at the height ym 
above the ground; and according to St Robert and E. Vallier, 


6, = 6(1 — 000008 y) ; 


according to Charbonnier, 6,= 6(1 — 0:00011y), where ò 1s the air 


density on the ground. 


Some examples. 


1. Given 2R, P, 5, à, vo, and d. To determine the elements of the vertex, 
and of the point of descent. In the first approximation 8 is taken as in (26); or 
if @> 10°, from (27); thence c’ from (25), then Z (va, £) from (18), and thence 
£,, and consequently z,=c’é,; moreover y, from (21) and D (w,) and conse- 
quently v, from (20), as well as v, from (22). 

With these values of u,, v, and thence of A’(v,) and K (u,), calculate a 
closer value of Bù from (28); and then the new c’ is obtained from (25), and at the 
same time a closer value of (x,%,) at the vertex. 
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Then Z follows from (13), and thence £,; and from (12) the range X ; further 
the angle of descent o from (17); and from (16) the total time of flight T; from 
(15) D (w,), and thence u,; and then the final velocity v, from (14). Instead of ù, 
yı may be given. 

Numerical example. 9/1215 cm, P=27'44 kg, 3=1'27 kg/nı?, 2 calibre radius 
of rounding of the ogival head of the shell, and so ¢=7(vo) is constant 1, 
vy = 460 m/sec, d= 40" 7’. 

Since @ > 10°, B=cos $4 —0:89301, in a first approximation ; and then in (25), 
c —05187, so that from (18) - _ ann 

L (vo; &,) =n = T = 1:8998. 

Then from Table 12 e, Vol. tv, interpolation gives the value &,=8915. 

Thence it follows in the first approximation 
from equation (20), $,:2 c£, 8915 x 0:5187 = 4625 m, 


„ Table 12 f, M (vo, E) 1:149, 
„ equation (21), Y, = 2342 m, 
equation (20), Us = 237°8, 
„ equation (22), v,=181°2. 


The Table of A’ values gives 
K’ (¥))=550.1071!2, A’ (w)=925.1015 A’ (v,)=1379.10-12; 
and with these values a closer value of 7)8 is obtained from (28), that is 
g 9.1. 560. 107 ^ sec? 40° 7’ +5. 1(1 000011. 2342) 1379.10: 
u (6.550.10-12+5.925.10 12) sec? 40° 7’ i 
B —0°946- 
A recalculation with this value 0:946 leads to a third value, 8=0°956; further 
repetitions will not increase the accuracy of the solution. 


2. Given 2R, P, ô, ù (or the value of y,, instead of 2,), and further v, and X. 
To determine the angle of departure $. Calculate 8 from (26) in a first approxi- 
mation, c from (25), é from (12), sin 2$ and thence & from (13). 

Next in the second approximation, determine 8 from (27), and so on, as before. 


3. Given 2/2, P, 8, % (or yj), X and &; to determine the initial velocity vp. 

Calculate 8 from (27), then c’ from (25), £, from (12), N from (13), whence v 
is known. After this a closer determination of v,; calculation of the vertex 
elements, as in example 1; thence a closer value of 8 from (28), and a closer 
c' from (25), with which to repeat the calculation. 


4. Given v, $, X, to determine elements of the point of descent, and of the 
vertex (for caleulation of range tables and so forth). 

From (13) N is found, and thence é; then c’ from (12), w from (17), ue from 
(15), and v, from (14), 7 from (16). Next for the vertex: Z from (18), and with 
it é and x, from (20), also w,; v, from (22), t, from (19), y, from (21). 


5. Given X, &, T, to determine the initial velocity, etc. 


A first approximate value of v is given by the formula à s (as 


for a vacuum, with the factor 3), or better from a suitable range table; 
suppose it vj. Calculate JV from (13) with it, whence £, is given; hence a first 
approximate value of 7 from (16); denote it by 7". 
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Another value of v, is now assumed, smaller than vp if the observed time of 


flight is smaller than the calculated 7, or conversely ; denote this value of ve 


by vgH. With it in the same way as before, another value of 7’ is obtained; 


denote it by 7”. 


Finally we interpolate; taking v, and x, ‚from which 7! and T. were cal- 
culated, 7’ is determined, and also vy, by means of 


I 


$42. Solution of examples by means of other tables 
and formulae. 


II. Solution with Siacci's Table 13, in Vol. IV. 


System of formulae. 


JP 


Su ii BERD, sinus ME (1) 

; = i F ae n Io | -— (2) 

tan @ = tan $ — is [I (w)— ST (dp), une. (3) 
=— F — UT(u) — (vy) eet (4) 

u € ME S S S S S S S S S S S S LL (5) 

e = A MM (6) 


Then 1n c/(v), the retardation due to air resistance, 


(2R) 5. 1000. 0865: a 
P 1:206 errr ee ee — À— A 


(calibre 2R in m, weight of shell P in kg, 7=1 for ogival shell of 


2 calibre rounding), and 
f (v) = 0:2002v — 48:05 + /[(01648v — 47°95)? + 9*6] 


004420 (Y= 20) (sce Table 7 in Vol IV). o.n... (8) 


371 + (03) 


The value of 8 1s taken from Table 13 of Sıaccı. 


C= 


+ 
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ordinate values in the other tables. Since v, d, X are given, this 
determines w from Table IIIb, v, cos v from Table IIIc, and thence ve 
is known; Table IIId gives 7; Table IIIe the value of x,, Table IIIf 
the value of y,. 

Finally the value of c is obtained from the given abscissa c9X, 
because & 1s given in Table 13 of Vol.iv. If 2R, P, 6 are known, then 
21S given. 

2. Given c, œ, v, to determine X. Proceeding from cv? sin 26 
with 8 = 1, determine, as before, w, v, cos w, Ve, T, £s, ys, and X ; the 
v? sin 2h 

X 
v, and @ are given; thence § 1s found more accurately by a repetition 
of the operations. 


1S known, 1n which 


last with the help of Table IIIa, because 


3. Given %,, c, X, to determine $ and the remaining elements. 
First take 8 = 1, and determine all the ordinate values; from 


Table IIIa the value of els , and thence $; thence a closer 


X 
value of 8 from the 8 Table 13 in Vol. Iv: then repeat the pro- 
cedure. 
The remaining tables then give w, ve, L, £s, Ys. 


4. Given t, $, w, to determine X and the remaining elements. 


Start with Table III b; 1n the corresponding v, curve the ordinate 
e A Is given; then all the rest are known. X 1s given by Table III a, 


and the value of c from the abscissa c84, since 8 1s given in the 
table. 


Example. Given the initial velocity v, = 550 m/sec; range X = 6841 m, angle 
of departure ¢=20°; weight of shell P=6:9 kg, calibre 22—0:077 m; mean 
air density 8— 1:206 kg/m‘. 

We find then TY PP _ {;= 28-4; thence 449174, 453—037, 4,—0:512, 
4,— 0:563, Ag=0'3440, 4;—145000. From A; we find tan o— 174 tan 20°, angle 
of descent w#= 32°22’. From 4s, vecos c —191, and so velocity v,— 226 m/sec. 
From 4,, time of flight 7— 25:5 sec : from A,, vertex abscissa »,— 3860 m: from 
As, vertex ordinate y,=856 m. From 4,, value of c8 — 0746. 

(2 R)? 828. 1000. 0:865 
P.1:206 
coefficient ? can be calculated by means of Table 13 for £. 


Now since c8 = it follows that £8 — 1:005; whence the form 


42] Solution of various trajectories 251 


IV. Solution by means of the formulae of Piton-Bressant. 
System of formulae. See § 22a. 


y = a tan "iio à Ka), ees (10) 
tan 8 = tan $ — g- P ACEELO sacs (11) 
v cos 0 = ALES FRUEREECEFEREFIS REEERE (12) 
t = Kcr (14+ 3Ke)-1]. ......... (13) 


For the point of descent on the muzzle horizon (y = 0, x = X): 


Uv S md Leeerezere ebat SERE ERE ERRA PEDE (14) 
$i u MEM (15) 
= oe ——— (16) 
[= o ; m UII (17) 

I+ RX —Z eese (18) 


For the vertex (a,y;): 
vV[l+3KX (1+ KX)]— a 


Ly = Tooo a zu G ee (19) 
14+ 2A X 
ys = A tan 6 5 ary SINE SA WOES (20) 


The factor X depends on v, and 4, and 1s assumed as practically 
constant along a flat trajectory. 


On the other hand Ä alters rapidly from one trajectory to another 
on the same range table. 


2 
Putting A ^ 5 then X does not vary so rapidly. The value of 
K will generally be determined by (14) and (18), and so from 
- 
RT T “P X (0 4 KX), 


for a definite trajectory, for which v, $, and X are known. 
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$43. Practical applications to the calculation of 
range tables. 


For the preparation of range tables see Heydenreich, Lehre vom Schuss, 1908, 
Part I, pp. 70 etc. 

Here it can be stated briefly that the following quantities are to be measured, 
in suitable weather: velocity of shell near the muzzle, angle of departure from 
angle of elevation and jump, moreover the relation between a number of angles 
of elevation and the mean range attained and the mean time of flight, as well as 
the vertical deflection of the mean point of impact from the plane of fire (the 
vertical plane through the axis of the gun). 

With this practice for mean ranges, the measurement of the dispersion in 
range and direction will be possible at each distance. 

In shells with time fuzes, the relations between elevation, fuze-setting, and 
mean time of burning will be determined, as well as the variations in any of 
these. 

The experiments will be carried out with all charges for guns of variable 
loading, in such a way that interpolation may be permissible for intermediate 
charges. 

See Vol. 11 for the determination of the velocity of the shell, and the 
aberration of angle of departure (jump). 


For the calculation of a range table in general for a gun, with a 
given charge, and for a large number of angles of departure œ, the 
mean range X requires to be measured, the mean time of flight 7, 
and for time fuzes, the time setting, and the corresponding range. 
Moreover the air density ò is to be measured (§ 15). 

The procedure of the calculations 1s now in general as follows: 


1. Estimation of the initial velocity v, 4 of the shell. 


In reality 1t 1s not possible, in range table experiments, to measure 
the initial velocity in the immediate neighbourhood of the muzzle 
over a very short range, as for instance by spark photography (Vol. 111, 
$$ 126—130). Generally the mean velocity of the shell will have to be 
measured at a distance of 25 to 100m from the muzzle by means of 
the Boulengé apparatus. 

In this way, for instance, the first screen of wires is placed at 25 m 
from the muzzle, and the second screen at 75 m; the mean velocity of 
the shell is measured over a distance of 25 to 75m in front of the 
muzzle, and this 1s called v4; but more accurately, owing to the use of 
vertical screens of measurement, this is the mean horizontal com- 
ponent, v cos ©, 
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descent, Á, and of departure, O, to be equal to 5 m, at a range of 2500 m 
along the sloping ground, so that the slope of the ground 1s — 7’. 

In the tilted trajectory OS,A, the corrected angle of departure 
above the muzzle horizon 1s then 


BOA =ġ=5 +1047 =5° 17’ 


These values, X = 2500 m and $ = 5° 17, will serve as a basis for 


the calculations. 
If the tilting of the trajectory is not allowable (see above, § 38), 
determine the point of intersection of the trajectory with the horı- 
zontal OA,, and suppose for 
example AA,=4m; then cal- 
culate as a first approxima- 
sre — tion the acute angle of descent 
A,CA =o (and also the time of 
ru flight T for subsequent pur- 


poses: this 1s easily done with 
the ballistic curves, III b and IIId, of the curve tables of Vol. Iv). 


Suppose it 1s found that w= 30°; then 4,C = ~ 4 cot 30° =7 m. 
Thence the reduced range over the muzzle honzon OC or 


X = O0A,—A,C=~ OA — AC = 2300 — 7 = 2293 m. 


This procedure 1s not permissible except under certain assumptions 
on the smallness of the land slope AOA,. Whether it 1s to be allowed 


must be investigated in each special case. 


3. The effect of the wind. 


The corresponding values of X, $, v, may require to be corrected 
for the effect of a wind, having a component + w in the direction of 
the line of fire (but w 1s to be taken negative when the wind 1s 1n the 
opposite direction, and follows the direction of motion). To make the 
necessary correction, calculate with the reduced values X,, v,, &,, 
instead of X, və, &, where 
v sin d 


A,=A—Tw, v?-—v?—29wvw cos d +u? tan d, = ————— 
7 P, r 0 0 p > Pr V, COS hb — tw 


(8 47). 


These values X,, v,, &, serve as data for the further calculations: 
denote them for simplicity by X, v, d. A calculation can also be 
made, slightly less exact, by equation (10), 8 47. The equations there 
given can be used for the lateral deviation of the point of mean 
impact from the plane of fire. 
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4. We therefore know how to determine the mean range X,, 
mean lateral deviation Z, from the plane of fire, and also the mean 


time of flight 7;, under these conditions. 
The uses, to which the results are put, depend on the object of 


the calculations. 
In a complete calculation of a range table the values X,, & corre- 


sponding to the initial velocity v, of the day will be employed to 
determine the ballistic coefficient c; of the day by calculation. 


If for instance the table of § 41 (Vol. Iv, Table 12) is employed 


for the purpose, the calculations will proceed as follows: 

Calculate for every group of observed vt, p, X, by equation 
(13), $41, sin 2ġ = XN (u, &), the value of £j; and then from 
equation (13) and the observed air density ô of the day, and the 
range X, obtained on the day, the ballistic coefficient c’, which holds 


good. 
This value is to be corrected for a normal air density 6,, as derived 


; 1:206 P | ZEN Ò; 
from the equation c = Reg and Cn — €, $t 


The series of c» values so obtained are plotted graphically as a 


function of X. 
If the experiments have been made on several days, and repeated 


several times, then the results are plotted out. A curve is then 
drawn through the plotted points, and smoothed 1f necessary. 

From the curve so obtained of c'n = f (X), the corresponding values 
of c’, can be read off for the separate values of X, proceeding at 
given definite intervals; for instance for X = 1000, 3000, 5000, ... m; 


and then for any such pair of values of c'n, X, the value is found 


of Esc 


Ca 
lhe angle of departure $ 1s then given for this value of £, by 
sin 26 = XN (v, Ee), and w the angle of descent by 


c 


cos Ó 


thence the final velocity v, = Ue cos > sec w. 


For a change Ad of the angle of departure, 1n circular measure, 


| . AX 2tand Ad 
the corresponding change of range 1s X ^ tno tàn24 


. the time of flight T= H (v, Ee), and ue from D (u) = E + D (t); 
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The corresponding change Ay for given X 1s given on the figure, 
Ay = AX tan øw. 

Choosing Ad = -4 of a degree, this formula gives the measure of 
the change of height in the striking point due to a change of 
;i degree, and the change in range. 

In many cases 1t 1s desirable 1n these calculations to start with the 
angle of departure, and not from the 
range. 

The procedure is then as follows, 

again using Table 12, Vol. 1v: the 

dy former values obtained for c» are 

yp not to be plotted as functions of the 

0-52. range, but of the departure angle. 

From the curve c4- f(b) for 

definite values of &, for instance 6$ = 2°, 5°, 105, ... the value of c, 1s 
determined. 

Calculate for every such pair ot values, &, c'n, from equation (13), 


641, 


From the value of Z(w,&.) thus obtained and by the use of 
Table 12 b, Vol. 1v, the value of £, 1s determined corresponding to 
the value v, of the initial velocity in the Range Table; and thence 
X =C yn ée 18 given. The calculation of the remaining elements of the 
range table follows as before. | 

The elements of the trajectory obtained in this way, œ, ve, T, are 
plotted as functions of X; and then on the curve, thus obtained, the 
separate elements of the trajectory are read off for X — 100, 200, 
9006, .... 

The secondary tables of Fasella are convenient for use in these 
calculations. 


5. Application of the results of fire for initial velocity and aar 
density as required in range tables. 


According to the state of the day, the nature of the weapons 
and the difference of the temperature of the powder and so forth, the 
initial velocities of the day will differ more or less from the mean 
initial velocity as given in the range table. In a recalculation from 


the observed initial velocity v: of the day, and 1n a reduction to the 
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proceed as in 4: corresponding to the observed X, 4, %, the value of 
vsin 26 . 
X 
and this gives c, since 8 1s given by the 8 Table 13, Vol. rv. The 
c values are plotted graphically, and then the values of c read oft 
corresponding to X =100, 200, . 
Then to the values, so | of cßX the tables will give the 


corresponding values of ¢, w, Vve, T, Xs, Ys. 


is calculated: the value of the abscissa cX 1s ascertained, 


7. Finally, when the formulae of Piton-Bressant are employed, it 


IS convenient to represent on a diagram to a sufficiently large scale 
the functions of Z arising in equations (15), (16), (17), $42, such as 


1 — 1 — (32-3)-1 

4. X4(32—2)' Z—1 
as a function of Z; a table of these functions has been given already 
in § 22 a. 

The process 1s as follows: Calculate Z — = Y for the different 
reduced ranges X and corresponding 4, and look out the functions 
on the diagram for every value of Z. 


By means of the equations (15), (16), (17), 842, and without much 
calculation the values of w, ve, T are obtained; and the intermediate 


values for equidistant X can be read off by interpolation. 


so as to read off the value of each 


8. In the range tables the columns of the zones of probable 
scattering are obtained usually by shooting at some particular ranges. 

The point of 1mpact must always be measured exactly; the point 
of burst of time-fuze shell 1s observed by photography. Consult 
$63 to 65 on the calculation of the individual points of impact or 
burst. The probable errors are again to be plotted graphically as 
functions of the range. 

A curve 1s then drawn through the points so plotted, and the 
results entered on the range table. 


9. The times of flight are of frequent value 1n firing practice; as, 
for instance, 1n shooting at a moving mark, aircraft, ships, cavalry, etc. 

Moreover the times of flight give a guide in setting a time fuze, 
which with a mechanical fuze can be relied on to a certain extent. 

The measurement of these mean fuze settings for the range table 


can be carried out ın different ways. 
In a small calibre, the expense of ammunition is not so important 
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a detail of the range table experiments. At the present time, 
according to Heydenreich, fuze experiments should be carried out 
with weapons of different states of wear, as, for instance, with a new 
gun, a similar one that has fired an average number of rounds, and 
one that has fired a much greater number, and at different seasons 
of the year, 1n summer and winter. From a comprehensive series of 
such experiments a curve can be obtained which will give the fuze 
setting to be inserted in the range table. 

If time does not allow of this experimental procedure, or if the 
cost 1s too high owing to the calibre of the gun, the following plan 1s 


recommended: 
The photographs are taken to give the mean value of the time 


of burning, and the time of flight. The ratio of u 1.e., of the time of 
t 
burning to the time of flight, 1s noted. This ratio alters only slightly 
with the range, but may be different from day to day. 
The ratios are again plotted on a curve. The results are taken as 


the basis of a further determination. 


Multiplying the mean range-table time of flight 7’, by the ratio 

S for the same range on the curve, the mean range-table fuze setting 

t 
D, 1s obtained for the corresponding range. 

This method of calculation 1s only approximate, and assumes that 

at a given range the mean range-table fuze setting B, bears to the 


setting of the day B, the same ratio as the mean range-table time of 
flight to the time of flight of the day, that 1s 


B,:B,=T,:T,. 


10. The calculation of the mean range-table lateral deflection, 
which serves also for adjusting the amount of drift imparted by the 
rifling, 1s derived from the perpendicular distance from the plane of 
fire of the mean point of Impact. 

By means of a formula of Hélie, § 56, from these values of Z, the 
factor A ıs calculated, and plotted graphically as a function of the 
range, taking into account the results on different days of fire. 


On this curve the values of A are read off conversely for the ın- 
dividual ranges, and by means of the values of A and using the mean 


range-table v, the mean yange-table lateral deviation Z from the 
plane of fire 1s obtained for each separate range. 


The value of Z, calculated 1n angular measure (sixteenths of a 
17—2 
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degree, or thousandths of the radian), 1s plotted as a function of the 
range, and the curve so obtained 1s used for reading off the lateral 
deviation for the various ranges. 


11. The danger zone R for a height Hm of the target (for 

instance H = 1 m) is frequently given 1n the range table. 
This ıs the horizontal stretch CB in the descending branch of 
the trajectory reaching 


ug 4 from the point of de- 
ZIN scent C back to the 
EEA point A with the ordi- 


=C 


— Affe 4 ral == 


Danger Zone 


N 


nate BA =H, in the 
figure. 

The calculation of this length CB = R follows from equation (10), 
S 41, by finding the point A, for which y = A. 

As this calculation is rather troublesome, an approximation can be 
made generally by assuming a parabolic element CA of the trajectory, 


when 
n= 4X hv) 


so that in the case above, with X = 1200, H=1m, R=21m. 


pond 


Examples of range table calculations. 


l. Fora rifle: Assume the mean velocity v5, given by a rifle, between the 
muzzle and a point 50 m distant to be v», — 860 m/sec. 

The error of departure (jump) is found to be 0*3; let it be assumed to be 
constant. 

Next let targets be set up at distances of 1800, 1500, 1200, 900, 600, ... m ; and 
suppose for example that on the target set up at 1200 m, the mean point of 
impact, when shooting with tangent elevation “1200,” is at a height 105 cm 
above the muzzle level. Take the air density of the day at 1:255 kg/m?, and 
a head wind against the direction of firing of 1:53 m/sec. Take the height of 
the tangent sight for “1200” as 31:94 mm, the distance between the sights 
500:0 mm, the height of the foresight 20:01 mm. 


(a) Calculation of the muzzle velocity v: Here the equation (1), S 41, is 
u : &' is calculated from P, the weight of the bullet, 
2k the calibre, the air density 9, and the form coefficient 7 This last is not 
known, and so, in default of other data, it must be calculated approximately as 
in $13 (Law of Lóssl) from the form of the head'of the bullet; and so it is found 
that iut. a 


lità 


employed, D (vj) = D (vz) — 


; thence v, is found =880 m/sec. 
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(a) Calculation of v, ,: Preliminary estimate of c' =0°288 : thence 
5 75 :0288— 260. 


According to Krupp’s Table 8, Vol. 1v, D (6935) 210798. Thence 
D (vg cos 3°) 210798 — 260 210538, and vp cos 3° — 700 m/sec, 


from Krupp’s table. Since cos 3? = 0:9986, we can take v, = 700 m/see, in the further 
calculations. 


(b) For example, at 9724 m, with angle of departure 12,,°, the slope of 
ground, — 1' 52", and an error of departure 4-5'37", the true angle of departure 
for the furthest target is 4-12^3'45"--1'52"--5'37"7—12* 11'14"; and so 

2d = 94? 22/ 98", sin 2$ : X=0:00004241 = N (vu, é). 
In Table 12c (see Vol. rv), with v= 700 m/sec, é = 8602:5, then 
c —9724:8602:5 21:132- 

The calculation for the other ranges is carried out in à corresponding manner. 

If the secondary tables of Fasella are employed, sin 26 : X is to be calculated. 

Fasella denotes this quotient by fı, and from Fasella's Table III, and 
v,— 700 m/sec, we get f,22896, c&,—9724:9896 2 3:358; and then 

C4 = 3:308 135079 278. 
It must be noticed that according to the method employed, the factor c’ has a ° 
different meaning, so that it has not always the same value. 

In a corresponding way, by the employment of Fasella’s method, applied to 
the other data of shooting and their results, we find the values of c’, to be 3:315, 
3:158, 3:152, 3:278 (the last being as above). 

In a second trial with the same gun the value v,2691 m/sec was obtained; 
and with angles of elevation of 3°, 4,,°, 7,%°, 13°, the mean ranges were 4043, 
4946, 7363, 10082 m. The air density was 1:256 kg/m. 

The corresponding values of c'a determined on the procedure of Fasella were 


3:243, 3:319, 3:442, 3:555. 


The ballistic coefficients are thus seen to be variable, not only on the two days, 
but also during the same day ; and in fact they stand on the second day on an 
average higher than on the first. 

A curve is drawn of Cn, for the values thus obtained on the two days of 
practice, to represent its value graphically as a function of X ; and it is seen to 
rise somewhat with the range. 

Based on the measurement of the initial velocities on the two days of shooting 
of 700 and 691 m/sec, with the temperature of the powder as +28° and +8°, the 
mean value for the range table is taken to be 692 m/sec, at a temperature + 10°. 

For example, at .Y 2 8000 m, suppose the value of c, on the curve to be 3:275. 

Calculating again with Fasella’s method, fj— X :¢ 28000:3:275 — 2443 ; and 
to this f; and v= 692, Fasella’s Table III gives /=0'00003848 ; and then from 
sin 20 = Xfi, 6=8° 58’. 

The error in the angle of departure (jump) is to be subtracted to obtain the 
angle of elevation. Similarly the calculations for X= 1000, 2000, 4000,... can be 
made. | 


S 43] Solution of various trajectories 263 


Fasella’s Table IV gives, for the above values of f, and vo, the factor fa, and 
thence from the equation tan w= f, tan $, the value of w, the angle of descent; 
and so in our numerical example w= 14° 47’. 

Fasella’s Table V gives, for f, and vp, a factor fz, and then from the equation 


t= MT fs, the time of flight ¢; and in our numerical example ¢=18°1 sec. 


Fasella’s Table I for the same quantities gives a factor u, and thence from the 
equation v, cos w = u cos Q, the final velocity v,; in our example v, 2 326 m/sec. 

If the results of the firing are employed in other methods of calculation, then 
at 8000 m, under mean range-table conditions, Siacci II makes o = 14° 37’, Didion 
w= 14° 58’, against 14° 47’ above. 

And for the final velocity, 329 according to Siacci II, 312 according to Didion, 
against 326 above. 

So too, different results were found for the other ranges in angle of descent 
and final velocity ; but the results are not recorded here. The calculation has 
the mere character of a process of interpolation. 


(c) The calculation of the mean range-table fuze-setting scale proceeds as 
follows, selecting the previous example for illustration. 

With the setting of 26 seconds a range was obtained of 9961 m, and a mean 
time of flight of 24:4 seconds was observed. 

The ratio of the setting to the observed time of flight, B,: T, works out to 
26 :94'4—1:07. On the same day, and at ranges of 7576, 5024, 2487 m, the ratio 
obtained in the same way worked out to 1:16, 1:27, 1:36. 

In another experiment the value of the ratios for ranges of 10160, 7125, 4718, 
2532 m, Worked out respectively to 1:05, 1:15, 1:32, 1:31. 

These ratios, plotted graphically, make up a curve which with increasing 
range approaches the abscissa axis slowly. 

On this curve, the value at 8000 m was 1:16, and in the mean range table 
the time of flight read off was 18:1 sec. 

Consequently, on the mean range-table conditions, and at a range of 8000 m, 
the setting is 18:1 x 1'16=21 seconds. 

At a range of 8000 m, and with a fuze setting of 21 seconds, the mean point 
of burst will be 8000 m from the muzzle, and at the same level; that is to say, 
it will give on the average 50 /, of hits. 

According to the construction of the gun, and the facts concerning target, 
ground, etc., the conditions of the height of mean burst above the muzzle horizon 
are determined. 

In our example this may be put at 21 m at a range of 8000 m. 

The trajectory of the mean range-table conditions must then be tilted to give 
this 21 m of extra height, in order to make the 21 seconds of time of burning 
give the best result. 

But then, as evident from the tilting of the trajectory, the range will be increased 
from 8000 to 8082 m. So that according to mean range-table conditions, the 
fuse setting of a length of 21 seconds relates to a striking range of 8082 m; and 
corresponding relations can be worked out for the other ranges. 

The relations thus obtained between the striking range and the fuze setting, 
plotted graphically, are found useful in practical work 
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(d) The determination of the value of the mean lateral deflection is carried 
out in the following manner, on the same example as before. 

Suppose for instance, with v,=700 m/sec, and a departure angle 12° 11' 14" the 
mean range is 9724, and the lateral deflection of the mean point of impact from 
the plane of fire is Z, 2 69 m. 

According to Hélie this gives the factor A —0:00315. 

In the other ranges, mentioned in (b) above, the value of A was 0:00370, 
0:00349, 0:00515, 0:00777, 0:00699, 0:00724, 0:01276. 

The points so obtained, plotted as functions of the angle of departure, give 
for an angle of departure of 15° the value A=0-00550, and thence by Hélie's 
formula a lateral deviation of 1& degree. 

A calculation of this kind is recorded in the form of a curve and the inter- 
mediate values can then be read off. 


Some examples of Range Tables. 


1. Range table of the Mauser rifle M/71, according to Hebler’s results. 

Calibre 11:00 mm ; bore across the grooves 11:60 mm; depth of grooves 
0:30 mm ; length of rifling 550 mm ; number of grooves 4, breadth of the lands 
4'3 mm, breadth of the grooves 4:3 mm, length of the bullet 27:5 mm, diameter 
of the bullet 11:00 mm, weight of bullet 25:0 g, material soft lead, with paper 
cover, charge 5:0 g, initial velocity 440 m/sec, weight of one m? of air 1:226 kg, 
weight of rifle 4:5 kg, length of cartridge case 60 mm, weight of cartridge case 
19:2 g, length of cartridge 78 mm, weight of complete loaded cartridge 42:8 g, 
sectional density of the bullet 0:263 g/mm? of the cross-section of the bore. The 
table is given on p. 266. 


Table of the ordinate y at different distances x from the muzzle. 


Distance z in m 


| 
Range | | 
in In | 

100 | 200 300 ; 400 | 500 000 100 800 Bud 900 1000 LI 
200 038) 0 |-138 Ä | 
300 0:84; 093| 0  ;—203 | 
400 1135! 1:95] 154; 0 |-2861: | | 
500 |187| 9:99 310 2:09| 0 -364 | 
600 248 420| 492, 452| 303; 0 "A | 
700 |312| 550| 6:86; 711| 627! 3°89 —5 he s 


S00 |386| 6°97] 9:07; 1005 | 9°95: 8°30 k 15 
4'65] 856] 11°45 , 1323 | 1392 13:07 | 10°71 A 36 


5 |_886 
5:54| 10:33 | 14-11 16-77 | 1835| 1838) 1691) 13:44 


1'91| O0 


2. Range table for the infantry rifles M/88 and M/98 S, according to 
v. Burgsdorff; see p. 267. 


3. Example of an artillery range table. 
Extract from an old range table of the German heavy field gun C/73, for 
shell and explosive shell. 
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268 Solution of various trajectories [CH. VIII 


muzzle at which the sum of the corresponding angles of elevation and descent is 
equal to the elevation corresponding to the whole range. 

Find the range at which the sum of the-angles m columns 2 and 4 is equal 
to 295°, the elevation for 6000 m range. At 3000 m the sum is 7744 --12— 194 ; 
at 4000 m the sum is 1242; + 1912 = 32;,; the vertex must lie between the 3000 
and the 4000 m range. A closer value is found at 3800 m; and at this range the 
height y of the shell above the ground is worked out. 

Consult § 41, p. 244, on the calculation of the vertex ordinate by help of an 
approximate formula, employed in conjunction with the range table. 
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270 Lateral deviations of a shell [ CH. IX 


These deviations are constant lateral deflections, since, ın general, 


they occur to one side. They can be corrected, either by calculation 
or observation. 


By means of the sighting the deviation due to the rotation of 


the shell, and the slant of the axle of the wheels may be allowed for; 
the old spherical shells showed deviations ın an indeterminate direc- 


tion; but by the introduction of eccentric shells, and placing the 
shell in the bore with the centre of gravity either up or down, these 


deviations were made regular, and so could be calculated beforehand. 


3 45. Influence of a small alteration of the angle of departure, 
or of the initial velocity, or of the ballistic coefficient on 
the range. 


I. The retardation due to air resistance being cf (v), take a given 
C, $, v, to give a definite trajectory with range X. 

When ¢ alters by Ad, and v, by Aw, and c by Ac, a neighbouring 
trajectory arises with the same point of departure O, and a range 
X -- AX; it is required to calculate AX. 

The most accurate determination of AX follows evidently from a 
repetition of the trajectory calculation, for the new elements 


d+ Ad, c+ Ac, w + Aw. 


An approximate calculation can be made by means of the differ- 
ential formulae, and strictly speaking these must be considered 
separately for every solution; the assumption is made that the in- 
finitely small alterations d, dc, dvo, dX can be replaced with suffi- 
cient accuracy by the finite small alterations Ad, Ac, Aw, AX, as 


explained above in § 43. 
As examples the differential formulae are developed here for the 
quadratic and the cubic laws of air resistance. 
R’rörg 
1206 
mean numerical value; for instance, v < 240 m/sec, A, = 0:014. 
The range 1s calculated from the equation 


v sin 2o | 
gX 
By logarithmic differentiation of (1), we have 


dv, dsin2p dX dB 
vuv sin2ddD X B’ 


^;, Where A, has a constant 


In the first, cf (v) 26$, ¢ = 


B(Z, Z-2eaX. een. (1) 
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and B alters with Z, and therefore with c, and X, ignoring the 
alteration of the- mean value factor a, and so 


and here 

0B B 04 oB , y OB OB AZ OB 5 

o, 020 o2 ^ ^" OX oZ 0X 97 MR 
Denoting i by B, we have 

0Z 
...(2) 
| . B. | 

To obtain the fraction 7; In a convenient form, let us employ the 


equation of the trajectory 


y = z tan ġ — I — . B (z), where z = 2c,ax (§ 35); 


20, cos? ġ 
dy _ jg , 0B | 
ig? OF tan 0 = tan $ — 20 cos! d (22B +% a 2c,a) ; 
and at 0 = -— w, x= X, 
— D = — I y 2 p" 
therefore — tan w = tan $ TERT, (2X B+ X3B'. 20a), 
tanó--tano 9 > D’ 
or Tor ser n = isin 2d (2AB+X°’B.2c,a), 
1 -— B J 
= py ŽAB + A'B 260) =2 + A 7.200, 


from (1); then the expression 1s obtained 
B l tanw—tand 


[; 3 


B^3iaX tang en (3) 


Substituting in (2) we have 
dw, 2d$ dX _ tanw—tan¢daX tanw-tandde, 


n tm X ^ tnó X`“ tang 0 
dX tano. „dw 2dp ^ tanc —tan 6 de, (4) 
X tanó ^ ù  tan2d tan $ "NR 


where dd is measured in radians; and hence] 
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Suppose for example v, becomes v, + dv,, but $ and c, remain con- 
' stant; the alteration in the range X 1s calculated from 


dA  2tangd dw 


————EPUEM Ee 


X | tano ùa 


Or if the air density ò alters by dé, then 
dX tan e —tanó dò 


immi UD -—L——— ——XÓá— - —M— - —r ur — IM -— — IM — —— — A —— —H— ——- 


——— n aum 
= 


X tan w Ó 
| | Fin oig 
With the cubic law, cf (v) = czv, c, = 1906 P Az, where for example 


(4) 
A = 0:068, for values of v between 550 and 600 m/sec, and in 


equation (1), Z = cavs, X, where v, = v, cos. Here a is the mean 
value of sec 0 ; for instance, according to Hélie, in 5 23, a= /(sec ø), 
so that Z=~c,v,X. In this case Z depends on c, X, and v. 
Equation (2) will now be as follows: 


d 2dp dX 9B 10B,  190B 


n tanze X  BoX ^ * Boo, "^ * Bay d^ 0) 


B ^oX B ða B du, 
= : (AX . c4 v, + de, v, X + dvo. c; X) 
EPI +4) 
EN, X Qà w 
Equation (3) 1s therefore replaced by 
B . tan w — tan ¢ B' tanw-tand 
Bon =~ tano  ' or 457 tang ? 
dv 2dpb dX tanw—tand/dX de dw 
nci Tina X tan d Ux t url 
dX  93tan$ —tanc dv, , tanó —tane dc, | 2tan$ cot 29 
P d tan w Uy T tan w C. = tan w ap. (6) 


By Jogarithmic differentiation of the expression for a vacuum, viz., 
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274 Lateral deviations of a shell [CH. IX 


Here = = = with Aö= — 0:05 ; and so from (3) or (6) 


| tan 53°4 — tan 38° 0°05 
— E == sae oe M ME" — 14 e 
AX — 8230 tan 3*1 137 Om 


2. With a field gun, at ranges 100, 1000, 2000, 4000, 8000 m, and Av, =15 m/sec, 
the alteration of range would be (a) on the quadratic law 
AX — 5:5, 54, 99, 177, 307 m respectively, 


(6) on the cubic law 
AA=4, 49, 83, 137, 202 m; 


or more exactly 
A X — 4*5, 495 91, 123, 166 m. 
An alteration in $ of A$ —5' gave, according to the quadratic law, 
aX=44, 44, 35, 23, 5m, 
or more exactly 
AX=43, 43:5» 36, 22, 5 m. 
3. With a field howitzer, at the ranges 500, 1000, 2000, 4000, 5000 m, it was 
found, when Av,=12 m/sec, and v, 2 295 m/sec. 
(a) AX —38, 86, 176, 324, 383 m respectively, on the quadratic law, 
(b) AX = 32, 78, 163, 283, 319m respectively, on the cubic law, 
or more exactly 
. AX — 39, 83, 162, 300, 347 m. 
And when Ad=10, 
(a) AX =48, 46, 40, 27:5, 19m, on the quadratic law, 
or more exactly 
(b) AX =60, 46, 38:5, 26:5, 18 m. 


4. With a rifle, at the ranges 500, 1000, 1500 m, and with v=875 m/sec, it 
was found that, taking Av, — 25, 
(a) AX —20, 28:5, 39:5 m, on the quadratic law, 
or more exactly 
(b) AX=15°5, 14:0, 16:5 m, on the cubic law, 
or repeating the calculation 
AX —25:5, 92:5, 280m. 
So too, taking Ab=3), 
(a) AX=129, 65, 26, 15m, on the quadratic law, 
or more exactly 
(b) AX=110, 54:5, 27, 14m. 
These examples show uncertainty in the employment of the variation 
formulae. 
Consult the Notes on these and other variation formulae, compared with the 
results in practice. | 


II. Simple formulae for practical use may now be considered. A 
trajectory 1s supposed to be plotted by a series of points for a given 
value of c, and 6, obtained by the arrangement described in Vol. I, 
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§ 37, and Vol. 111, § 184. The problem is to proceed from point to 
point, so as to reduce to a normal value c, or a normal density of the 
air, for the construction of a range table. 

For this purpose a trajectory 1 in the figure 1s to be altered into 
another trajectory 2, having the 
same origin O, initial velocity 2, 
and the same initial tangent. 

We can either start with a 
point P on the trajectory 1, and 
move to a point P, on the same vertical, having the same z— 0A, 


and calculate the corresponding PP,=Ay; or else with constant 
y = AP we can proceed to a second point P», at a further distance 
Ax = PP, to be calculated; or finally we can make x and y both vary 


by PB = Az, and BP, = Ay. 

In the last case an arbitrary assumption must be made as to the 
direction of PP;. It can be assumed for example that the step from 
P to P, may be taken over a given slope of the ground, or that it 
proceeds along a line of equal.velocity v, or of equal horizontal 


velocity v cos ©. 
The calculation of these small alterations of x, or y, or of x and y 


may be made on various assumptions. Thus for example the trajectory 
through P may be taken as given by the appropriate rational algebraic 
function of the third degree, as in the method of Piton-Bressant; and 
there the corresponding system of equations was 


" 2.22 
y = x tan $ Due cos? d (1+ Ex) ............ (8) 
tan 6 = tan $ — E (2+ 3Az) (9) 
Due cos o Te——— 
|| 9190608 $ 
v cos 8 — + 3E) ——— (10) 
3 

|. 2 (1+83Kr} -1 

Ü = 9v, cos & — . er Er Sr Er Er Er rer (1 1) 


The empirical factor K ıs determined by the position of the 
point P, so that in (8), x, y, v, $ are known: and from the preceding 


it follows that K 1s proportional to the factor c, and this again to the 
air density; so that 
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In the step from P to P,, when z 1s left unaltered, there is the 
alteration of K into K+dk 


ga” 
2V cos? d 


and when finite small differences are assumed instead of the exact 
differential, we have from (12) 


and dy = PP, = dK, 


This equation, 1n which Ä 1s to be considered as calculated from 
(8), can serve for a reduction to the normal air density. 
But 1t involves the difficulty that this calculation of K from (xy) 


must be repeated: moreover the expressions for At and A (v cos 0) 
are not very convenient. 

The step from P to P, may also be taken so as to keep vcos 0 
constant; thus (10) shows that Kx remains constant; so that 


Moreover it follows from (11) that ¢ 1s also inversely proportional to 
K, so that 


dx dc 


x C 
5 | g.2xdx 
dy = tan $ . dz Dur cos? d (1+ Ka) 
B dc gx#(1+Kz) dc 
— G d" cosp ^ e’ 


and so from (8), 
dc dc 
dy= z la tan g+2(e tan $ — y)] = (rtan $ —2y). 


Equation (9) can be treated in a similar manner: and so the 
following system of the difference equations 1s obtained: 


~~ Know Your 


í » > " LJ eva Sn s oven 
-* - LI 
eri AM Re mm PIE PIU ) 
LÀ E x ~, -— u Tet - wn * 


* 


- Forgotten Books’ 
Full Membership 
provides unlimited 
SS access to more than 
DS - 28,000 volumes of 
Ses Christian literature for 
$8.99/month 


a" . 


~~ 1 10 
tn 


m. 


~*~ 
i 


» 

t. 

t: 1 Zus . , i 
Mens ' m & M 


(oe ee any Ptr pg dE cnn mapu ete 
"a. * E 


o- 


Continue 


I . ~ 
+ 


= 


. PP i | 
Dii P Ot Ma im o otn m C CEU 
t | 


Ll 
> E ~v d , 


^ 
*, . ` AT e MM, / * 


278 


Lateral deviations of a shell [CH. IX 


$46. Deviations of the projectile due to slope of the axle of 
the wheels, or to a canting of the sight of a rifle. 


Shooting with a positive elevation and a positive angle of sight, 
the shell deviates to the side of the lower wheel, or to the dip of the 
sighting of the rifle. 


To calculate the amount of this deviation, consider the weapon 
first in the exact position, and then in the displaced position. 


— EM AXIS of Rotation ~ ie Z 
4o Sr di | 3 /S Ide Elevation] 
[End Elevation} 3 : | 
| | Line | A 
SA y p oF Sigh 0 È 
v4 LETS 4 BI __— | d 
AERE [Ground Plan] 
S, S, 


In the first case, as in the figure, VO 1s the line of sight directed 
at the mark Z; SO the axis of the bore, 6= VOS the angle of eleva- 


tion, approximately also the angle of departure, neglecting the effect 
of Jump. 

In the second case, let 5,0 be the axis of the bore in space, while 
the line of sight VO has preserved its direction, and so acts as an 
axis of rotation, 2 denoting the angle turned through. 

Suppose a plane drawn perpendicular to the line of sight VO 
through the sight V. This plane is shown 1n elevation 1n the figure ; 
and the point S of the axis of the bore comes to ©, by the rotation. 
The new position of the axis of the bore ıs shown 1n elevation 
by AO, in plan by 5,0. The new trajectory lies in the vertical plane 
through 8,0, with a new angle of elevation ¢,; and sin ġ, 1s equal to 
AV or h cos?, divided by the distance OS, so that 


sin $, = » COS 2 = sin PCOS t, ............... (1) 


and this gives the new angle of elevation ¢, 1n terms of the original &. 
The lateral deviation due to this rotation 1s shown in plan by 


the angle 8, where 
SV AS, Ah. 


tan 8 = = = 7 = 7 sınt, 


OV OV k 
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tan 8 = tan @SIM 4. ................. ees (2) 
At a range X, the lateral deviation z 1s 
=~ X tan f$, 
and so 
z= A tan P SIN 1, ...........e eene (3) 


and for small values of the angles $ and 7 (in degrees), we have 
approximately 


Example: d=4° 35, X=1800m, ı=5,, 


1800 x 458 x 5 - 
B 3280 B 


To find the correction for the direction and height, J. Didion 
supposes the rotation to be made, not about the line of sight, but 
about the axis of the bore. 


Under certain assumptions about the angle of departure the 
initial tangent of the trajectory remains unaltered and also the 
position of the point of 1mpact on the vertical target at the range X. 
The intersection of the prolongation of the line of sight on the con- 
trary 1s displaced on the target. A shift to the side of the higher 
wheel 1s then the requisite correction. 

Concerning the different ways of eliminating the effect of the slope 
of the platform of a gun, the reader should consult the: memoir of 


Ritter von Eberhard (see Note). 


2 12:5 m. 


$47. Deflection due to wind, in a gun at rest or in motion. 


So far it has been assumed that the air 1s at rest, relatively to 


the gun, and the gun 1s at rest relatively to the surface of the Earth, 
and that the rotation of the Earth about its axis is left out of 
account. 

Now the first two assumptions will be altered: and the gun and 


the air will be assumed to be in motion. 

In the compilation of a range table the firing must usually be 
carried out in a wind; while the results of the ordinary range table 
refer naturally to a calm. Consequently the measurements made for a 


range table must first be corrected. 
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And since alterations in direction and range arise 1n consequence 
of the wind, the question is as to the extent of these deviations. 

The calculations can be worked out from the general point of 
view, and then applied to particular cases; but the inductive method 
is here preferred, and applied in the sequel to various problems. 

But these methods are always very uncertain. 

The measurement of the wind is taken over a considerable period 
of time, near the ground: but as a fact the wind blows in gusts, and 
the velocity 1s variable within small intervals of time. Moreover the 
velocity of the wind at the height where the shell 1s moving 1s often 
very different from that near the ground (for numerical examples con- 
sult § 111 m Vol. 111) and a general law connecting wind velocity 
with the height is not known and cannot well be laid down. 

Further, the direction of the wind at a great height is not the same 
as at the ground, and 1t 1s probable that the wind as seen from below 
will rotate in a clockwise direction. 

Finally 1t 1s not impossible that a lifting force arises from a head 
wind, exerting a supporting force on the surface of an elongated | 
shell in rotation. 

On these grounds the formulae must be considered only as a 
sort of approximation; and for range table purposes, the firing should 
be carried out ın air as calm as possible. 

Otherwise the most convenient procedure is to carry out wind 
measurements by means of the instantaneous anemometer, at a 
convenient height, or by a succession of pilot balloons. 

The resulting wind velocity is that at the average height, which 
is about 2 of the height of the vertex. 


It will be convenient to illustrate the relativity of motion by simple in- 
stances. 

A railway carriage in fig. 1 is proceeding along the rails BC from B to C with 
uniform velocity. 
A man is Moving inside the carriage ; 


A € C — and his absolute velocity over the ground 
2 - is represented by AC or m,. The relative 
| " velocity of the man with respect to the 

i Fig. 1. carriage is obtained by impressing on him 


the reversed velocity w, of the carriage 
by vector subtraction. 


Thus if BC is the vector of the velocity of the carriage over the ground, and 
AB the vector of the velocity of the man with respect to the carriage, then the 
vector AC is the velocity of the man with respect to the ground. 

Again let us suppose in fig. 2 a man to be walking on the deck of a ship, 


THIS PAGE IS LOCKED TO FREE MEMBERS 


Purchase full membership to immediately unlock this page 


EL 
um Wess Wem rs, 
` a TOGA Rija Yo = r 
Ria lock MN -— 
\ nee > th ? 


LS 


- —— 


"re y 
ru. 


er 
Phere) 
à; 


= A 
V fui ui 
t 2 NP 


Never be without a book! 


Forgotten Books Full Membership gives universal access to 
/97,885 books from our apps and website, across all your devices: 
tablet, phone, e-reader, laptop and desktop computer 


A library in your pocket for $8.99/month 


Continue 


"Fair usage policy applies 


282 Lateral deviations of a shell [ CH. IX 


The diagram of the horizontal projection of the motion of the 
shell 1s in this case shown very simply 
5 D - infig.5; where OD = z, 1s the abscissa 
Fig. 5. of the shell after a time t, and DE = w,t 
is the drift of the wind over the 

ground; OE = < the actual displacement of the shell, where 


L=Lp Wy, 
and X —X,Tw,1. 


If after the time ¢ or T, the quantities «, ¢, x, and X are 
measured, they are supposed to be replaced by v,, $r, z,, and X,. 


Then too, as shown in fig. 4, 1t 1s evident that 
v, sin $, = v, sin $,. 


V, COS Hy = v, cos $ — Wy, 


tan $, = 


and also 


Vp = 8 — Wet, X,-.X-—awT. ...2...... (3) 


In a head wind, w, must be taken as negative. 


In a Calm 


The geometrical solution is carried out, as shown 1n fig. 6; for 
clearness the two trajectories are drawn out of scale and 


X, = X — Wy T. 
Ordinarily the correction is required in a form where the initial 
velocity v, and the angle of departure $ have given values. 


Trajectory 2 still requires to be modified to trajectory 3, with the 
initial values of v, and ¢. 
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In passing from 2 to 3, with a following wind w,, the initial 
velocity v, 18 increased to v,, and at the same time the angle of 
departure $, decreased to ¢. 

Here the range X 1s increased by AX,, so that 1n dealing with 


the values of v, $, OC+AX,, further calculation 18 required for a 


reduction to a calm. e 
The value AX, 1s obtained approximately by F. Siacci in the 
following manner: Suppose (“2 ) neglected 1n comparison with 1, 
0 

seeing that wp 1s small compared with v; then 

y, = V (V — 2v, cos $ + Wy”) = ^ v NAG — 2 2 COS 6) 

0 
= ^v U, (1 - 7? cos $) 
Uo 
and V, — Vr, or Av, = + wp COS d. 
| — *^sinó | - Wp ) 
Moreover, tan ¢, = Ras d. cos $ — w, = ~ tan > (1 + n cos 9/ ' 
r A 
and tan ġ— tan ġ,, or A tan $, or — ? = 2p " 
COS? & Vy COS & 
AP =— —? sin d, 
Uo 
Wy . 
or Au=+w,cosd, Ab —— — Sn ob. 
0 


According to § 45, on the quadratic law, we have 


AX, 2tanó | 2 tan @ Av, 
X, tan tan 26 tanc ©, 


in which c, the angle of descent, must be obtained by some method 
of approximation. 


Introducing the values of Av, and Ad, and taking X = X,, 


AX, w,tanó | 
X utanwcosb 


) 


Ad + 


e 
we have 


Thence ın trajectory 3 reduced to a calm, with initial values v, 


and &, and the range OD or X», 
— (5) 


More generally, the coordinates (x, y) of any point of the tra- 
jectory, as well as the time of flight, can be measured on a photo- 


wtanwcosb 
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grammetric method 1n a following wind w,, and the reduction carried 
out. 

But so far no convenient simple formula for practical use has 
been given. 

Something of the kind can be obtained by replacing the tra- 
jectory by a corresponding parabola of the 3rd order, and taking for 
trajectory 2 in fig. 6 the form assumed by Piton-Bressant, 


e) 


ME MEN LL (6) 
e) (Vo cos o) 9 (v COS $y' Sere eae 


in which A can be considered constant for the point (zy) for a small 


alteration of the trajectory. 
Then x may be left unaltered, and a calculation 1s made of the 


change Ay with a following wind w,, due to a simultaneous increase 
of the initial velocity v by Av, and a decrease A in the angle of 
departure. According to the above 


A (v, cos $) = + Wy, 


y = x tan $ — 


and A (tan $) = — —? er. 
and we have 
Ay = xA (tan $) — àg2?(1l-- Kr) A (v, cos p)? 


__Fwtand, _gew | gukw, 
|. wosp (WCosb)  (vcosóy' 
o WP: Dnu 
or Ay = ond (2y — Por) (7) 


Here x and y should refer to trajectory 2. But since it 1s not 
usual to make up a range table from practice in a strong wind, 
the corrections to be introduced are relatively small; and so 1t will 
be sufficient to take x and y from the Range Table practice in the 
caleulation of Ay 1n equation (7 ). 


The accuracy of formula (7) may be tested by taking the meew 
case of the point of descent on the muzzle horizon. 


Here « = X, y =0, so that in "n 


Ay = X tan $; 


Vo COS T 


and this 1s the vertical ordinate at the point C between trajectories 
2 and 3. 


Thus CD = 
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II. Weapon at rest on the ground: wind blowing horizontally 
and perpendicularly to the plane of fire. 


It 1s assumed in the velocity diagram of fig. 7 that the wind 1s 
perpendicular to the plane of fire, and blows with velocity w,, from 


left to nght looking down the range. 
Ihe vector of the initial velocity 


being OG, and the plane OGF the 
plane of fire, the angle GOF' 1s the 
angle of departure. 
" The vector of the wind velocity 
w, 18 HF, perpendicular to OF. 
Compound v, with the reversed 
wind velocity — w, or the vector GJ; the vector sum OJ is the re- - 
duced initial velocity v,, JOH the reduced angle of departure œ». 


The vertical plane OJH, making an angle HOF or ẹ with the 
plane of fire OGF, is the plane in which the motion of the shell must 


be supposed to take place. 


J 


Obviously | 
FG = HJ, 0G 4-6GJ*-0J*, 
tan y= tan EE 
Or v, SIN h.= v, un Or, "uy = tan v= ^ — "t 
tan d, = 77 - uv "ODE (12) 


these equations serve to determine the initial velocity v, and angle of 
departure ¢,, and the relation 

Ws 
me: 


tan = —— ose m—— (13) 


serves to determine the vertical plane OHJ, in which the movement 
of the shell takes place. 

In the displacement diagram of fig. 8 for the horizontal projection 
of the motion of the shell, the plane of fire appears as the straight line 
OK. .The straight line OM is drawn making with OK the angle w. 

Taking the values of v, and $, calculated from (12), as well as the 
ballistic coefficient c, suppose the abscissa x, of the shell after the 
time £, and the range X. — OM in the time of flight T, to be calculated. 
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At x, suppose the vector w,t,and at X, or OM the vector w,T or ML 


to be drawn parallel to the wind direction, and perpendicular to OA. 
Then Z is the actual position of the shell after the time T. In 


fact OM 1s the horizontal motion with respect to the wind, ML the 
drift of the wind over the ground, and OL 1s the path of the shell 


relatively to the ground. 
The range in the wind in the plane of fire 1s 


whence W is obtained from (13). 
The lateral deviation of the shell, measured perpendicularly to 


the plane of fire, 1s 


KL=ML-MK or z2w,T-— X, sin wv. ......... (15) 
MW 


X 


r 


H 
"i 
Ü F / ("Pound Dan) | 


| | "mm 


Fig. 8. 


This treatment holds evidently for any point of the trajectory 
The coordinates of such a point after a time ¢ 1n a side wind w; being 
denoted by x and y, the lateral displacement by £, and the abscissa 
after allowance for the wind by x,; then 


L =X, COSY, C= Wel — v, sin y. .......... eee. (16) 
Since Y is obtained from tan 4» = “s . and is in reality a very 
Vy COS $ 


small angle, 1t 1s allowable to replace x, by x, and sin xv by tan vy. 
Thus 1n general the formula to be employed for the lateral drift 


of the shell due to wind, perpendicular to the plane of fire, 1s 
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Example. As above, let 09,580 m/sec, $-—30', r=6600m, t=20 sec, 
X=10400 m, 7—40 sec; let the wind blow across the range with velocity 
w= -+ 6 m/sec. 

Here cos y, — 0:9999 ; equation (17) shows that 

6600 x 6 


after time t= 20 SCC, (=6 x 20— E80 cos 30^ 44 n, 
i 10400x6 
after time T —40 sec, z=6x 40-555 ap = 110m. 


Remark 1. As stated already, the shell moves in the vertical plane OM, with 
v, and $,, as if there were no wind. 

If with given v,, œ, and ballistic coefficient c, the coordinates x, and y, are to 
be calculated at any point of the trajectory after a time of flight 7, then, as shown 
in fig. 9, the axis of an elongated shell, neglecting at first the nutational and pre- 
cessional oscillations, remains parallel to the plane of fire OK. 


M 


Wind ..x [Point of 
w, | L  Descent] 


Fig. 9. 


The ballistic coefficient c, employed for the motion of the shell OM, thus 
requires to be somewhat increased. 


Remark 2. The lateral deviation can also be obtained, by taking into account 
the wind pressure which tends to drive the shell out of the vertical plane of fire OX, 
so that it describes a curve of double curvature over the ground, of which the hori- 
zontal projection is the curve OZ in fig. 9. 

In this motion, perpendicular to the plane OX, the shell moves broadside. 
Suppose 2R to be the calibre, and the longitudinal section of the shell to have an 
area 2RL or (2R)* l m?. 

Let the coordinate of the shell perpendicular to the plane OX after time t be 
denoted by ¢, and let A u. The velocity of the wind relatively to the shell is 
w,—u. Then the wind pressure is equal to 


0:192 (2H)? l (w, — uw)? 
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290 Lateral deviations of a shell [CH. IX 


is then the vertical plane 1n which the shell moves with the initial 


elements v, and $,: it may be called conveniently the reduction plane. 
From fig. 10, and 1ts plan shown 1n fig. 10a, 1t 18 seen at once that 


OB=wcosd, OA =v cos ġ,, AD = BC = vsin ġ = v, sin $,, 


AB=DC=w, tan ġ, = T: tan B = pp , 


OA* = v? cos? ġ — 2v w cos dcosatw OD? or vè = 0A* + AD. 


The equations are then 


v, = (và — 2ww COS $ cos A+ W?), ............. ee. (20) 

u v SIN $ 
me (v cos? @ — 2v w cos ġ cosa twy — — v 
tan 6 = ho rome: T————— -— (22) 


Vy COS  — W cos a 


and these equations give v,, $,, B. 
From the initial elements v, and &,, with the ballistic coefficient C, 


the coordinates x, and y, at any time ¢ can be calculated, as well as 


those for the time of flight T. 
Lay off X, ın the line OA, from 
O at an angle 8 with the z-axis, 
and from the end A, draw A,J 


equal to the set of the wind wT. 

Then in the diagram of dis- 
placement in fig. ll, representing the horizontal projection of the 
motion of the shell, OA, represents the horizontal motion of the shell 
relatively to the air, A,J/ the motion of the wind over the ground; so 
that OJ represents the path of the shell over the ground. 

Draw the perpendicular JK to the z-axis; then OA represents 
the range and AJ the wind deflection perpendicular to the plane of 
fire OK. 


From fig. 11 we get 


X =X, COS 8 --wT cosa, .............. e. (23) 
z= wT sma- X, sin B. ................. (24) 


Fig. 11. 


Obviously too for any other point, after a time t, 


x =x, cos 8 +wtcosa, E= wtsin a — z, sin f. 
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IV. Dropping a bomb out of an aeroplane. 


The aeroplane 1s supposed to be moving horizontally with uniform 
velocity v, over the ground, and to be at O at the moment when the 
bomb 1s dropped, at a height Y. 

The movement of the bomb ıs such that it has a horizontal 
velocity vo. 

The former methods can be employed to calculate the range X, 
time of flight T, striking velocity ve _ 
and angle of descent w; the ques- DI 
tion of relative velocity need not p 
come into consideration. 


In fig. 12 suppose B to be the 
point on the ground: then 


Y 

tan 9 = of A 

P. Charbonnier has calculated 
tables for a vacuum; and also for 


air, taking spherical bombs, 15 cm 


A 


X 


INT NY y INT SAT 


in diameter, weighing 75 kg: the Fig. 12. 
calculation 1s made on the Euler- 


Otto method for various heights, from 250 m up to 2000 m. 


V. Dropping a bomb from an aeroplane; wind blowing in the 
. same direction as the motion of the aeroplane. 


As before, the velocity of the aeroplane is v and of the wind w; 
and the velocity of the aeroplane in a calm is denoted by v,, as 
given by the revolutions of the propeller; then with a following wind 


Vo — Ur -- Us. EA E E E E (25) 


The calculation of the range X, and time of flight T, with initial 
velocity v,, and an angle of departure 0°, 1s carried out by methods 


described in 8 20 to 43. 
Ihe range in the wind 1s then 


he IT L --—— (26) 


When the assumption 1s made that the movements in the horı- 
zontal and vertical directions can be calculated independently, and 


19—2 
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when the quadratic law of air resistance 1s employed, then the equa- 
tion of motion in the horizontal direction 1s 


Moe Cv 

dt =” 
with v =v, when £— 0; then the horizontal velocity v or B at the 
time ¢ 1s given by 

Ur 
"TH+ cv, t 
And since x, = 0 when t= 0; then at time f 
L, = - log, (1 + cv,t). 
Consequently the total range X 1s given by 
X =wl, + - log (1 + cv, T4.)  ............... (27) 

where tan B= 4 l 


It is possible that v, = w, and so v= 0; that is to say, the aero- 
plane does not advance against the wind, but seems to be stationary to 
an observer on the ground. In such a case, the range ın the wind 1s 


X — X, -wT,=2log(1+cwT,) - wT, — (28) 


This 1s the same as formula (19). 


VI. Dropping a bomb out of an aeroplane with side-wind 
from behind. 


Suppose the aeroplane to be at O at the moment of release, and 
moving with velocity v, over the ground; the wind velocity on the 
ground being w and 1ts direction making an angle a with the direction 
of the track. R 

We compound v and —w to obtain v,; then on the velocity 
diagram of fig. 13, OA is the vector of the velocity v, relatively to the 
wind, AB the vector of the wind over the ground; OB the vector of 
the velocity of the aeroplane over the ground. From fig. 13 we have 


Uy? = Up? — ZWUy COS AAW", cccccccesscceesees (29) 
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294 Lateral deviations of a shell [ CH. IX 


VII. Firing from an aeroplane, with no wind. 


The aeroplane is at O at the moment of firing. The motion is 
horizontal with velocity s. 

The flying machine 1s at a height Y, above the ground, and moves 
along the track OS, as in figs. 15, 16, 17. Suppose the initial 
velocity v, 18 known from the 
range table; and the angle & 
is determined from the sighting 
and the range. These then are 
the values of v, and & which refer 
to a gun at rest. 

The plane of fire, OAFD, in 
hg. 15 makes an angle a with the 
vertical plane through the direc- 
tion of motion, OC. ` 

In fig. 15, OF represents the 
initial velocity v, of the projectile 
relatively to the gun; FG 1s the 
velocity s of the gun over the ground, so that the resultant OG 1s the 
initial velocity v, of the projectile over the ground. 

The slope of OF is the angle of departure $ ; but relatively to the 
ground or the air, the angle of departure 1s GOB or $,. The corre- 
sponding velocity diagram is drawn in fig. 16 for the horizontal 
components. 


D | F 


Fig. 15. 


Fig. 16. Fig. 17. 


But as it ıs assumed that the air ıs at rest relatively to the 
ground, the projectile moves in its actual plane of flight without 
being affected by the wind, and is influenced only by air resistance, 
acting in the plane OBG. 

But the motion of the shell, relatively to the ground, takes place 
actually in the plane OBG; and if no account 1s taken of deviations 
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due to rotation or the slanting position of the axis, the trajectory 18 a 
plane curve,.and not one of double curvature. 

The ballistic calculation 1s then to be applied to the reduction 
plane OBG, employing the initial values v, and &,, as well as the 
ballistic coefficient c; the range X, and time of flight T, are to be 
calculated. 

As to the ballistic coefficient, it must be slightly increased, since 
the axis of the projectile 1s parallel to the plane OA F. 


These values of v, and &,, as well as the angle 8 between plane 
of fire and reduction plane, are given by the following equations: ın 


fig. 15 
AF = BG, and OB? = OA? + 204A. AB cosa + AB 


v, sin? d, =v sin’? h, v? cos? hr = v? cos? p + 21,8 cos $ cos a + s, 


ABsina 
e uia TERTIA 
Thus 
V, = y (v? + 99s cos $ COS A+ S82), ............... (33) 
5 7, sin $ 
Mig y(u? cos? p + 2u,s cos cosa--?)' "^ (94) 
tan 9 = MA o EUM (95) 


v, COS Ó --$ cos a" 


In the displacement diagram of fig. 17 OJ, OH, and OS are 
parallel to OA, OB, and OC respectively. The angle JOH 1s the 
angle 8 calculated from (35); OH 1s made equal to range X, calcu- 


lated from v,, or, c. 


The perpendicular HK is drawn to OJ; and HJ is parallel to OS. 
OJ is the range obtained ın the plane of fire without any move- 
ment of the gun, and so it 1s the range of the projectile relatively to. 
the gun; JH = sT, 1s the travel of the gun over the ground in the 
same time; OH or X, is consequently the range of the projectile 


relatively to the ground. 
The lateral deviation of the projectile from the plane of fire 


OAFD, due to the velocity of the gun, 1s 
KH = X,sin 8 =sT, sna; 


and the range 
OK = X, cos £. 
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The increase of range, due to the movement of the gun, is then 
JK or sT,.cos a. 


. Take the case a= 90°, cosa = 0, sina=]; then 


Up — A (V + S), cccccccccecccccecceeccuvces (36) 
v Sin d 
tan d, = a men (37) 
s 
tan 8 = Da mm (38) 


The influence of the wind, set up by the aeroplane, may also be 
considered by referring the motion of the projectile, not relatively to 
the gun, but to the ground, over which the air is at rest. 

The range X, and time of flight T, are then calculated from v, and ° 
$,, and OH in fig. 18 is drawn at an angle 8 with the vertical plane 
through OA, making OH = X,. 

Then H is the point of impact on the ground, OJ = X, cos £ 1s the 


range, and JH = X,sin B 1s the 
O toco Sane of Fire j lateral deviation from the plane 
: of fire due to the motion of the 

| aeroplane. 


If the range is to be calcu- 


mu lated from v, and ¢ as initial data, 
H a correction for the wind is not 


made. Since the usual calcula- 
tions in External Ballistics are 
made on the assumption of a 
calm, 1t 1s better to employ that vertical plane in the calculation of 
the motion of the projectile, which refers to the motion 1n a calm, and 
here this is the vertical plane through OH. 


 4u2u200JJ JO 
| UOILL 


Fig. 18. 


VIII. Firing from an aeroplane: direction of fire perpendicular 
to the direction of motion: the wind blowing across the 
direction of motion at an acute angle. 


Denote the initial velocity of the projectile, referred to the gun 
at rest, and the angle of departure by v, and $ respectively. 

As shown m fig. 19, let the plane of fire be the vertical plane 
through OA. Along OS and perpendicular to OA is the horizontal 
motion of the gun: denote the velocity by s = AC, relatively to the 
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Through M draw the vector MN parallel to BC and equal to the set. 
of the wind wT,. Then N represents the point of descent. From O 
to N a trajectory of double curvature is shown. 

Draw through O a line parallel to OA and through N a line 
parallel to AC; these lines intersect in a point P; and OP is the 
range in the plane of fire: PN is the deflection from the plane of fire 
due to wind and travel. . 

It 1s evident that the foregoing may be made to apply to the case 
where the firing 1s at any angle to the direction of travel. 

These remarks must apply to Case II, where s, is equal and opposite to w, AB 
coincides with CZ, and AC is zero. 


In the triangle OAB of fig. 21, OA is the horizontal component, v, cos ¢, of 
the initial velocity of the projectile relatively to the machine ; 42 is the velocity 


O t COS qp A(C) Plane of Fire N 


O P 
S M 
R, S wT 
z $ r 
© +. 
t 3 
Sn 
S 
S M 
Fig. 21. Fig. 22. 


of the machine relatively to the air, that is, the velocity given by the revolutions 
of the propeller in a calm; so that OB is the horizontal component, v, cos ¢,, of 
the projectile through the air. 


Similarly in fig. 22 OM is parallel to OB, and the calculation of the range X, 
is made from v,, &, and the ballistic coefficient, to which the time of flight 7’, 
applies. Moreover through M a parallel MN is drawn to BA and made equal to 
wT,. Then OP is the range, and PX is the lateral deviation due to wind. 


IX. A ship is moving on a stream. A flying machine is moving 

in the air, having a definite velocity relatively to the ship. 

. The wind is blowing aslant of the travel of the machine. 
The firing takes place in a slanting direction. 


=- The case is stated merely to show how with these apparently 
complicated relative velocities a simple treatment 1s possible with 
the help of the velocity and displacement diagrams. A practical appli- 
cation of the theory is not contemplated here. 
In the velocity diagram OABCDE of fig. 23, let the vertical plane 
through OA represent the plane of fire; and let OA represent the 
horizontal component of the initial velocity relatively to the machine; 
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AB the horizontal component of the velocity of the machine through 
the air; BC the. horizontal component of the air relatively to the ship; 
DE the velocity of the stream relatively to the land, and CD the 
velocity of the ship, relatively to the river. 

Consequently CE ıs the velocity of the ship relatively to the 
earth; BD the velocity of the air over the stream ; BE that of the air 


Fig. 23. 


over the land; AC that of the machine relatively to the ship; 4D is 
that relative to the stream ; A E is that relative to the land; OB is the 
horizontal component v, cos r of the initial velocity of the projectile 
through the air; OC the same relative to the ship, OD relative to the 
stream, OF relative to the land. 
The plane in which the motion of the projectile appears to take 
place 1s the vertical plane through 
OB. Given v, cos $,, v, and $, can 4 
be obtained. Thence with the aid of ~~. 
the ballistic coefficient the range X, | 8^-.. 
and time of flight T, are calculated. $ * LP 
Then in the displacement dia- S I Na 
gram, fig. 24, draw OA,A, parallel RY 
to OA 1n fig. 23, and make OB, = X, 
and the angle AOB, = AOB. 


Draw through B, a parallel to BE 0 
equal to the set of the wind, wT,. Eu aes 
Then the point Z, 1s the point of impact of the projectile on the 
ground. Draw the perpendicular Æ, A, on OA,, then OA, is the range 
on the plane of fire relatively to the ground; A,4, the lateral 
deviation due to travel and wind. 
.. Or draw through B, a parallel to BC, equal to w,T,, where w, 1s 
the velocity BC of the wind relative to the ship; then the point C, 
is the point of impact relative to the steamer, the perpendicular 0,4, 
is the lateral deviation, OA, 1s the range on the plane of fire, relative 
to the steamer; and so on. 
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$48. Deviation of the projectile due to rotation of the Earth. 


Suppose a projectile is fired northwards from a point O on the 
equator: the gun has a velocity to the East of about the same magni- 
tude as the infantry bullet M.71 at the beginning of its trajectory. 

After a certain number of seconds the projectile strikes a point 
O, further to the North, and this point 1s moving to the East with a 
smaller velocity. The projectile does not then remain In the meridian 
through O, but travels out of the meridian and more to the East. 

On the other hand, if firing from O, ın the northern hemisphere 
to the South, the projectile remains, in consequence of the smaller 
eastward velocity, always behind the meridian drawn through O,, and 
so 1t deviates to the West. 

These deviations give rise also to alterations in the range, height 
of vertex, and time of flight. 

As to the quantitative determination of the deviation of the pro- 
Jectile due to rotation of the Earth, calculation for extreme cases 1n a 
vacuum gives a lateral deviation of several hundred metres and some- 
what less in the range: in air, 1t appears from calculation that these 
deviations are of such a magnitude that they may be neglected in 
comparison with other deviations arising ın practice. 

An experimental determination of such deviations, due to rotation 
of the Earth, 1s beset by great difficulties; and would not be worth the 
trouble and expense. 


(A) Theory for a vacuum. 


Take the point of departure of the projectile as the origin of a 
system of coordinates: the axis of æ ıs the horizontal tangent of the 
parallel of latitude and positive to the East; the axis of y 1s horizontal 
and a tangent to the meridian, positive to the North; the axis of z is 
the line from the centre of the Earth, and positive upwards. 

Denote the latitude of O by y, and the angular velocity of the 
Earth, 27 + 24 x 60 x 60, by n. 

The equations of motion of the projectile are then 


L” = PN SN y. Y —2ncos y .Z,.......uuueeeeeee (L) 
Y = — NSN Y.L, nesessssesesrossoresesseeecses (2) 
Z = PN COSY. E Gy -ccccccccrcccevvccccceseeseess (3) 


the dashes denoting differentiation with respect to t. 
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For a numerical example, take initial velocity v2 820 m/sec, angle of de- 
parture $ — 44°, firing to the North in latitude y=54°. Then «=0, 5—820 cos 44°, 
c= 820 sın 44^, 4, — 54^; and in à vacuum and without taking into account the rota- 
tion of the Earth, the time of flight to a point of descent on the muzzle horizon is 
116:13 sec. 

Substitute this number t=116 sec, and the other data in (8), and we have 
x=+350m, to the right. 

Thus in this case there is a deviation to the East, due to rotation. Later it 
will be shown that this deviation is reduced to about one-half, when the influence 
of air resistance 1s taken into account. 


The southerly deviation 1n a body, falling freely, can be explained 
geometrically 1n the following manner: Consider the cone with vertex 
at the centre of the Earth, M, and having for base the parallel of latitude 
through the origin of motion of the falling stone; consider also the 
tangent plane to the cone along the generating line MO. 

Since the stone 1s being carried round by the Earth to the East, 
it has at the beginning of its fall an easterly velocity 1n the direction 
OT of the tangent to the parallel of latitude. The only force acting on 
the stone 1s that of gravity 1n the direction of the radius of the Earth. 

both lines lie 1n the tangent plane of the cone, and so the whole 
motion of the stone must take place on this tangent plane, and the 
stone describes 1n fact 1n this plane a very flat ellipse with a focus at 
the centre of the Earth. 

The stone can then be said to swerve in falling neither to the 
south nor the north, so long as 1t remains on the surface of the cone; 
on the other hand, it can be said to swerve to the north when it 
comes inside the cone, and to the south when it goes into the space 
outside. 

But this tangent plane, 1n which the stone falls, coincides with the 
cone only along the line OM, and so the stone proceeds after the 
start into the space outside the cone, and so deviates to the South. 


(B) General case, in a space full of arr. 


The properties of the trajectory are to be treated first without 
taking into account the rotation of the Earth, in the manner of 
Chap. VIII, or in the graphical method of $31, for a space filled 
with aar. 

The coordinates of the trajectory are then known at any time t; 
suppose them denoted by Æ, n, 6; when firing to the East & denotes 
x in Chaps. III—VIII, £ the vertical height, 7 the horizontal drift of 
the projectile due to its rotation; 9 will be negative with a right- 
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handed rifling. Then let (a, y, z) denote the coordinates when rotation 
of the Earth and air resistance are taken into account. 
Then, evidently, 


æ” = 2n sin y. y — 2ncosy.z2 + E" (t), ............ (11) 

y" = — 2n siny. a +n” (t), cccccccccccsccceseccccsvecs (12) 

z” = 2n cosy. x +E” (t), cccccccccccccscccecccccsceves: (13) 
and so, by integration, 

v = 2n sin y.y — 2n cos y. z + E (t), ............... (14) 

y =— 2n siny. LAY (t), ................eeeeeeee (15) 

z = n cosy. LACS (b)e-ceccccccccccscccccceccccsecess (16) 


. Then if we return to the case where the Earth has no rotation, 
and n = 0, as in the assumption of Chaps. III—VIII, we have 


and also x =E, Y =q, z =ķ%', 


and the equations of motion for (x, y, z) and (E, 7, £) are identical. 
Here n and y are known constants, and E, 7, € with their derivatives 


are supposed to be known from the provisional calculation of the 


problem when the Earth's rotation is left out of account. 
Substitute from (15) and (16) 1n (11), and we have 


x + 4n -f(t,........2...... Leere. (17) 
where f (t) 2 2n sin y.7' (t) — 2n cos y . E (t) + E” (t). 


This differential equation can be solved by the method of the variation 


of constants; or by the employment of the Abdank-Abakanowitz in- 
tegrator, 1t can be solved mechanically. 


Consequently, « is found as a function of t, and 2’ as well. 
A further mechanical integration of (12) and (13) will give y and z 
as functions of f£, and so the position of the projectile 1s known at 
any time under the influence of gravity, air resistance, and the rotation 


of the Earth. 
. Integration of (17) gives 


t t 
ance ate ted | f (t) cos 2ntdt — — cos Ant | f(t) sin 2ntdt, 
on Jo 2n Jo 


and thus we have got E + T OE (I) 
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where 


| t ! 
Ax = + 2n sin y sin 2nt | n sin 2ntdt + 2n sin y cos 2nt [m cos 2ntdt 
| JO 
— 2n cos y sin 2nt E sin 2ntdt — 2n cos y cos 2nt E cos 2ntdt 


— 2n sin 2nt | E cos 2ntdt — 2n cos 2nt | E sin 2ntdt ; 


(LII A ———————R (II) 
f 
Ay=—2nsiny | ædt; 
0 
Ll —————— (IIT) 


t 
Az — 2n cos y] x dt, 
0 


where the value of x 1n (I) 1s to be substituted. 
The integrals, | 


sin 
\é N, €) cos 2nt dt, 


are to be evaluated by the Integraph. 
No definite function of the law of air resistance need be assumed 
here in this method, which has been employed by the author since 


1909. : 
It 1s evident that the expressions 1n (I), (II), (III) hold good also 
In à vacuum. 

Example. A shell, 30:5 cm calibre, weight 445 kg, length 3:5 calibres, radius 
of point 2 calibres, is fired with initial velocity vy — 820 m/sec at an angle of de- 
parture 44° to the North, in latitude y=54°; barometric height on the ground 
760 mm, temperature of the air 15°5 C, relative. humidity 50 ?/, ; final rifling of 
the gun, 25 calibres. 

Leaving out of account the rotation of the Earth, the calculations gave: in a. 
vacuum, range 68500 m, height of vertex 16500 m; in air, range 33900 m, 
abscissa of vertex 19400 m, ordinate of vertex 10980 m. 

If the influence of the Earth's rotation is to be calculated, then in the preceding 
notation, 7 and ¢ are calculated as functions of ¢ according to Chap. VIII, § 41, 
and £ in $ 56: and | 

j-Ntan A. 1 (6. zu adi), 


where A is the final angle of twist, / the length of the shell in calibres, and X an 
empirical factor, taken as A=1'158; and thus it was found by the Integraph that. 


T T 

| n sin 2ntdt= 15872, | n cos 2nt dt — 1824000, 
0 J 0 

| ( sin 2ntdt= 4544, | € cos 2ntdt = 688000, 


| É cos 2nt dt = 80720, | É sin 2ntdt — 2264. 
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Insert these values of 2’, ,/,’ from (25) to (27) in (22) to (24), and neglect the term 


Dr " 
rn) $ and we obtain 


& = — 2n sin y. ( — 2n cos ysin 8.9 +E”, 


involving n°, by comparison with n, since n= ( 


and corresponding results in the other equations ; then by integration 
t 
L= E — nsin y' ( dt — 2n cos y sin B | ndt, 
0 


and so too for the others. 

This method of solution has been used lately by N. Sabudski, and the problem 
reduced to finite formulae, for which he has calculated convenient tables. 

It might possibly be objected to the St Robert-Sabudski method, that proof 
is required .as to whether the omission of the term with n? is allowable in com- 
parison With the term in n. ! 

Because the method implies that — 222 sin y and — 2ny cos y sin 8 in comparison 
with £', as well as 2nx cos 4 sin 8 and 2nz cos y cos 8 in comparison with »', and 
finally 22x sin y and 2ny cos y cos 8 in comparison with (^, may be neglected. 

The method of the author is free from these approximations; as a matter of 
fact the example shows that the twó methods give results in reasonable agreement, 
so that in this case the tables of Sabudski may be employed. 


3 49. The lateral deflection of the infantry 
bullet with bayonet fixed. 


It was observed for a long time that if the bayonet was fixed on the right-hand 
side of the barrel, the bullet was deflected to the left. 

In the official text-books of the seventies and eighties of the last century 
(Stacharowski, Neumann, Weygand, Hentsch) this result was treated as a definite 
fact, without any very obvious cause. 

It was first supposed that the gases exercised a reactive pressure, which was 
due to the blade of the bayonet: but this was soon found to be insufficient. The 
deflection disappears, if the rifle is fired close to a wall and in a direction parallel 
to it, the bayonet having been removed. Further the deviation is sometimes 
greater, if the bayonet is fixed at right angles to the bore. | 

Formerly, about 15 or 18 years ago, the recoil of the rifle and bayonet was 
treated as the motion of a rigid system due to the reaction of the gas pressure, 
the rotation being to the right in consequence of the position of the centre of 
gravity of the whole body. 

A mathematical explanation based on these mechanical principles was given 
by the author in 1885, and in 1888 it was worked out by F. Kótter, employing 
the principle of angular momentum. 

Later the author became acquainted with facts which could not be reconciled 
with these explanations. 

The deviation to the right with bayonet on the left, and vice versa, is not 
universal, but depends on the design of rifle. 

It was pointed out by A. Ch. Minarelli-Fitzgerald that in the Austrian rifle, 
the deviation was sometimes to the right, and sometimes to the left. The same 
was found to be the case with the German rifle M. 88. 


S 49] Lateral deviations of a shell 307 


Moreover if the recoil of the rifle M. 71 was prevented, and if the bayonet was 
fixed not to the right, but below, a deviation to the left was still observed, although 
it was to be expected from the second of the explanations that deviation would be 
absent. 

The real cause is found in the elastic deformation due to the initial transversal 
vibrations of the barrel; consult Vol. 111, $$ 154 and 183. The vibrations of the 
barrel of the rifle M. 71 were investigated by photographic methods by K. R. Koch 
and the author, and the following results were obtained: 

Just after the explosion the barrel begins a transverse vibration, in the 
fundamental tone and its overtones. The muzzle then starts to move up and 
down, right and left, and so performs elliptic vibrations. 

As far as concerns the horizontal swing, the muzzle moves first to the left, then 
back through the position of equilibrium to the right, and so on. The bullet 
leaves the barrel while the muzzle is somewhat to the right, and the moment at 
which the bullet issues is registered on the spark photograph. This bending of 
the muzzle throws the bullet somewhat to the right. This happens when no 
bayonet is fixed. 

But now when the bayonet is fixed, the vibrations are naturally somewhat 
slower, because the swinging mass is greater; and it might be supposed that the 
forepart of the barrel is still bent to the left while the bullet is leaving the muzzle. 

As a matter of fact the photograph shows both the slowing of the vibrations 
and the deflection of the muzzle to the left at that instant. As for the direction 
of the bullet, whether to right or left, the second overtone in these horizontal 
vibrations appeared to be the chief factor, combined too with the first or ‘third 
overtone. Without the bayonet the time of vibration was about 0:0016 sec; it 
was 00036 sec when the bayonet was fixed. The bullet threw to the left, corre- 
sponding to the deformation of the barrel and the phase of the vibration. 

The explanation of the effect in question can be found in the fact that the 
elastic deformation of the barrel in the initial transversal vibrations is altered 
by the mass of the bayonet attached. 

By decreasing the amount of the powder, and using always the same rifle, it 
was found that the bullet could be made to leave the bore at a later phase of the 
second harmonic: consequently, with the bayonet always attached in the same 
way, it was found possible to have deflections both to the right and to the left. 


20—2 


CHAPTER X 


Lateral deviations due to rotation of the shell 


§ 50. Deviations of spherical shells. 


The deviations of this nature with the old type of spherical 
shell were irregular, and were produced by the rotation of the cannon 


balls. 


These rotations were caused by the fact that some play remained 
between the cannon ball and the wall of the bore, and the ball re- 
bounded several times at the wall of the bore; beside this the 
escaping gases forced a way past the ball from time to time, and 


this friction caused the ball to rotate. 
With the object of controlling the rotation of the ball so as to 


give a definite constant deviation, eccentric cannon balls were em- 
ployed about the year 1830. 

If such a ball were placed in the bu with the centre of gravity 
downwards, for instance, and fired off, the ball rotated, at first at 
least, about a horizontal axis, with the upper side going forward and 
the under side backward. This happened because the resultant 
pressure of the gases was directed through the geometrical centre of 
the ball, and this was situated above the centre of gravity. 


C. C. below 


= } 
z = 29 Paces P 


III EN NINA 


TRE 


Thence a deviation of the centre of gravity of the ball down- 
wards, a shortening of the trajectory, and generally an increase in 
the angle of descent followed as natural consequences. 
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Charge 


12 


12 


12 


24 
24 
24 


24 


24 


24 


Angle of departure 


20 


20 


70 


70 


80 


80 


80 


80 


85 


85 


Position of centre of 
gravity 1n the bore 


en Tuner 


above centre 


below centre 


to right 


above centre 
below centre 


to right 


to left 


above centre 


below centre 


above centre 


below centre 


above centre 


below centre 


to right 


above centre 


below centre 


to right - 


Number of tests 


— M 


10 


10 


10 


10 


10 


10 


10 


10 


10 


Mean range 


393 


dll 


369 


132 


611 


375 


— 29:3 


413 


200 


Difference between 


maximum and 
minimum range 


© W 


61 


60 


64 


68 


14 


Mean drift 


1:2 to right 


5:9 to left 


41°2 to right 


18:9 to left 
13:3 to left 


56:3 tonight 


40:9 to left 


1:5 to left 


3:4 to left 


4:1 to left 


1:3 to left. 


14:3 to left 
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30 


11 


46 


36 


85 


23:8 to right | 102 


1958 toright 


21 tonight 


7:5 to right 
306 toright 


Bo 


5 


Breadth of drift 


[CH. X 


Number of drifts to 
either side 


6 to right 
4 to left 


2 to right 
8 to left 


10 to right 
10 to left 


1 to right 
9 to left 


3 to right 


7 to left 


6 to left 

| without 
drift 

f2 to right 
L8 to left 


4 to right 
|; to left 

] without 
| drift 


3 to nght 

6 to left 

1 without 
drift 


1 to right 
2 to left 


f4 to right 
| 1 to left 


| (2 to right 
] to left 


2 to right 
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e © = = 
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9 | Z 9 - = 18553 3 > LE 
ED o -— Š = 32 8 o = lee 
S| 4 25 Z zo Joga = 5 = 
Ol og LES Z EE- = = 
< E A t 2 
"ET a i , (4 to right 
4 | 13:5 | in front 10 117 | 266 0:7 toleft | 21 6 to left 
| 3 to right 
} | 1355 | behind 10) 720 | 154 | 21 toleft | 26 |- | without 
| la to left 
oF : (1 to right 
4 | 13:5 | above centre | 10 907 223 7'6 to left | 24 19 to left 
4 | 13:5 | belowcentre| 10 | 568 71 1 toleft | 19 | / 2 to right 
l 7 to left 
4 | 13:5 | to right 5 646 | 114 | 38 toright| 18) 5toright 
} | 13:5 | to left 5| 613 | 78 | 30 toleft | 11] 5toleft 
14 | 10 | behind 10 | 1328 | 543 | 9 toleft | ga | J? to right 
5 to left 
1 | | -> | f6 to right 
14 | 10 | above 11 | 2316 | 244 | 15'9toright]173 5 to left 
1 r c f4 to right 
14 | 10 | below 10 | 1055 84 2 toleft | 21 |6 to left 
14 | 10 | to left 10 | 1424 92 |133°8toleft | 39 | 10 to left 


The three forces, weight g of the suspended mass, the upward thrust, and the 
weight @ of the ball alone, considered as concentrated in the centre of gravity, 
maintain the equilibrium: the angles a and ß 
are measured, and then from the equation of Duoyancy 
moments we have | 


qr cos B= Qx sin a, Attached 
- weight 
from which the magnitude of x, the eccentricity, K 


can be inferred. 
The rotational velocity is determined, either 
by calculation from the gas and atmospheric 


: [ ag 
pressures, or With more certainty by measure- TE — 
ment. QuicksdveP —— 

A screen was set up at a short distance from Q 


the muzzle; marks placed on the shell made 
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a record in its passage through the screen, and so the rotational position of 
the ball was known. For example, it was found that with balls of 15 cm calibre, 
and with a charge of 0:5 kg of powder, the ball at- the start was making 18°8 
turns a second ; this corresponds to an initial circumferential velocity of rotation 
of 5 m/sec, equal to Z of the velocity of translation. 

The explanation of the deviation of shells, due to rotation, has been debated 
by ballisticians since the middle of the eighteenth century, partly because the 
Berlin Academy proposed this subject for a Prize Essay. 

The names of the following may be mentioned: Robins 1742, on the altera- 
tion of the direction of the air resistance due to the rotation: Euler 1745, on the 
effect of the irregular rounding of the ball, and of the gyroscopic effect: Lombard 
in 1783, and Poisson later: Rohde in 1795, who sought for the effect in the 
driving force of the fuse: Hutton 1812, Gassendi 1819, Paixhans 1822, Ter- 
quem 1826, Neumann, on the centrifugal force of the shell as the cause of the 

deviation: Timmerhans 1841, who argued correctly that the 


Q cause of the deviation must lie outside the bore, because the 
B 4, drift increased more rapidly than the range. Didion 
4 S 1841 and Otto 1843 came very nearly to the right explana- 


tion; Otto remarked that “If two elements of surface 4° 

and B are taken, equidistant from the diameter lying in the 

1 direction of the motion of flight, the element B, which has its 

velocity increased by the rotation, condenses the air more than 

the element A, which has its velocity diminished by the rotation.” Otto has not 

assumed that the layer ofair, in contact with the surface of the ball, must adhere 
to it, which would have given the solution for the case of the spherical shell. 


The methods of Poisson (1839) and Magnus (1852) must now be 
considered. 

S. D. Poisson proceeded in a purely theoretical manner; he cal- 
culated the influence of the rotation of the Earth, and proved that 
it did not suffice to explain so great a deviation. 

Next he took into account the differences of air density round 
the shell, which may be supposed to be rotating about a horizontal 
axis, with the upper side going forward relatively to the lower 
side. 

The air density 1n consequence 1s greater in the front than in the 
rear of the shell; and so he concluded that the friction between the 
shell and the air would be greater in front than behind. The ball 
will be urged upward 1n consequence, Just like a ball rotating 1n the 
same way in contact with a rough cushion in front, and seeking to 
rol upward on the cushion. (Similar effects are well known with, 
bowls, billiard balls, etc.) This effect 1s called the Poisson effect, or 
cushioning. Poisson recognised that this effect of the tangential 
air friction could not account for the amount of the actual deviation, 
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a deflection of the centre of gravity of the sphere downwards, as 
if the weight of the ball were in- 


creased. | 
- | The result wıll then be as follows: 
— A AP S/ream B 


— Deflection downward (or upward) if 
the sphere rotates about a horizontal 
axis and turns forward above (or back- 
ward); and deflection to the nght (or 

left) if the sphere rotates about a 

vertical axis from the left forward (or backward). 

Lately the matter has been described in a different way by 
F. W. Lanchester, England. He takes into account the surface of 
instability which stretches to the rear of the flying body, but it 1s 
not possible to enter into further details. 

A quantitative theory of the deviation of a sphere under the 
influence of the adhering air (Magnus effect) was attempted later by 
Hélie and also by Tait. Tait started on the analogous deviation of a 
golf or tennis ball, and assumed a deviating force proportional to the 
product of the velocity of translation, v, and of the velocity of rota- 
tion, the latter to be treated as constant. The deviating force 1s 
then proportional to v alone; and for a rotation about a horizontal 
axis, from above forward, g must be replaced by 9g — pv, as pointed 
out already by Didion. 
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. Calculation shows that with this sort of rotation a path is 
obtained, which at the ends 1s concave upwards. And it 1s not 1m- 
possible that the curve may have a vertex 1n the shape of a sharp 
point directed upward. 

In consequence, in a discussion of the case of a spherical shell 
when rotation 1s taken into-account, the figures will require to be 
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altered to some extent. For further details and the literature of 
the subject, consult the Report made by G. W. Walker in the 


Encyclopaedia of Mathematical Sciences, Vol. 1v, 9, 2c, “Games and 
Sport. 
Some experiments were made too by Tait on rotating wooden 


balls, suspended by wires. 
Colonel Ludwig constructed in 1853 a machine, by means of 


which the influence of the rotation of a sphere on the shape of the 
trajectory could be demonstrated as 1n the figure. 


$91. Deviation of rotating elongated shell.‘ Results of 
experiment. 


The effort to obtain results by an increase in the mass of the 
shell without a simultaneous increase in the calibre, led up to the 
systematic employment of elongated shells; and this led again to 
the introduction of helical grooves in the bore, whereby the shell 
received a rotation, more or less rapid, about the long axis, as a 
means of ensuring stability of flight through the air. 

Even before the introduction of firearms, with spears and arrows, . 
a rotation about the long axis was provided for the same reason. 

In the case of rotating elongated shells, deviations arise of definite 
direction, due to the rotation of the shell, and these are both ın the 
plane of fire and perpendicular to 1t. 

The latter, as the most important, will receive closer attention in 
the sequel. b 

With right-handed rifling, the deviation 1s generally to the right, 
and to the left in left-handed rifling, as for instance ın the Italian 
held gun. | 

The deviation increases more rapidly than the range; the tra- 
jectory 1s consequently a curve of double curvature; and with right- 
handed rifling, at least 1n the vast majority of cases, the curve.runs 
to the nght of the plane of fire and the horizontal projection, seen 
from the plane of fire, is in general convex. 

These lateral deviations, as they are of considerable magnitude, 
are well known im artillery work and are corrected by adjusting 
the sights. 

As for the absolute magnitude of the lateral deviation for direct 
fire, with an angle of departure between 0° and 45°, some numerical 


values are here given, which were obtained with the French guns. 
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According to Helie the French 16 cm gun was used, calibre 
162:3 mm, and final angle of twist 6° 30°; weight 30:4 kg, length 
3/1 mm, and semi-angle of the point of the ogive y= 41° 51^. The 
initial velocity v, was 334 m/sec, error in the angle of departure 
(jump) 12’. 

In the following table the range is given, the ‘angle of de- 
parture ¢, the lateral deviation due to the rotation of the shell, and 
the number of rounds. 


Range Angle of departure Lateral deviation | Number of rounds 
A metres . z metres n 

1806 5° 24’ 18” 72 | 70 

8108 10° 17 43° 290 90 

0688 95° 12’ 0 182:0 80 

6579 35 12’ 0” 324°5 60 


The lateral deviation increases more rapidly than the range, and 
thus the trajectory is a curve of double curvature; this is seen 
further from the following table for the lateral deviation given by 
the French field gun M. 1897; calibre 75 mm, constant angle of 
rifling 7, maximum gas: pressure 2400 kg/cm?, weight of the 
shrapnel 7:24 kg, length of shell 290 mm, initial velocity v, = 529 
m/sec, Jump + 7’; right-handed rifling. 


| 


Range | Angle of departure | Drift, right, 
! | p | Z 


Range | Angle of departure! Drift, right, 
j 


z A | 

| 

| 
1°. 6 O-4 6000 ! . 14° 3 54:0 
9? 43 | 9:9 7000 | 18° 50’ 95:0 
4° 46' | 6:5 8000 | 95° 53' 172:9 
7° 16 | 149 8500 32° 41 964:3 

10? 19' 29:3 


Experiment has shown that, under given conditions, the lateral drift 
on the muzzle-horizon increases with the calibre, the final angle of twist, 
the initial velocity of the shell, the angle of departure, and the blunt- 
ness of the point of the shell. As regards the angle of departure 
this holds only within certain limits, which will be investigated in 
the sequel. It decreases, however, when the weight of the shell 1s 
increased. 
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periments of 1881, with two different weights, lengths, and initial 
velocities. 


Lateral deviation 
Angle of 2" arture with left- — rifling | 


45° 386 m, left 
60° 562 , 
70" 715 4, 5 
T5 328 m, right 
80° 290 , y 
- 
Weight 12 kg, Weight 14 kg, 
Length 343 mm, Length 392 mm, 
va = 535:5 m/sec vy — 004:5 m/sec 
Lateral deviation, | Lateral deviation, 
. | Angle of departure | left-hand twist Angle of departure left-hand twist | 
Ó | z Ó Zz | 
49? 4’ | 525°9 left 42° 4' 430°2 left "- 
57? 4' 53399 ., 57° 4' 4215 ,, 
69 4' , | 8290 ,, 69° 4’ 6408 ,, 
80° 4 | 86590 right 80° 4’ 420°3 right 


Consequently, with these two guns, the deviation changes sign 
between 70° and 80". 

At the same time it was observed, that with left-hand twist and 
drift to the right, or right-hand twist and drift to the left, the shell 
struck the ground base first. 

With bullets the same change must be present; this takes place 
at 82° with the bullet of the French infantry. At this elevation the 
maximum drift to the right must be unstable and change into the 
maximum drift to the left. | 

In consequence of thıs ırregularıty, the change wıll show ıtself 
in equal drifts to the right and left at a certain definite elevation, 
and at a greater elevation the left-hand drift will begin to pre- 
ponderate. 

Shooting vertically upward, the regular lateral deviation must 
vanish again. In fact, 1t 1s only the influence of the wind and the 
error in the angle of departure that can produce a deviation from 
the vertical direction of motion. 
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Besides, the shell ın such a case remains for the most part 
parallel to itself, and so arrives again with the base downward. 


$52. What is the nature of the flight of an elongated 
rotating shell? 


some of the facts concerning the lateral deviations due to the 
rotation of the shell and the position of the point of descent on 
the muzzle horizon have already been mentioned. 

before investigating these lateral deviations, the question arises 
as to what 1s the reason why an ordinary artillery projectile, fired 
from a rifled gun at an angle of elevation between 0° and 50^, always, 
or nearly always, strikes the ground with the point foremost ? 

The shell is like a spinning top. It might thus be expected 
that the axis of the shell will remain parallel to itself; and that 
the shell will strike the ground in a slanting position, so that the 
base will be the first part to touch the ground. 

Three cases arise, according to the degree of stability of the shell. 


(a) Stability of the shell too great. 


In this case the axis of the shell appears to remain parallel to 
itself, as represented 1n fig. a. 

If the initial velocity 1s small enough, the position of the axis 
of the shell in the air can be followed clearly by the eye, and the 
shell strikes the ground with a part of the base. 

But this parallelism of the axis 1s only apparent; actually the 
point of the shell, as seen from the gun, must point somewhat to the 
right with à right-hand twist, and the axis of the shell must make 
an angle with the horizon slightly less than the departure angle. 


In this case the drift 1s great; the range 1s 1n general somewhat 
less than in a normal case. On the other hand, it seems that in 
consequence of the frictional drag of the air against the shell 


in this sort of flight, the range in extreme cases can prove to be 
greater than in a vacuum; this has been attested by Minarelli 
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and N. Sabudski. Such would be the case when the rotation of the 


shell or 1ts moment of inertia about the axis of figure 1s too great, 
or ıf the length of the shell has been chosen too small 1n relation 
to the angle of the rifling. 


(b) Stability of the shell too small. 


This state 1s present when, for instance, the angle of twist 1s too 
small, or the length of the shell has been made too large, or un- 
symmetrical lateral shock arises from the escaping gases as the shell 
leaves the muzzle of the gun. 

The axis of the shell then makes violent nutational gyrations 
about the centre of gravity, as shown 1n the figure. 


There are visible conical vibrations about the instantaneous 
tangent of the trajectory as axis of the cone: a closer description of 
the results will follow later on. 

In extreme cases the shell appears as a large dise, when observed 
from the gun; the range 18 much too small: the errors are great. 
A strong whizzing 1s to be heard and there are powerful periodic 
impulses in the flight through the air. 


(c) Stability of the shell correct. 


The shell flies so that the axıs coincides with the instantaneous 
tangent to the path of the centre of gravity. When the initial 


velocity of the shell 1s small enough, and the trajectory 1s observed 
from the side, the point of the shell 1s seen directed upward as far as 
the vertex, of the trajectory ; at the vertex the axis of the shell 1s 
horizontal: and then the point of the shell sinks down, till: finally 
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Moreover, the arrow-like action of a rotating elongated pro- 


jectile is merely apparent, and the nature of the motion of the 


‘elongated shell 1s in reality not identical with the flight of an 
arrow. 


As a matter of fact the axis of the shell does not remain exactly 
in the tangent to the path; but the point of the shell is found 
alternately above and below the tangent, and, neglecting nutation, 
it is permanently to the right of the vertical plane through the 


tangent. ‘These details of the movement of the shell are to be taken 
into consideration later on, in § 54, etc. 


$93. Various explanations of the lateral deviation or drift of 
a rotating elongated shell. 


A purely qualitative explanation of the regular lateral devia- 
tion of an elongated projectile, fired from a gun rıfled with a rıght- 
handed twist, may now be given: a quantitative treatment will 
follow ın § 56. 


In a vacuum the axis of the shell would retain ıts original direction 
In space, provided it were a principal axis and also the axis of 
original rotation, ıf nutations due to shock were ignored. Gravity 
acts solely in producing a curvature of the path of the centre of 
gravity in the plane of fire, and cannot produce a double curvature ; 


this would have to be due to some other force, acting at nght angles 
to the plane of fire. 


As to the “centrifugal force of the shell,” acting as a deviating 
force, many erroneous opinions have been expressed. 
A centrifugal force can only be taken into account when a 


body rotating about an axis reacts on another body, and con- 
versely. 


This 1s the case, for instance, when the mutual action between two 
particles of the same rotating shell is considered, as in the treatment 
of the ngidity of the body; or else when the movement of shrapnel- 
shell, or explosive shell 1s considered, bursting after the explosion. 
In an instruction book published in 1894 it 1s stated: “ Concerning 
the cause of the drift to the right, different views are given. It can 
be explained, for example, as follows: Since the bullet rotates from 


left to rıght, seen from behind, the rotation in the left-hand half 


acts against the attraction of the Earth, whereas it' works with 
gravity in the right-hand half. 
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“The swing to the right is thus stronger, and the bullet deviates 
out of the vertical plane to the right, and this increases the further 


the bullet flies.” 
If this explanation had any truth in it, a millstone, or the fly- 


wheel of a machine, or a circular saw, would jump out of their 


bearings, 1f the covers were removed. 
There are, as a matter of fact, three main causes at work, and 


these will be considered separately. 


(a) The action of the air adhering to the shell. 


Suppose an elongated shell to be fired at an angle of 50°, and 
that the centre of gravity has reached the neighbourhood of the 
vertex S. There seems no cause at work to alter the direction 1n space 
of the axis of the rotating elongated shell: and so ıt makes an angle 
of 50° with the tangent to the trajectory, as in the figure. 

Instead of this it can be assumed that the centre of gravity of 
the shell 1s at rest 1n space, and that the air streams past it with a 
corresponding velocity, parallel to the tangent to the path. 


This stream of air is shown 1n the figure by the curves B and D, 
with the stream B on the near side, and the stream D on the far 
side of the rotating shell. 

But then, in addition, the air adhering to the shell will be whirled 
round by ıt. This adhering air moves round the near side of the shell 
in the direction of the arrow A and so has a component of velocity 
in the same direction as the current B of the first-named air stream. 
On the far side of the shell on the contrary, the adhering air, moving 
in the direction of the arrow C, has a component which opposes the 
air streaming against the shell. 


The resultant effects are then similar to those described already 
21—2 
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in 550 for cannon balls; this effect may be described under the name 
of the “ Magnus effect.” 

The effect consists in a rarefaction on the left of the shell, and 
a condensation on the right. In consequence with the right-hand 
rifling there 1s an excess of pressure from right to left, and so a 
deviation ensues to the left. 

As a matter of fact the deviation which arises ıs to the nght 
and not to the left; so that this effect alone cannot explain the 
actual result. Other influences must be at work to alter it. 


It may be well to mention a theory, brought forward by A. Dähne, in 1884. 
He assumed that this adhering air, revolving with the shell, was the main cause, 
but that the resultant of the air resistance cut the axis of the shell behind the 
centre of gravity. Consequently an excess of pressure existed from right to left 
between the centre of gravity and base of the shell. The base is thereby driven 
to the left, and the point of the shell to the right. The air resistance then acts 
against the shell as against a sail set aslant, and presses the shell on the whole 
to the right. | 

This theory sounds plausible; but it is unconvincing, seeing that the point 
of application of the resultant air resistance lies actually in front of the centre 
of gravity, as shown ın $ 52. 


(b) The cushioning action. 


Assume again that there 1s an appreciable angle between the 
axis of the shell and the tangent to the path; and that the point of 
the shell 1s above the tangent, as 1n the figure. 


flxed Cosa? 


b) 


Assume further that the shell 1s rotating 1n a fixed position, and 
that the air 18 streaming past 1t, as before. 

A condensation 1s produced in the air on the front of the shell, 
that 1s on the side towards the target; and on the rear side, towards 
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The axis of the Earth describes a complete cone ın 26,000 years, 
with a semi-vertical angle of 233 degrees; and the pole, or the point 
where the axis of the Earth produced meets the sky, ıs in per- 
petual motion, and describes a circle round the pole of the ecliptic 
as its centre. This is the cause of the Precession of the Equinoxes. 

When these ideas are applied to the rotating shell, considered 
as a spinning top, and it 1s assumed, as before, that the centre of 
gravity of the shell 1s at rest, and that the air streams past 1t with 
reversed velocity, and so reacts on the shell, the following facts re- 


present the conditions. 
The point of support of the top 1s to be considered as being the 


centre of gravity of the shell, supposed fixed; SO is the direction 
of the motion of the centre of gravity or of the tangent to the path ; 
thus the air streams past the shell parallel to OS, with its centre of 
gravity supposed fixed; SB 1s here the axis of the shell, making at 
the moment an angle OSB with the tangent SO of the path. The 
shell 1s supposed to rotate about its axis 1n the direction of the 
arrow, that 1s with a right-hand twist as seen from S. 

The weight W, concentrated at the centre of gravity A, 1s to 
be replaced by the resultant air resistance W, arising from the air 
streaming past; the point of application 1s at A, which 1s between 
S the centre of gravity of the shell and B the point. 

The point B of the shell must consequently move at right angles 
to the plane OSB, and to the right, as seen from 5. 

If however the point of the shell moves to the right, the air, 
Streaming past an elongated shell of the usual shape, presses more 
against the left side of the shell than against the right. The air acts, 
as explained already, against the shell, like the wind against a sail 
or board, and presses the shell on the whole towards the right of the 
plane of fire. Drift ıs thereby given to the right with right-hand 
twist. 

This 1s the explanation of the drift of a rotating elongated pro- 
jectile. It can easily be shown that of the three causes in action, 


(a), (b), (c), the gyroscopic effort exceeds the other two in mag- 
nitude. 


An elongated shell is fired at an angle of about 40° from a gun 
with a rapid final twist; let us consider 1t when it 1s near the vertex 
S of the trajectory, and situated so that the point of the shell 1s 
somewhat above the tangent to the path. 

The action (a) of the adhering air (Magnus effect) would 
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account only for a dnft to the left. But as the drift is actually 
to the nght, the gyroscopic effect (c) 1s greater than this Magnus 
effect (a). 

The action of (c) 1s greater too than the cushioning effect (b) 
(Poisson effect), the only other one which accounts for a drift to the 
right. The two causes (a) and-(b) (Magnus effect and Poisson 
effect) are certainly present with spherical rotating shells. But in 
reality a rotating sphere, as shown in § 50, 1s subject to the effect 
of the adhering air, and not to the cushion effect, as this last effect 
alone would give the wrong direction to the drift. 


The following conclusions are therefore drawn: 
gyroscopic effect (c) > effect (a) of the adhering air, 


effect (a) of the adhering air > cushion effect (b), 


gyroscopic effect (c) > > cushion effect (6). 


At the utmost the gyroscopic effect can only be decreased or 
increased slightly by the other two effects; but the chief influence 
is the gyroscopic action. 

Other questions remain to be considered. 

In the first place the following point may be raised: if the 
comparison 1s to be complete, between the action of gravity in pro- 
ducing precession 1n the top and the shell, the point should describe 
a complete circle round the direction of the air resistance, and so 
approximately round the tangent to the path. 

Relatively to the vertical plane the point of the shell must first 
move to the rıght and downward, then to the left, and again upward. 
It might be expected that a drift would ensue alternately to the 
right and left. What 1s the reason why the drift to the right does 
not change later into a drift to the left ? 

These difficulties were considered by G. Magnus, 1850, A. Paalzow, 
1867, and E. Kummer, 1875. 

As in the cases of the angle of departure between 0° and 50°, 
right-hand drift alone arises with nght-hand twist, they assumed 
arbitrarily that the conical motion of the axis of the shell was so 
slow that the axis had only time to move to the nght and some- 


what downward, before the shell struck the ground. 
But this assumption does not apply universally. When the 
appropriate formulae of gyroscopic motion are applied to this case, 


so that the moment of air resistance replaces the moment of gravity, 
and the impulse of projection of the shell replaces the gyroscopic 
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impulse, the result 1s that the time of a complete revolution of pre- 
cession 1s greater than the total time of flight only 1n the case of an 
excessive twist; ın fact 1n a well-designed gun numerous complete 
turns of precession are made during the total time of flight. 

Thus for example : 


Time of acomplete | Number of revolutions 


precessional revolution per second 
In the old heavy field gun: | 
(a` at the beginning of the 
trajectory ... - 077 sec 1:4 
(b) at the end of the tra- 
Jectory "E 0:3 ,, 3:3 
In a mortar ... - - BT a 4 
In the infantry rifle ... O'll, 9:1 


The correct solution of the difficulty 1s as follows. 

The comparison between the motion of a rotating elongated shell 
and the motion of a symmetrical top moving about a fixed support 
under the influence of gravity alone, 1s not such that the 1mpulsive 
momentum of the top 1s replaced merely by the 1mpulse received by 
the shell, and the moment of gravity by that of the air resistance. 

The idea of stabilising an elongated shell in flight through the 
air by means of a rotation 1s derived from the oldest practical ap- 
plication of the gyroscopic principle; among all the various technical 
cases of gyroscopic motion as applied to the bicycle, monorail, gyro- 
compass, etc., the movement of a shell 1s certainly the most compli- 
cated. For while in the ordinary spinning top, the force of gravity 
producing the motion of precession is constant in magnitude and 
direction, in the case of the elongated shell the resistance of the air- 
is variable in magnitude and in direction, and 1n point of application. 

The consequence is that the axis of the shell does not describe a 
circular cone, and the point of the shell does not move round in a 
complete circle about the initial tangent or any other position of the 
tangent. Neglecting nutation, the point of the shell describes in 
space a cycloidal curve, and the axis of the shell a cycloidal cone, 
lying on the right-hand side of the vertical plane through the 
tangent. 

Otherwise, considered relatively to the tangent, the point of the 
shell is found always to the right of the tangent, and alternately 
above and below. 
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if the top appears to rotate clockwise. A man may be supposed to stand in 
SB with his feet at S; and then he sees the rotation to the right in the direction 
of the arrow. 

If a definite system of coordinates is not necessary, a vector may be employed 
to represent any quantity, such as a velocity, acceleration, a force, angular 
velocity, a couple, and so forth, and its direction is shown by an alrow. 

The corresponding quantity can be denoted by a stroke drawn over it. Thus 
for example in fig. a, a point is moving with a variable velocity. Let the velocity 
at the time ¢ be represented in magnitude and direction by OA or 2, at time 
t+dt by OB or v+dv. Then AB or dv is the vectorial change of velocity 
(geometrical, not algebraical). Divided by dt this gives the acceleration in 
magnitude and direction ; and m = is the force. 

Further suppose a top has a definite position of its axis SB; and let SB=J 
denote the impulse in magnitude and direction. After the time dt suppose the 
axis to be in the position S8,. To give this alteration of position a definite 
impulse change dJ (fig. b) is required. The chief law in gyroscopic theory is 
enunciated by Klein and Sommerfeld in the following convenient form, in analogy 
with Newton’s Law of Acceleration: “The top moves so that the change of 
velocity of the impulse vector in magnitude and direction is equal to the 
moment of the external forces about the point of support.” Here dJ is the 


7 


change of the impulse vector, and its rate of change is E This 1s to be 


equated to the moment, aM, The extremity B of the impulse vector is 


SE 


called by F. Kotter the “twist-point.” Then o is the velocity of the twist- 


point, and the law states: “ The moment of the external forces is equal to the 
velocity of the twist-point.” 

If the impulse vector has turned through the angle dy in the time dt, the 
travel of the twist-point is /dW; and since, in absolute magnitude, J= Cr, then 

dy M 
dt Cr’ 

This is the well-known formula which is of the most frequent use in practical 
gyroscopic problems. 

Now if the axis SB of the top in fig. c is moving in the direction of the arrow 1 
about SB, and is brought into the position SB., the rotation is about the axis SO 
perpendicular to SBB,, and a rotation in the direction of arrow 3 is required; 
the moment Mdt is employed in this infinitesimal rotation dW; the axis of this 
moment is SD, parallel to BB. 

This moment arises When the top is set free, and the centre of gravity of the 
top is not above the point of support S, but in A, where SA=a. Let WW be the 
weight of the top; then the moment of the weight is M= Wa. Gravity draws 
the top about the horizontal line SD, perpendicular to SB, and parallel to BB, ; 


and to an observer looking from D to S, in the direction of the hands of a clock, 
as In arrow 2. 
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The moment of gravity must then be represented by a vector drawn from 
Sto D; and it generates a precession of the top from B to B, and on to D; and 
the axis of the top, ignoring nutation, describes a horizontal plane. 

The precessional angular velocity is then 

dy Wa 

de Cr’ 
Where C is the moment of inertia of the top about its axis of figure; 7 the 
angular velocity of rotation about its axis; W the weight, a the distance between 
the point S and the centre of gravity A. 

The following then is the rule for finding the direction of motion of the axis 
of the top, When the axis is set free: the initial impulse J of the top is to be 
drawn in the correct direction from the point of support S along the axis SB, as a 
vector; and is positive to the side where the direction of rotation is with the 
hands of the clock. The same is done for the moment M of the external forces, 
producing the precession. 

Then imagine a small additional vector dJ= Mdt, drawn through the end, B, 
of the impulse vector J, and parallel to the vector of the turning moment M. 
The line joining the centre of rotation S with the end B, of the additional 
vector gives the position of the axis of the top at the time t+ dt. 

This rule is to be applied in the following treatment of the problem. 


Let the plane of the paper be taken as the plane of fire. The 
shell 1s flying from right to left, or the centre of gravity S of the 
shell may be supposed at rest, while the air 1s streaming from left to 
right against the shell, which is rotating about its long axis with 
angular velocity 7. The resultant air resistance 1s denoted by W. 
The point of intersection of the resultant with the axis is at 4, 
near the point of the shell. 

In consequence of the stability of the shell owing to the rotation, 
the axis makes an angle a with the tangent to the path, but the axis 
is still situated ın the plane of fire. 

The actual impulse J = Cr 1s represented by the vector SB drawn 
from S, the centre of gravity, along the axis. With right-handed 
rifling this vector 1s to be drawn backward, because the shell seen 
from behind 1s turning like the hands of a clock. 

The moment of the air resistance 1s tending to turn the shell 
about a horizontal axis SD drawn through S, the centre of gravity, 
and in the figure this axis 15 drawn forwards perpendicular to the 
plane of the paper; because, as seen from D, the air resistance tends 
to turn the shell 1n the clockwise direction. 

A vector BB, must then be supposed to be drawn through B, 
the end point of the impulse vector, parallel to and in the same 
direction as the moment-vector M or SD, and of magnitude Mdt; 
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and then SB, 1s the new position of the impulse vector and con- 
sequently of the axis of the shell after the time dt. The base of 
the shell moves forward ın consequence, and the point of the shell 1s 


to the further side of the plane of the figure; or seen from the gun 
the point of the shell goes towards the right of the plane of fire. 


Air Resistance 


cu —— ee oe ee GEM aum ume 


The shell starts 1n consequence à motion of precession with the 


M Wa 


angular velocity min in the direction of the twist. 


This causes, as stated already, a motion of the shell towards the 
right. 

The further course of the motion of the shell about the centre of 
gravity 8 will be described ın § 54. 


$94. The movements of precession and nutation of an elongated 
shell in rotation. Rectilinear motion of the centre of gravity. 


The explanation of the gyroscopic movements of a rotating 
elongated projectile will begin with a simple case, where the analogy 
with the theory of the common spinning top under gravity 1s most 
evident. 


A. Shell fired vertically upward or downward without 
lateral 4mpulse. 


The shell 1s of the shape of an elongated figure of revolution, with 
an initial angular velocity r about the axis, and fired vertically 


upward, so that the centre of gravity as a first approximation moves 
in a vertical line. At the start suppose the long axis to make 
an angle y, with the vertical. 
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smallest value: y (are OP,) and its greatest value y, (are OP,); or 
the point of the shell fluctuates continually between two circles, 
P,P,P,... on one side, and P,P,P,... on the other, which are 
described on the surface of the sphere with centre O and radial arcs 
y, and yı This motion 1s called nutation. 

Secondly, the arc P revolves about O, varying periodically, and 
assumes in series the positions OP., OP,, OP;, .... This motion 
ıs called precession. 

As to nutation, the instantaneous angle of inclination y or OSP 
between the axis of the shell and the vertical, or the arc OP on 
the surface of the sphere, 1s given at any time by 


> (!2 2 
P= J| eos eos PE — s eos es nt]... 


Here C denotes the moment of inertia of the shell about 1ts long 
axis SP, A the moment about any axis through S perpendicular 
to the long axis; A is consequently supposed to be greater than C, 


as is actually the case with an elongated shell. 


Then y, = OP, = OP; =... and 


Or? 
= 2 - — 
cos y; —o t (o? -1— 2a cos y), o Wade (2) 


As o increases, so the outer limiting circle lies nearer to the 
inner circle, determined by the initial conditions of the shell; and 


the difference between y, and vy, 1s smaller and also the arcs of nutation 
P,P, P}, PoPsP;, ...; on this account a 1s called the Stability 
Factor. | | 
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The axis of the shell will sometimes sink down to the honzontal 
plane through S; and will then be square to the vertical path, if 


= lm. This occurs when ø = $ sec yo. 
When the nutational oscillations are very small so that the 


higher powers of y, — y, may be neglected, the amplitude e of the 
nutation 18 approximately 


1 9 Wa A sin 
= y= SİN yo = I (wa x MEUM (3) 
The time of a complete arc P4P,P,, or P,P,P,, ... 1s then 
m 2TA 
T, = poto temen (4) 


The plane through SP, the axis of the shell, and the vertical SO 
then revolves about SO with the angular velocity 


The angular velocity 1s thus sometimes zero, that 1s when the 
point of the shell arrives at P,, P,,£,,... on the inner limiting circle, 
of radius y,; on the other hand, it 1s a maximum at the points 


Po d uf oe aan 


The average angular velocity of precession 1s 


W — Us eret etheosesoeos (5) 


This increases as the moment Wa of the air resistance increases, 
and the impulse Cr about the long axis decreases. The time T in 


which the point of the shell describes a complete circle about O is 
then 


If the shell is spinning with right-hand twist (r positive), that 1s, 
so that an observer, looking from 5, the centre of gravity of the shell, 
towards the point, sees it rotating clockwise, and if the air resistance 


cuts the axis in front of the centre of gravity, the precession takes 
place in the same direction as the rotation of the shell about its long 
AXIS. 

In this case, when the point of the shell with right-hand twist 
1s inclined to the left of the plane of the figure at the beginning 
of the motion, and when the air resistance acts ın front of the centre 
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of gravity, the point of the shell moves from the left forwards, and 
then to the right backwards, and the inclination of the axis to the 
vertical alters periodically at the same time. 

The air resistance acts on the shell as against a sail set aslant, 
and the shell moves alternately to the right, backwards, left, and 
downwards. 

The assumption that the centre of gravity of the shell 1s moving 
in the vertical is then to be considered only as a first approximation. 
In a second approximation the centre of gravity describes a certain 
helix about the vertical, through the starting-point. 


Example. Let the initial velocity of the centre of gravity of the shell in a 
vertical direction be vy — 442 m/sec; the final angle of twist A=3° 36’, the half 
calibre ?=0'044m, and so the angular velocity of rotation of the shell about the 
long axis (§ 100) 


. %tanA 442 tan 3°36 | 
r = R =o 762 rad/sec. 


Let the moment of inertia about the long axis be C= 0:00065 kg-m-sec?, 
and then Cr=0:41 ; the moment of inertia about a cross axis through the centre 
of gravity A=4'20, a=0081 m, Wa=3'7 m-kg; then the stability factor o= 41, 
the time of a circuit of precession | 
2a Cr 


T= — 07 sec; 


that is 1:4 revolution/second. 

The time of a nutational oscillation is on the above assumptions 
| Quá 42 
Cr 100 


corresponding to 24 oscillations per second. 


7i 


B. Shooting vertically upward or downward, with initial 
lateral vmpulse. 


As in case A; but at the beginning of the motion an impulse is 

given to the axis of the shell. 
dry d^ | | ! 

At t=0 let 4:7 and “ap = Ue that 1s, at the start, we give 
the axis an angular velocity w; about a horizontal axis through S, 
as though the point P of the shell received a blow outwards in the 
direction of the radial arc OP perpendicular to the boundary circle 
P,P.P,...; and in addition let the axis of the shell receive an 
angular velocity w, about the vertical SO, whereby P is driven in 
the direction of the tangent to that circle. 
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with t, and ù uu? in comparison with 1; and then the small nuta- 

tions may be replaced by the approximate values given by Klein and 

Sommerfeld: 4? 1s replaced by its initial value w?, and then, since 

ur =1-u, : | 
— U, = Wu? — uj? — 1,1, 

Uy — U i sin e 2 Aw;\ 

mE uo VC Cr JE 
Denoting the greatest amplitude of the nutation arc by e,' and 


putting y=% t e, and expanding "e small values of e, then since 
u = u, F use; the amplitude 


Or 


| 2MA | 24w 5 
= ev SIN Yo m (12,2 ~ Ur 3 ; — BOREAS 
_ A nutation will then be completed in the time i 
T — oA (Ch? —4AM + Aww), 2.7) 
and when y, and w, are not too large, this can be replaced by 


"T" T, — 27A = /(C?7? — 4A M). POreerrererr errs rrr (3) 


C. Continuation. 


A more important case 1s where the axis of the shell starts 
vertically, with the.initial direction SO coincident with that of the 
motion of the centre of gravity; but where in addition a lateral 
impulse’ has acted on the axis of the shell. 

In this case y, — 0; the axis of the shell receives the impulse Ay,, 
and has an angular MS yo about an axis through the centre of 
gravity, perpendicular to the axis of 
the shell, 1n consequence ot the vibra- 
tion of the muzzle or some effect of 
the escaping gases. The point of the 
shell then deseribes loops. 

The figure is drawn so that the 
motion of the point of the shell is seen 
from above. 

The loops pass always 1n succession 
through the prolongation of the initial 
tangent, or 1f no error of departure or 

ZI " jump 1S present, through the: pro- 
longation of the axis'of the bore; so that: the axis: of- the 'shell:1s 
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always brought back to the vertical path of the centre of gravity by 
retracing a loop. 


The maximum deviation between the axis of the shell and the 
vertical 18 given by 


A? (y, Y = tan? = ei 5 (or 2AM (1 Tc08y))]  ...... (1) 
At any given time t, when " angle of deviation 18 small and the 


stability 1s great, that 1s when 1, can be neglected 1n comparison with 1, 


(Or? — 4A M) Cr 2M 
y = nan 41 t= sing (7 - z3r 2) 


and a single loop will be described in the time 


and this is independent of the relative magnitude of the initial impulse. 
The axis of the shell revolves thus about the vertical through 
the centre of gravity in the direction of the rotational velocity r, 
received from the rifling, and with the average angular velocity 
dy Cr 
di 7 9345 emen (4) 


Remark. If the axis of the shell at the end of the trajectory lies very nearly 
in the tangent of the path, and the shell strikes a target, it will receive a blow at 
its front end. 

If this blow is given from below and upwards, with right-hand twist, the point 
of the shell swerves upwards and then to the right; if the blow is from left to 
right, the point of the shell swerves to the right and down; if the shell is struck 
at the front end from above downwards, the point swerves downwards and to the 
left: finally if the blow is from right to left, the point swerves to the left and 
upwards. 

At the impact of the shell on the ground, the blow in most cases will be given 
from below and upwards, and so the shell swerves to the right. 

If the shell penetrates into a bank of earth, the powerful nutation will in 
some cases cause a complete reversal of the path of the shell. 


D. Rectilinear motion of the centre of gravity, with inaccurate 
distribution of the mass of the shell. 


This case will arise in the immediate neighbourhood of the 
muzzle of the gun. 
While the shell 1s moving up the bore of the gun, the pressure of 


22—2 
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the gases preponderates, and thereby the shell undergoes an ac- 
celeration right up to the muzzle, and even for a short distance 
beyond. 

A point must then exist where the shell undergoes neither an 
acceleration ın the direction of the prolongation of the axis of the 
bore, nor a retardation ; and where 1t can be assumed approximately 
that no external force acts on the shell, leaving gravity out of account, 
as that does not affect the motion of the shell about the centre of 
gravity. | 

Ihe corresponding motion of the axis of the shell can be con- 
sidered in different ways. Concerning this, two modes:of repre- 
sentation, due to Poinsot, may be mentioned which may be applied 
to the shell. 

The motion of the shell 1s defined through 1ts momental PRI 
Let this be a prolate ellipsoid of revolution, with semi-axes 7 > i "t 
where C denotes the moment of inertia of the shell about its long 
axis, and A 1s that about a cross axis through the centre of gravity, 
and it 1s assumed that A » C. 

If the shell 15 symmetrical, the C axis of the momental epus 
coincides with the axis of the shell. 

But in the case where the distribution of mass is not symmetrical 
in relation to the axis of figure, these two axes make an angle with 
each other. 

At the instant when the shell 1s free after leaving the muzzle, 
suppose SB to be the direction of the 
instantaneous axis of rotation, and w to 
be the magnitude of the resultant an- 
gular velocity. 

In the case where the mass of the shell 
is distributed symmetrically about the 
axis of figure, and the principal axis C lies 
also 1n the direction SC, the resultant. 
angular velocity w 1s the resultant of r, 
the angular, velocity acquired round the 
principal axis SC from the rifling, and of 
$, the angular velocity of the shell, due 
| EN to some impulse of the gases or the vibra- 

tion of the muzzle, about an axis through 
S perpendicular to SC, and to the plane 


C 
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in the figure; the initial position of SB the instantaneous axis, 
meeting the ellipsoid in B, 1s also supposed to be known. 

The tangent plane of the ellipsoid is drawn at B, and cuts the 
vertical through S in A. 

Suppose the ellipsoid rolls on the fixed plane Z, the line SB to 
the point of contact gives at any moment the instantaneous axis SB; 
and so forth. 


First example. Suppose in consequence of the irregular distribution of the 
mass that the axis of figure of the shell does not coincide exactly with the 
principal axis of the momental ellipsoid, which is an ellipsoid of rotation, with 
three principal moments C, 4, A; AC; and suppose the axis of figure SB to 
make an angle of 1° with SC, the principal axis of the momental ellipsoid. 

Assume a muzzle velocity as in the former example of «,— 442 m/sec, a final 
angle of twist 3*36', half-calibre 0:044 m, moment of inertia C=0°00065 (kg-m- 
sec’), and A = 4:2C. 

In the passage of the shell up the bore, the axis of figure SB is the axis of 
rotation, in consequence of the constraint of the grooves; and 
suppose the shell is leaving the muzzle; and that it has not 
received a transverse angular velocity through an impulse. 

Then SB is the direction of prolongation of the axis of the 
bore, Which is supposed to be at rest. 

At the moment of release the principal axis SC of the mo- 
mental ellipsoid may be supposed to have the forward end 
directed towards the right; and then we determine the sub- 
» gequent motion of the shell, on the assumption that no ex- 
ternal force is acting. 

The angle BSC=a=1°; and the angular velocity about SB 
is on the previous assumption equal to 

Vo tan A 442xtan3 36 


o=- BC bulum e, 44 = 632 radians/sec ; 


tan (a+8)=5 tana=42 tan 1°, a+B=ASC=4 10. 


The angular velocity r about SC TET TIE 639 : dy Cr 


— =- = ]5 1; 
' dt | Acos (a4- B) 


i 151 
and the number of revolutions per second = g 7 24. 


The moving cone BSB, with the semi-vertical angle 1° then rolls on the fixed 
cone BSB,, of which the axis is directed to the left-hand side of the axis of the 
bore. 

The axis of figure SB is not the —O axis, but the point B of the 
shell describes an epicycloid, lying : on the circle BB}. 

"The point B at first describes an arc towards the right, and then moves to 
the left. The angle between the axis SA, fixed i space, and the axis of figure 
will fluctuate between 3? 10' and 5°10’. _ 

;.'dhe instantaneous axis. describes a cone about SA with the semi-vertical 
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angle 3° 10’, and the principal axis SC describes a circular cone about the same 
axis, of semi-vertical angle 4°10’. The rolling cone fixed in the shell, rolls 24 
times a second round the cone fixed in space. 

Rapid vibrations of this sort often take place in rotating shafts and fly- 
wheels, when they are not centred exactly ; according to the above they are 
present in shells, when the mass is not properly distributed. 

Second example. Suppose the shell has the proper distribution of mass, so 
that the axis of figure coincides with the principal axis SC. 

At the start of the free motion, let SC be the direction of the prolongation 
of the stationary axis of the bore, as Well as the axis of figure and the principal 
axis; but suppose the shell to receive at this instant an angular velocity about 
an axis through the centre of gravity perpendicular to the axis of the shell. We 
desire to determine the magnitude and direction of the blow, so that the motion 
of the principal axis SC may be the same as in the former example. 

The axis of figure or the principal axis describes in this case a circular cone 
round SA of semi-vertical angle ASC=y=4° 10’ in J; sec; and if this is the case, 
the angle between the instantaneous axis SB and SC must be an angle BSC=1° 
at the beginning of the motion. 

The velocity of the impulse 


s=rtan l°=~ 632 tan 1°= 11 radians/sec ; 


and this must be the angular velocity of the impulse 
about a line SS, perpendicular to the axis of the shell 
through S the centre of gravity, and under the assump- 
tion of right-hand twist the impulse must act towards 
the further side of the drawing. Such an angular velo- 
city might originate in the vibration of the muzzle 
upwards. 


§ 55. Motion of Precession and Nutation of an elongated rotating 
shell. Curvilinear motion of the centre of gravity. 


It has been assumed in the preceding that the motion of the 
centre of gravity is rectilinear, as in vertical fire, and approximately 
for a very short, path in curved fire; the usual trajectory may now be 
considered with a curved path of the centre cf gravity. 

It is well known that the motion of the shell can be resolved into 
the motion of translation of the centre of gravity, which proceeds as 
if all the external forces acted through 1t, and 1nto a rotation of the 
shell about the centre of gravity, as 1f 1t were a point fixed in space. 

The two motions are dependent, and it is impossible to solve this 
complicated problem with strict accuracy. 

This relative dependence: ıs at once evident: the greater the 
angle between the axis of the shell and the tangent to the path, the 
greater the air resistance against the shell; so that the greater the 
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resistance offered by the longer side, the more the trajectory of the 
centre of gravity is altered. On the other hand, the greater the 
curvature of the trajectory, the more the angle alters between the 
tangent to the path at any point and the direction of the initial 
tangent; therefore the greater must be the apne a of the gyratory 
motions of the axis of the shell. 

This mutual dependence of the two movements necessitates a 

procedure of approximation. 
.. The method to be employed consists in an eo solution 
of the equations of translation, without consideration of the motion of 
rotation, and then the corresponding results are employed in the 
equations of the motion of rotation, which are then integrated. 

The integrals, so obtained, are again employed in the calculation 
of the deviations of the shell in consequence of these rotations; and 
we examine the equations of translation with a view to taking into 
account the definite terms of correction. | 

This 1s a procedure employed ın a similar manner in Astronomy, 
in the calculation of perturbations. 

In an analytical solution, two systems of coordinates are employed 
for this purpose: one fixed 1n space, with an origin at the centre of 
the muzzle of the gun, and another movable in space, but fixed ın the 
shell, with origin at the centre of gravity. 

The differential equations of the motion of translation of the centre 
of gravity are then obtained, and also Euler's differential equations of 
the rotation of the shell about the centre of gravity, under the forces 
acting 1n the preceding cases; and then an integration of the differential 
equations 1s attempted. 

For a purely analytical solution of the problem of the oscillatory 
motion of the shell, investigations have been made,‘in particular by 
St Robert, N. Sabudski, M. de Sparre, and P. Charbonnier. 

The author too has given an analytical solution under certain 
limiting assumptions in the Zeitschrift für Mathematik und Physik, 
43, 1898, pp. 133 and 169, as also in the first edition of this volume; 
the assumptions are explained in the first edition. The problem as 
stated by N. Sabudski and M. de Sparre 1s considered there more 
carefully in detail. 

The latter employs the’ principle, first used by F. Klein in gyro- 
SCOPIC work, of the introduction of the complex varıable ınto the 
two ‘differential equations, and, after integration, of the separation 
into the real and imaginary parts. 
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S parallel to the various directions of the tangent, corresponding to. 
the separate time intervals At. 


The intersection of these lines with the sphere may be called the 
tangent points, and denoted, as 1n fig. a, by | 


O, Ti, T», T4, Ty, .... 


The intersections of the axis of the shell with the sphere are 
called the shell points, and denoted 


by 
O, O, Oz, A E 
A xis of shell above the E . 

— The inside surface of this sphere 
may serve as the plane of the dia- 
gram in the following drawing: 
Axis of shell below the the sphere 1s supposed to be looked 


Axis in the tangent. 


tangent. e 
at from S; and the construction 
may be carried out approxi- 

mately as ıf ıt were a flat sheet 
Axis of shell above tlıe 
zu. of paper. 


| The method depends on 
mra the preliminary assumption, that 
for a small time-interval At the 
precession of the shell about its 
centre of gravity S 1s independent. 
of the motion of Sin the trajectory, 
and that the two motions, which actually take place together, may 
be treated as if one followed the other. 
. At.the beginning of the motion the tangent point is at O; and 
after the time At it has shifted to Z,, after 2At to T, and so 
on. These points are assumed to be known from a preliminary calcu- 
lation that has been carried out; for the slope of SO is &, of ST, is 
Ó after the time At, and so on.. The points O, Ti, 72. ... thus lie very 
nearly in the plane of fire, and if a flat sheet of paper is em- 
ployed for the drawing, they lie approximately in a vertical straight 
line, though strictly speaking the points 7i, 75, 7,,... lie a little to 
the right of the vertical through O; but this is not shown in the 
drawing. . 
The shell point 1s also initially at O, since the shell 1s projected 
from the bore direct without constraint ; and the initial impulse ex- 
perienced by the shell from ‚the escaping gases does not produce 


deviations that need be considered. | 


Fig. a. 
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After the lapse of the time At, and after the tangent has turned 
from SO into the position S7\, there is an angle OST, between the 
axis of the shell SO, and the tangent to the path ST,, because the 
axis remains parallel to itself 1n consequence of the stability imparted 
by the rifling. Precession now takes place; the axis of the shell 
describes in the time At a small part SOO, of a circular cone about 
the tangent S7, that 1s, the point of the shell describes round 7| 
a circular arc OO, with radius 710 = 7,0,, because the precessional 
motion must take place round the direction of the resultant air re- 
sistance, and this is approximately parallel to the tangent ST, of the 
trajectory. 


Then the angle 0730, = Ay is given by à ALL 


At Cr’ 

ance with the fundamental equation of gyroscopic theory. W (kg) is 
the air resistance on the shell, a (m) the distance between centre of 
gravity 8 and point of application of the air resistance on the axis, 
assumed somewhere near the point of the shell, C the moment of 


in accord- 


inertia of the shell about its axis of length, r= eil the angular 
velocity, D (m) the length of the pitch of mfling; or r= = al ] 


6 the final angle of twist, 2 (m) the calibre. 


After a further element of time At, the tangent point has reached 
T.. The angle between the axis of the shell SO, and the tangent of 
the path ST has now become 0,575; and we therefore describe a 
circular are O, 0, about T, with radius 7,0,, of which the central angle 
is given as before; and the further construction proceeds as in 
figure (a). : 

It 1s seen then that in a well-designed construction of the gun 
and shell, the axis of the shell continually moves round the direction 
of the tangent, or at least moves 1n its neighbourhood, as for instance 
at Z,; further, that the point of the shell lies alternately higher and 
lower than the tangent; and finally, that the point of the shell keeps 
to the right of the tangent. 

This construction thus explains 1n the simplest manner not only 
the arrow-like flight of a well-constructed shell, but also the observed 
fact that with nght-hand twist, a drift ensues to the nght; that 1s 
as long as the angle of departure does not increase beyond: a certain 
amount. | 


The cycloidal curve 00,0, ... of the point of ‘the shell is the 
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precession curve: it is analogous to the precession circle described 
by. the head of a top, acted on only by the force of gravity. 

As 1s evident ın the course of the construction of the figure, the 
change of the circle into the cycloid has its origin in the fact 
that the centre of the precession circle is not at rest on the line 
OT TS T;..., but is moving: and moreover, the direction of the air 
resistance, producing the precession, 1s always altering. 

The curve 00,0, ... can also be considered as generated by the 
motion of a circle, of variable radius. The centre of the circle moves 


from O with the velocity = along the straight line OTi T, ..., 0 de- 


noting the instantaneous horizontal slope of the tangent. 
At the same time the circle 1s turning with the angular velocity 


= , the describing point on the circumference starting initially 
from ©. 


The construction can be carried out under varlous assumptions, 


and examined as follows. If the precession = proceeds at a rela- 


dt 
tively rapid rate, the cycloidal ares are 
numerous, and so long as the nutation, 
which 1s to be considered later, 1s small, 
the heights of the cycloidal ares, and 
thence the average movement of the point 
to the right, are also small. 

Frequently the axis of the shell ap- 
proaches very close to the tangent of the 
path; in such cases the flight of the shell 
Is very similar to that of a well-con- 
structed arrow, and the drift remains 
small. 

On the other hand, when the precession 
is relatively very slow, as 1n fig. b, the case 
can arise where the points O, 0,, O,...come 
close together in comparison with the 
points O, T, T,, T;; consequently the point of the shell no longer keeps 
close to the tangent. | 

To an observer, looking at the trajectory from the side, as in 
figure (b), the axis of the shell must appear to remain parallel to 
itself. The shell comes to the ground with the base forwards; the 
drift is great, and may in some cases change 1n sign. 


Fig. b. 
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and finally on the stability factor; also on the:angle of rifling, the 
initial velocity, the two principal moments of inertia, and the position 
of the centre of gravity. 

The nutations are probably damped later by the action of the 
air immediately behind the shell. 

Figure (c) shows the progress of these nuta- 
tions. Just as in the ordinary top under 
gravity, the precession circle forms the centre 
of the nutation arcs of the head of the top; 
so in the same way, the precession cycloid 
forms the centre of the nutations of the point 
of the shell. 

The direction of rotation of the nutation 
arcs 1s the same as that of the curve of 

rifling ; that 1s, with the right-hand twist, it 
is from above to the right; then down, and to 
Fig. c. the left. 

It 15 possible for the precessional ares to be small while the ares 
of nutation are large; and then it is as if' the point of the shell were 
describing a circle about the instantaneous tangent. The nutation 
is then visible to the eye, provided the velocity of the shell is small ; 
and as the air 18 set into violent motion by these oscillations of 
nutation, the sound of these oscillations is frequently heard in periodical 
vibrations in the air, and the range 1s thereby diminished. 

The expressions in the formulae of § 54 for the nutation, the 
stability factor, the periodic time of a nutation, and so forth, will hold 
approximately in the case of a curved trajectory. 


$56. Calculation of the lateral deviation or drift of an 
elongated projectile in rotation. 


1. Empirical formula. 


The observations made ın France on the final deviation Z of the 
shell at its point of descent on the muzzle horizon, have been em- 


ployed: by. Hélie ın the following formula, which ıs of a purely 


empirical nature : 
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Here A denotes a constant for a given gun-system, called the 
deviation value, given by (2); the notation 1s as before, with A the 
fixed angle of twist, and y the semi-angle of the cone at the point of 
the shell. 

W: Heydenreich gives, for example, the following numerical values 
to A; for a turret howitzer firing 21 cm shrapnel, A = 0:0166, the 
shell being comparatively short for a considerable twist of the bore ; 
for a heavy field gun, A = 0:0030, with slight twist for a comparatively 
great length of shell. 

This Hélie formula, although very frequently employed, must not 
be considered as holding universally, but ıt may be employed for 
angles of departure up to 50°. Shooting vertically upward, ¢ = 90^, 
and (1) would give a maximum deviation Z, whereas theoretically it 
should be zero. 

E. Bravetta proposes for high initial velocity və to take the 
factor A as a linear en of the range, 


= (A, + AP X)v sin? A, ..,........... TONNES 
and A. A, are to be mE from different values of Z observed 
at different ranges. 


2. Theoretical erint dd of the lateral deviation, or drift, by 
approximation. 


It has been pointed out already in § 55, that for a measure of the 


drift, the ratio a = may be taken; and that 


 g9c0sd.Cr 
I= Wa 
with the notation explained before. 

This expression for f denotes the average abate between the axis 
of the shell and the vertical plane through the tan- 
gent, along the arc of a cycloid. 

This can be proved as follows; the tangent point, as it 


was called, starts a movement of precession at the point O, 5 

as in--the: figure. The point then retires backward, and 

reaches 7 m the time ż. Qed a 
The point of the shell de was situated at O at the start, neS 

and will be found after the time t at some point A. | y pedy 


. The centre of gravity S'is supposed to be above the 
plane of the diagram, with ST the tangent of the path, and 
SA the axis of the shell. 

The angle between the vertical plane SOT, and the impulse plane SAT (plane 
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through: the tangent of the path ST and axis of shell SA); is taken to be y after 
time ¢; and the angle AST is denoted by a. . 

If the tangent to the path maintained its deviation im space, and the resistance 
of the air to the shell were constant in direction and magnitude, the axis. of the 
shell must describe a complete cone about the tangent to the path, or more 
accurately-about a line through S parallel to the direction of the air resistance ; 
and TA must revolve about the fixed point 7, with the mean angular velocity 


dy _ Wa. 
| dt ^ Cr’. 
and ihe alteration. TT in time d¢ is given by 
Wa 
iz Or " 


Actually at the same time the end 7 of the tangent moves downward in 
the time dt to Tı, and the angle of slope 6 diminishes by d6, so that in the figure 
TT,—-dé. 

If it is assumed again that in the small time element dt the two movements 
are independent of each other, the point of the shell for the same pue" of 7 
moves first from A to B, and then 7 moves down to 71. 

The angle 77,8 between the plane of impulse and the vertical plane through 
the tangent of the path is thereby changed into Y+dy in the time dt: and at 
the same time the angle between tangent and axis of the shell has become 
1 ıD — a 4- da. 

Applying the law of sines to the triangle TBT, we have 

| at+da _ sin(y+éy) (a) 

: E Edi) Meere 


or dy- y — tan T dt - tan y Ze. ——! (b) 


Further, if the vertical is drawn from 7 on 72, da= — cos Y dé, and since 
in $17, 


we have da = g cos y 


Elimination of dt between (b) and (c) gives, when tana is 
written in place of a, 
lb: Wa ` vda . tan yr da 
Cr cosgcosd — tana ’ 


d sin yj m _ Crg cos 
NN + sin Y cot a f J= Wa ...... (d) = 


When the approximation is made of assuming that the 
ratio f of the two angular velocities may be taken as having a 
constant mean value along a cycloidal arc, the equation (d) 
may be integrated : as a linear a, equation with a perturbation term ; 
and then 

1 


= FEE e as 1 AES 7 = | = , sin y= tan a. | 


Motion of the extremity of the tangent & 
Motion of the point of the shell 
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354 Lateral deviations due to rotation of the shell [CH. X 


a mean value of a for small deviation 1s proportional to the length of 
the shell L, or 2E, where / denotes the length of the shell in 
calibres. At first 0— $; at the point of descent, 0— — w; and so 
&-0 is 0 at first, and finally 6+, and the arithmetic mean is 


3 ($ + oœ). 
Thus the drift Z at the point of descent 1s given by. 


where X is a factor to be determined by experiment, lying between 
0:005 and 0:01 for most guns; and the notation 1s as before. 


Example. Assume for a gun, %=440m/sec, l= 2:6 calibres; and for a range 
of 1000 m, take $ —3^ 20’, w= 5° 13', 7—3:92 seconds: angle of rifling A=3° 36'; 
thus 
| 440 t "36 
Z= (0005 to 0:01) a> #0 
=1°7 to 34m. 


This is an amount that, as stated already, may easily be exceeded by the 
natural scattering of the shells. 


(3° 20’ +5° 13^) 3:92 


3. A formula, based on similar hypotheses, for the lateral devia- 
tion or drift has been worked out by P. Haupt, 1876, in which Z is 
made proportional to (¢ + w) 7. 

According’ to Charbonnier, ın high angle fire with low initial 
velocity, we should take 


Edd DER (9) 
but if the initial velocity is great, - 
Z=const. (PAW) T. ............... eee. (10) 


Proceeding with similar assumptions, E. Hamilton, 1908, has 
suggested the formula 


Z — const. - (P+ o)secó; ............ (11) 
and E. Muzéau has given the formula 
Z = const. X tan$.f(£) .................. (12) 


where 


in which £ 1s the abbreviation for 
vy sin 26 


E = 9X 
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Taking into account a very large number of experimental results, 
P. Bertagna considers that the formula, which suits the case the 
best, ıs 

Z = const. X sind. ................... eue. (13) 
But this 1s doubtful. 


In addition to the theoretical calculations given above, another may be intro- 
duced, proposed lately by Lanchester, for arriving at equation (4) in a simpler 
way. 

The original impulse of the shell, as stated already, is nearly identical with the 
impulse due to the rotation about the axis of figure, in consequence of its speed ; 
and so, as above in § 53, with right-hand twist the impulse must be represented 
by a vector SB drawn from the centre of gravity towards the base along the axis 
of the shell. 

The air resistance, acting along the instantaneous direction of the tangent, 
tends to turn the shell about a node line SD, drawn perpendicular to the vertical 


plane through the tangent to the left, with angular velocity E By the laws 


of gyroscopic action, this implies a turning moment, with axis SV perpendicular 
to SB and SD, and drawn upward. 

Actually the shell is turned by this moment, so that its point swerves to the 
right out of the vertical plane through the tangent, with its base to the left. 
The magnitude of this turning moment is Or , and on the other hand it is Ka, 


where A denotes the component of air resistance which arises in consequence 
of the swerving of the shell about SV, and is perpendicular to the vertical plane 
through the tangent; this tends to move the shell horizontally to the right. 


2 
The acceleration of the shell to the right being B , and m the mass of the shell, 


d*z 
A =m — , and so 


dt” 
ma cL - Cr = 
di? — dt’ 
with the minus sign, because 6 decreases while ¢ increases. Here a - M e. 


consequently P. Or ] 
r g cos 


d? ma v 
This is equation (4); and Lanchester suggests that a should be determined 
experimentally from observation of the drift z. 
The notes at the end of this volume mention the theory. proposed by 
G. von Gleich, which is seemingly of a very general nature. 


4. Finally the formula may be quoted, which was suggested by 
I for the drift z at the range « 


B (u) — B (v) 
DI EI M (u) | sec? d (14) 


23—2 


2= vw tan A ————~ 


P 
u V (Vo) (v) BR? 
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in which u 1s the radius of gyration of the shell about its axis, in 
half calibres, P the weight of the shell 1n metric tons, y 1s a con- 
stant, about 0°41, but it 1s best determined experimentally for the 
given system ; 2 (vo), 8, u, D (u), D (v) refer to the system of solution 1n 
§ 41; M (v,) 1s given by Landenskióld's Table, as well as B (u) and B (v). 

Example. 2R=0'27: P2018: 42505: length of shell=5R: p=08R: 


V 2-041: Az4'. For ġ=1° 1l', «=1000, and z=0°4. For $=14° 10, 2=7000 
and z= 4979. 


VALUES OF THE FUNCTIONS M (u) AND B (u). 
(Landenskiöld’s Table.) 


u 10° M (u) 10? B (u) u 10° M (u) 10? B (u) 
700 OO OO 400 1399 94560 
690 14 34 390 1543 107560 
680 29 137 380 1706 122670 
670 45 317 3210 1893 140370 
660 62 580 360 2118 162230 
650 80 935 350 2391 189670 
640 99 1392 340 2724 224600 
630 119 1953 330 3133 269600 
620 140 2635 320 3640 328400 
610 163 3448 310 4270 406000 
600 188 4404 300 90060 510300 
590 214 5516 290 6050 651000 
580 242 6801 280 1234 832500 
570 272 8274 70 8651 1065800 
060 305 9953 260 10356 1366400 
550 340 11863 250 12422 1755300 
540 ii 14027 240 14950 2262000 
530 417 16467 . 230 17990 2910000 
520 460 19216 220 21610 3725000 
510 507 22305 210 25950 4746000 
500 557 25774 200 31200 6035000 
490 612 29659 190 37820 7667000 
480 672 34020 180 45550 9744000 
470 137 38897 170 55450 12409000 
460 807 44357 160 68990 15862000 
450 884 50470 150 84090 20390000 
440 968 57320 140 105120 26420000 
430 1060 64990 130 133140 34550000 
420 1161 73590 120 171300 45780000 
410 1273 83330 110 224600 61640000 
400 1399 94560 100 301300 


84690000 
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A. Throwing a wooden disc or flat stone. 


The gyratory motion of a shell can be shown very clearly with a 
circular dise of wood, about 8 cm in diameter and 3 cm thick, or 
with a smooth flat stone, by throwing them a considerable distance 
In an open space. 

As usual in throwing such bodies, the disc 1s to be*held between 
the thumb and middle finger, and partly gripped by the forefinger. 

The dise 1s held at right angles to the plane of flight desired, 
and is thrown so as to make an angle of 30° with the horizon. In 
hurling the disc, the forefinger rotates ıt clockwise, when thrown 
by the nght hand, about an axis of rotation directed upward and 
backward. This gives the initial position of the impulse-vector. 

The air resistance meets the front side of the disc, and tends to 
turn it clockwise about a horizontal axis, drawn to the left of the 
plane of projection. Thence we get the position, as in § 53, of the 
next vector; and then it can be predicted how the disc will turn and 
to which side ıt will swerve. 

Actually in the case of a disc, a drift to the left will occur, if 


thrown by the right hand, to the right if thrown by the left; and it 1s 
very pronounced even 1n a range of 40 m. 


B. Model mortar with wooden shell. 


A wooden base serves as the carriage, on which any one of four 


Mannesmann tubes may be mounted. These are provided with a cast 
zinc insertion to represent the rifling, a contrivance for receiving a small 
charge of black powder, up to 10g, and the breach is closed by a 
bayonet joint. Two of the tubes have a rıght-hand twist, angle of 
rifling (a) 43° 40’ = 3:3 calibres, (b) 17° 39’ = 10 calibres; the two others 
have left-hand twist with the same angles of rifling; calibre 7/9 cm. 

The shells are made of red beech, and are provided with grooves 
to correspond with the rifling of the bore. They are of various lengths, 
30:27, 35:5, 36 em ; one of. the shells ıs provided with an axial poje, 
in which a bar of iron can be fixed (either forward, midway, or 
behind), so that 1t 1s possible to observe the influence of the positions 
of the centre of gravity. 

The angle of elevation 1s measured by a quadrant. The firing of 
the powder charge is made by a fuse. 

For carrying out the experiments, an open space of about 
400 metres 1s required; 1t must be as nearly calm as possible, as these 
light wooden shells are influenced powerfully by wind. 
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The results refer mainly to a shell 30°27 cm in length, calibre 
79cm; length of the cylindrical part 23°75cm, weight 0:930 kg; 


moment of inertia about the long axis C = 0:00012 mkg sec? ; about the 
cross axis through the centre of gravity A = 0:000515; with a charge 
of 5 g, v, = 23:88 m/sec; with 10 g charge, v, = 41:4 m/sec. 


(a) Tube with the smaller right-hand twist, angle of rifling 17° 39"; 
og charge. 

The shell flies like an arrow, even up to an angle of departure of 
Ó-'l. 

Looking at the trajectory from the side, the long axis 1s seen to 
lie in the tangent to the path; range, at œ = 45^, 107 m, time of 
fight T= 5:3sec. With a gradually increasing angle of departure the 
drift to the right grows continually. 

After $ — 71, the drift changes to the left, and the shell strikes 
the ground with the base first. 


(b) The same tube; charge 10 g. 


At $ —45', maximum range X = 321 m, time of flight T = 9:3 sec, 
drift to nght Z = 39 m. 

At &= 10°, range 183 m, T= 124 sec, Z=61 m. 

Change from right to left drift at an angle & lying between 77° 
and 80°. At œ= 80", the shell descends with the base first; once this 
happened too ın a flat trajectory, and then the point was directed to 
the night. 

Drift to the left at ¢=80° was 66m, and sometimes rather 
less. 

It can be seen with an angle of 80° that the shell has a slight drift 
to the night up to the vertex of the path, and that the drift to the 
left begins beyond the vertex and rapidly increases. 


(c) Tube with the greater right-hand twist, angle of rifling 
43° 40". 

The axis of the shell remains apparently parallel to itself for all 
departure angles; and ıt seems on close observation as ıf the point of 


the shell were a little to the nght. 
Change from right to left drift at about $ = 53", with a charge of 


5 g, as well as with 10 g. 

Range at $ = 45? with 5 g charge is 55 m, T = 426 sec; at $ = 45 
and 10 g charge, range 1s 180 m, T = 8°24 sec. 

The angle of rifling 1s thus too great for this shell. 
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A longer range was sometimes observed than would be obtained 


in a vacuum; the supporting influence of the air on the surface of 
the shell seems to be the cause. 


(d) The same tube, shooting vertically upward. 


The shell flies very nearly parallel to itself, as a sort of diabolo- 
top, and so arrives, with a strong humming noise, back again in 
almost vertical position, and strikes the ground with the flat base. 


(e) Tube with the smaller right-hand twist, angle of rifling 17? 39’; 
shell of greater length, 35:5 cm. 


Very pronounced nutational oscillations ensued; the point of the 
shell appears to describe complete circles round the tangent to the 
path; seen from the firing point the shell looks like a great disc. 
The twist 1s not enough for this length of shell. 

In the employment of the tubes with left-hand twist, there 1s a 
corresponding change of sign in drift, direction of the oscillations, 
precession and nutation, and so forth. | 
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362 Accidental deviation of shells [ CH. XI 


The Mathematical Theory of Probability. 


The following propositions are here briefly stated, and 1t will be 
easily seen how the conclusions are drawn. 


l. Let us call the mathematical or absolute probability of an 
event, a: then 1f n 1s the total number of cases, and ¢ 1s the number 


of cases 1n which the event happens, we have a=. Thus we see 


that a 1s a fraction less than unity, or at any rate not greater than 
unity. It is equal to 1, 1f the event 1s certain, and equal to 0, ıf the 
event 1s 1mpossible. 


Example 1. If two dice are thrown, what is the probability that the total will 
be 7? The number of possible cases is 36, since each of the 6 sides of the one dice 
may: be combined with any one of the 6 sides of the other: therefore 4 —36. The 
only cases in which we get 7 are by combining 6 and 1: 5 and 2: 4 and 3: 3 and 4: 
2and5: 1and 6. There are thus 6 such cases, and ¢=6. Therefore a =% =}. The 
chance that 7 is not thrown is £, since there are 30 possible combinations in which 
the total is not 7. 

If we take the chances of throwing 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, we find that 


they are respectively „u, #5, By, s des ss) Sy, and Js. Therefore 
there 1s a greater chance of throwing 7 than of throwing any other number. 


Example 2. An urn contains 20 balls, of which 7 are white, 5 black, and 8 red. 
The chance of drawing a black ball is obviously 5, =}. 


Example 3. An urn contains 7 white and 6 black balls. If 5 balls are with- 
drawn, what is the chance that three will be white and two black? The number 


| 
of ways in Which 5 balls can be withdrawn is (8$) ‚ Where (5) denotes STET ; 
Therefore n = (3) ‚ On the other hand, 3 white balls can be withdrawn in (3) 


ways, and 2 black balls can be extracted in (2) Ways, each of which can be com- 
bined with any of the methods of withdrawing the white balls. Therefore 


(3) () 
7\ (6 3/ \2 
t=(5) Hi Therefore a= EE 
(5) 
2. Let us suppose that there are three mutually exclusive events, 


A, B, and C: the chance of A's occurring is a, of B is b, and of C isc. 
Then the chance of the occurrence of any one of them is a +b +c. 


Example 1. What is the chance of throwing either 2 or 3 or 4 with two dice? 
The absolute probabilities of any one of these events are, as we already know, 35, 
+, and zi. Therefore the chance of throwing any one of them is 3 -- 45 tig. 
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Example 2. Let us take the case of a target, which is divided into an infinite 
number of parallel vertical strips: let the chance of hitting the first strip be dy,, 
of hitting the second strip be dy,, and so on. Then the chance of hitting the 
target is dy +dy, +... =I dy— (dy, where the limits of the integral extend from 
left to right. The application of this proposition will be seen later. The events 
are considered to be mutually exclusive, on the assumption that the projectile 
does not break to pieces, in Which case the target might be hit in several places 
by the one shell. 
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3. Let us take several independent events, A, B, C,..., and let 
their respective chances be a,b, c,.... Then the chance that they 
will occur simultaneously, or in a specified sequence 18 equal to the 
product of their separate chances: that 1s, it 1s equal to the product 
abc.... But it the events are dependent, then the probability that A 
occurs, and then B, and then C 1s abc, on the assumption that 6 is 
the chance of B's occurring, after A has happened, and c is the chance 
of C's occurring, after A and B have happened. 


Example 1. Two persons, P, and P}, throw two dice-boxes at the same time. 
What is the chance that P, throws a total of 2, and P, at the same time throws 
a total of 4? The chance that P, throws 2 is a= 3. The chance that P; throws 
4 is b=. Therefore the chance of the combined events is d; X $ — 11:5, While 
the chance that this does not happen is 131. Therefore the odds against the 
event are 431 to 1. 


Example 2. A boy thinks that the chance of being promoted at Easter is 3, 
and the probability of getting a bicycle at the same time is 4. Then the chance 
of both events happening is 1, on the assumption that the two things are in- 
dependent of one another. This answer will also be correct, if the events are 
mutually dependent, provided the boy estimates his chance of getting the bicycle 
at 4, after he has got promotion. | 


Example 3. A man, A, is 35 years old, and his wife, B, is 28. What are the 
chances that after 20 years (1) both are alive, (2) one is dead, (3) A is alive and 
B is dead, (4) A is dead and B is alive, (5) both are dead, and (6) at least one of 
them is alive? The tables of Mortality state that out of 100,000 males, 51,815 
reach the age of 35, and 36,544 attain the age of 55: while out of 100,000 females, 
58,647 reach the age of 28, and 46,605-live to 48. Therefore the chance that 
A survives for 20 years is a— 29544, and for B is b=4889#. Then the chance 
of (1) 18 ab=0°56: and of (2) is 1—ab=0°44: and ot (3) is a (1 —b)=0:145: 
and of (4) isd5(1-a)=0'234: and of (5) is (l—a)(1—6)=0°061: and of (6) is 
1-(1-a) (1—5)20:94. The sum of the chances of (1), (3), (4) and (5) is unity, 
since one of these cases must arise. 


Example 4. In artillery practice, let the chance of a short range be a, aud of 
a long range be b: and let the chance of a wrong observation be c, which Mangon 
considers to have the value 0:1. Then the probability that a short range is 
observed is the same as the chance that either the range is short and actually 
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observed as such or that the range is long and is erroneously reported as being 
short: this is actually a 1-c)+c(1-a), 


Example 5. Let the angle of departure be suitable for a range of 4000 metres: 
let the chance of a short range (—) be 2, and of a long range (+) be 14. With an 
elevation for 4100 metres, let the chance of a + be 4, and of a — be 1. Then the 
chance of getting 4000 — and 4100+ is 2x 4=32. 


y 99. Continuation. 


1. Probability of repeated experiments. 


Two events, A and B, are to be considered (such as hit and miss), 
of which one must occur: 1f their absolute probabilities are a and 5, 
we have a+b=1. If the experiment 1s repeated three times, the 
following cases are possible. (a) A may occur three times in succes- 
sion: the probability of this is aë. (b) A may occur twice and B once. 
The chance of this 1s a2b. On the other hand, if the order is immaterial, 
we must consider the probability of the sequence A, A, B; or A, B, A; 
or B, A, A: the chance of this 1s 3a?b. (c) A may occur once, and B 
twice: if the sequence is immaterial, the chance 1s 3ab?. (d) B may 
occur three times, and A not at all: the chance of this is b. These 
various expressions are the terms in the expansion of (a -- by. More- 
over 1 — b’ 1s the chance that A occurs at least once: and 1 — (D? + 3ab?) 
is the chance that A occurs at least twice. Thus we have the follow- 
ing general law. If A and B are two events, one of which must 
happen (such as hit and miss), and if their chances are a and b, then 
the probability that in s trials, the event 4 happens m times, and B 
happens s — m times 1n any order 1s 


s\- s! 
(ann gm rm 
m mi(s—m)! 


Example 1. The probability of throwing doubles with two dice is 4&— 43. 
Thus the probability of throwing doubles exactly three times in 600 throws is 


600!  /1M3 /5\5%* 
31597! (5) (8) 
Example 2. After how many throws is the chance of throwing doubles at least- 
once equal to 3? $3=1- (2), and therefore ici cos So that after 4 throws, 
the chance of throwing doubles is a little more than 1. 


Example 3. The probability of a shot being short is denoted by a, and of an 
over is 1 —a =b, and 5 shots are made. The chance of 3 short and 2 over, in any 
order, is 103302, The probability of at least 3 overs is the total for 3 or 4 or 5, 
in any order, and so is 10025? + 5ab*-- 55. The chance of 2 overs at most, is the 
same as for 1 or 2 overs, and so is a? + 5atb + 10a3b#, 
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Much greater on the other hand 1s the chance that in 600 throws 
about 100 doubles are thrown (80 to 120 times for instance). 


The following law of Bernoulli-Laplace is useful, and with the 
help of Stirlings law provides an approximation, which 1s fairly 
accurate if s is large. 


The probability 1s 


that in s cases the event A, having the absolute probability a = 1 — 5, 
happens from 


sa — y y (2sab) to sa + y /(2sab) times, 


so that the ratio — lies between the limits 


8 
_ J Jab 
a +y (=) P 


The following form of the law can be used 1n simple numerical ap- 
plications: we assume that m lies between the limitssa + y[/(2sab) — 4], 


o) 
and the probabihty will then be P — = | et dt. 
0 
For the special value P243, y=p=0'476936; in this case 


y /(2sab) — 4 1s called the probable deviation. 
A generalisation of this law, given by Poisson, relates to the case 


where the chance for the occurrence of the event A varies from one 
case to the other; a, 1n the first case, a, ın the second, and so on. 


Denote the mean chance 


Q4 + da + e 96 
$ 


by a; 


and further put b, = 1 — a, b: = 1 — az, ..., b= 1 — a; finally put 


ZWiE (mb, + cade + " | 


Thus in s events the probability is 


that the event A happens between as F y« ys times, or - lies between 


- YK 


the limits a + —. 
VS 
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ML 


Thence ıt follows, as s ıncreases, that " approaches a. 


If the chances a,, a,, ... ‚as well as b, bz, ... , are assumed equal, then 
« = /(2ab), in agreement with the Bernoulli- Laplace law. 


Example. What is the probability that in 600 throws with 2 dice, doubles 
occur from 80 to 120 times? Here a=ygy=}, 6=%; 8=600, y./(2sab) ~$=20 
y 71:59; hence P=0'97 is the probability. 


4. Bayes's rule. 


It 1s known, for example, that a million balls are in an urn, and 
400,000 of them are white, and 600,000 of other colours; so that the 
chance of drawing a white 1s a = #, and of the reverse 1s b = 2; 800 balls 


have been drawn and replaced. What 1s the chance that of the 800 
balls from 310 to 330 of them are white ? 

We have already dealt with a problem of this character, but a 
different question arises 1f all that 1s known 1s that there are a million 
balls in the urn, of whicha certain number are white. After 800 drawings, 
320 are white and 480 another colour. With what degree of accuracy 
can this trial determine approximately the unknown ratio a of the 
white to the total number of balls? What 1s for instance the probability 
that the ratio a = 329 = 10 as determined from the 800 events 1s true 
within 4; or 2°5°/,; or in other words, what is the probability that 
the number of white balls in the urn, 1s greater than 375,000 and less 
than 425,000 ? 

In these cases 1t 1s required from the observed events to deduce 
inversely the unknown cause, and to make some conclusion about 
a. and 0. 

Here the approximate rule of Bayes 1s employed: when the event 
A has an absolute probability a, and in s — m +n occurrences, it 
happens m times and fails n times, the probability 1s 


2 
-t 
P= = etd 
m 2mn 
that the unknown number a lies between the limits ~ -Fy N fi- a 


where y 1s some arbitrary number. 
In the special case of P = 1, then a lies between 
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The greater the value of s, the closer 1s a to the ratio ~ ; this 1s 


the inversion of the law of great numbers. 


Example 1. Take the urn problem (Czuber): here s=800, m=320, n=480; 
and take y v m => ; thence y= 10205, and thus INIM 

With the probability 0:851 it can be assumed that the ratio of the number of 
White balls in the urn to the total number of balls, can be taken as 229, within. 
2:5 */ , or that it lies between 13 and 17; or that the number of white balls lies 
between 375,000 and 425,000. l 


Example 2. Half the sheets were lost, giving a record of hit and miss. 
Counting up the numbers preserved, 240 hits were found and 120 misses. It was 
most likely then that the complete list of 720 shots had 480 hits and 240 misses. 
How far can this assumption be wrong? Here s=360, m=240, n=120, P=}; 
so that 
ara, /2 x 240x120 480438 


477360 3609 70 ` 


Thence the number of hits is most likely to lie between 442 and 518. 
The papers of Czuber, as well as those of Sabudski, Eberhard, and von Kozàk 
should be consulted for the proof of the Law given above. 


5. The probability of predictions. 


Suppose m + n. cases for the event A have been observed, which 
happens m tımes, and faıls n times. 

Then the probability that in p + q subsequent cases the event A 
happens p times, and does not occur g times 1s 


1 
m- — mmn 
(p +q): K hn a (p+q)!(m+p)i(n+q)!(m+n+1)! 


pig! | art -ada p!lgal(m+n+p+g+1)!im!n! 
0 


Remark 1. The formula of Stirling refers to the approximate calculation for 
high numbers : he assumes that 
n!= ~n” e™ /(2rn). 


This may be employed for high numbers, and even as low as n=10. 


Remark 2. The definite integrals employed in the theory of Probability will 
be found in the Tables 14 and 15, Vol. ıv. 
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and 24cm, O positive, 1 negative; between 24 and 28cm, O positive, 1 negative 
deviation ; total 100. 


The fact is that the smaller deviations are more frequent than the large. 


The same effect 1s produced in the apparatus shown 1n the figure 
at the bottom of the page, where the 
flying shot are replaced by grains of 
millet or lead shot, and the scatter- 
ing 1s effected by a number of metal 
pins from which the grains rebound. 

If the deviations in a large num- 
ber of shots are plotted as a function 
of x, the curve assumes a certain form. 

The equation of the curve was proved by Gauss to be 7 = ae”, 
and can be deduced on theoretical principles. For the present ıt will 
suffice to say that the formula has shown itself to be very useful in 
practice. 
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At the distance x from the vertical middle line Mn a narrow strip 
18 drawn, of unit breadth. 


The probability of hitting this strip is 7 =ae~’”, or if n 1s the 
total number of shots, then nae-"* shots fall on the strip. 

With an indefinitely small breadth of the strip, and with PP at a 
distance z from M, the number of hits is nae-"? dz; in short, 
nae "* da denotes the number of shots which have a deviation x to 
the nght or left of the vertical through M. 

It 1s required next to determine the constants a and A. 

An infinite target must always be hit; that 1s, the total number 


of shots falling on all the strips of the target of breadth dz, from 
x=— æ to r=+o 1s equal to n, or 


" 
na | eg "* de=n, 
— (UP 


and since 
i 2 NT h 
-—hz* = —— = —— 
| o e da 7> a Jm 
Thus M e^? dæ is the probability of a deviation x, and 
h (9 ny 
n ue . € da 


is the number of hits on a strip PPQQ of infinite height of which the 
sides PP, QQ are at distances c and d from M ; this is the area of the 
curve ABCD (on the next page), multiplied by n the number of shots. 
If it is required to hit the space PPQQ on the target, of breadth 27 
and placed symmetrically with respect to M, the probabihty of hitting 
it is given by the area ABCD, and is equal to 
h [Y 1 2h ft uar 
Var = " do=— | e h^ da; 
| 94—2 
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and since hr = t, dx = di , then the probability 1s 


and in consequence of its uniform convergence 


3 5 7 
[e^ at - (1-47 u B ARN 


the probability of hitting the strip PPRQ of breadth 21 is 


— Ix. Arm u 
= Jm U — z (hl) + STE (hi)? | = ġ (hl), 
as in Table 14. 
The constant A 1s the measure of the precision of shooting with 


the weapon employed. The precision of hitting, so far as concerns 
the deviations in the direction of the x axis, 1s given by the pro- 


bability of hitting the thin strip that goes through M; and this 
probability is 


h aoz _ A 
me a 
If this is A dæ for the first weapon, and Ae dx for the second, the 
A/ T A/ Tr 


ratio of the measures of precision of the two weapons is A : hy. 
In place of other convenient measures of precision are employed, 
which can easily be taken off the target diagram. 
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xp 


(b) The average deviation E = 2 


Here, in the definition of E, nE =sum of the products of the 
deviation x and the number of deviations corresponding to &, and 


nb = u a Jar € da N, 
and sınce 
ei Te A 
1 1 
"-— ME 


giving another determination of A. 
At the same time a relation 1s given between u and #, that 1s 


(c) The probable, or 50 °/, deviation w. 


This 1s the deviation for which the probability is 4; or in other 
words, 2w 1s the breadth of a strip of indefinite height, placed sym- 


metrically about M, which contains half the shots. 
Then from the preceding, w 1s to be determined from the relation 


— h?r? 
E one e "=" da, 
2 NT z=—w 
) t=wh , I 
Or ie e tdt = 
VT Jtzo 2 


This integral 1s given in Vol. Iv, Table 14, and denoted by ¢ (t); 
and (wh) = 4. 
The Table gives 
hw = 0°4769363 = p; 


and w = n = puy 2 —0:6744898y. 
Collecting the results, we have 
h=— =~ =Ê, p-04769368; 


un? Eyr w 


and the probable deviation error 1s 
w = 06744898 u = 0'8453476% ; 
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the mean quadratic error 18 
u = 1:4826021w = 125331414; 


and the mean average error 18 
E = 071978846 u = 1:1829372w. 


P 


In the German Army the “mean error is taken to mean the 
average error E; and the “ mean deviation” 1s not the double of E, 
but the double of the probable error w; care must be taken to 
notice this distinction. 


Remark 1. According to Gauss the probable error w can be determined with 
less accuracy in the following manner: the deviations f, fa fs are arranged in'order 
of absolute magnitude, and the middle one is taken if n is odd, or the mean of 
the two middle ones if n is even and here w is denoted by wy. 

Thus for example, if the deviations are 


—2:8|4-0:9 |-0:4|— 0:2 |--0:3| — 04 | -0:1| — 1:6 | 
and they are arranged in the order 
0'1 | 0-2 | 0°3| 0°4 | 0°4 | 0°9 | 1-6 2:8, 
icm iat 
then W=W,=0°4, 


This method is employed frequently in the cases where a rough value of w 
will serve. 


Remark 2. The question may be asked as to the accuracy of the value of y, 
or £, or w. 

Gauss’s approximate rules are given here, and hold only when x is large; the 
work of Czuber may be consulted for further details. 


Probably 
ES —— js true to within m x 100 per cent 
z|f| 0:5096 
n 35 9 Jn x 100 43 
| 077867 
wg » 99 Jn x 100 99 
It is evident that the determination of w or h, from p= M , 1s the most 
accurate. | 


Suppose for example, from the sum of the squares of the deviations that u has 
been calculated 2 30 cm from n=10 shots: then 


= 30 (1 + e )-* (1+015)=30+45; 


the probable limits of p are +45 cm, while the probability is that u is greater 
than 25:5, and less than 34°5 cm. It à is near enough then to say that p is about 
30 cm, with a probable error of 15°/ . 7 
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Remark 3. The Gauss curve n= e—h*x" has two points of inflexion. The ab. 


scissae of the inflexions are given from n” 20, or 1 — 2h*x*=0, x, = + I . There- 


fore z,— +p, and the abscissa of a point of inflexion is the mean quadratic 
deviation u. It can be shown too that p is the radius of gyration of half the area; 
and further that the mean deviation E= 1. is the abscissa of the centre of 
gravity of half the area. 


Remark 4. In place of the Gauss function n= ee Be, many other sugges- 


2 
tions have been made, such as 7112 ; y=a (1 — j) etc. Hélie and Simpson 
excluded very large errors, and took two straight lines AB, AB,, symmetrical to 
the vertical through M, such that n=a>+ 7 ii 


Then BB,=20 is the breadth of the vertical strip of the target, symnietrical 
to M (11, 22) which contains all the shots. 


Moa, 


SS 


N 


EN 
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The number of hits in the strip (11, 2 2) is 


^o 


È = =o EE 8 y e ë LIE ET 


and thence: 


Then the'number of hits in the strip of the target (33, 4 4) symmetrical to M, 


of breadth 9/7, is 
fly x 
m (1-7) dx 


=n times the area ACDF'EA =n 5(2 -;) , 
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In point of fact, M 1s not known: instead of it, we take the probable 
mean point, O, the position of which (&, 7) is the mean of the points. 


of impact, (£1 m), (& 72), etc. Therefore £, is the 
arithmetic mean of the various abscissae, and 1s 


—,and the ordinate is. 


calculated in a similar manner. If we consider 
equal weights to be distributed at the points of 
impact, then O 1s their centre of gravity. And O 
will be the most probable point of central 1m- 
| pact, 1f the proposition of least squares can be 
dE. Meer considered to be experimentally true. This can 
' be stated as follows. If n observations, £,, £,, ... 
are made to determine the value of a certain magnitude, then the most. 
probable value, a, is such that the sum of the squares ofa — £, a — £,, 


etc., 1S à minimum. So that 1n this case, the abscissa 1s that value of a 
for which 


(a — E) + (a — £P + (a— Ey +... 
is a minimum. Differentiating, we get 
a= E, + ELA eee _ É: 


and the probable ordinate 1s obtained in the same way. 
The deviations of the different observations from the true value 


are called the true deviations and will be denoted by fı, f,, fs,...; the 
deviations from the probable value or the arithmetic mean are called 
the apparent or probable deviations, and may be denoted by Ay, As; 
etc. In the present case, when reckoning, the abscissae, M, As, ... are 
the distances of the various points of impact from the vertical through 
O. These apparent deviations can be found by experiment, whereas 
the true deviations cannot be so found: usually in ballistical work, 
we are consequently concerned with the apparent deviations. We 
have to devise a method of determining the accuracy of fire from the 
values of these apparent deviations. 

The difference between the true and apparent deviations 1s perhaps 
more clearly shown by the following example. A square, with sides. 


exactly 16cm long, 1s very carefully drawn, and the planimeter. is 
passed over it ten times. The true value of the area is X = 2560 


sq cm: the differences of the various readings were found to be fi, fz» 
etc;, and the accuracy was given by 
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The arithmetic mean of. the ten measurements was £, = 2561 sq cm. 


The differences with regard to the latter value, M, M, As, etc. gave 
2,4? = 0'8650. It is now a question of determining the mean quadratic 


error, u, from ÈA. 


Obviously 


etc.: therefore 


h-M= 9 — X 
fom re = &—X T— (1) 
fs—M»—£&R-X 
where 
nE, = JEJE E, + 
Therefore 


By adding equations (1), we get 
fiot fetfst-..=n(&— 4), 


and therefore 


= : =f- =... 
or 
MARET: aT nh. 
M e f ft u hf NE EN (2) 
heme genome 


These equations connect fi, fa, fs, with A, As, As; and we have XX =(0, 
while &/ is nearly equal to zero. 

In the theory of errors, the following proposition 1s often useful. 
Let y be given by the equation y= f(a, 45, £z, ...), where y 1s not 
capable of direct measurement, while 2,, £2, £3, ... can be experimen- 
tally observed. The value of y 1s thus found indirectly. (À case in 
point 18 the determination of the time of flight from the initial and 
residual charges on a condenser.) Let the errors in the determination 


of t, ©, etc. be +da, + das, ...: the error in y 1s + dy. 
Then | 


The maximum error (m^) in the value of y then arises when the 
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maximum errors, Mi, Mə, ... arise 1n 23, Lə, ... and when these errors 


are all added together: this 1s obviously the most unfavourable case. 
Therefore 


n' e m + 2 Wig sins E (3) 
x To 


Generally speaking, the errors are not all in one direction, and some 
therefore counterbalance one another. Then the accuracy of the 
measurements of a, £2, Xz, ... is given by the mean quadratic errors, 
pas Hz, Ass ---. Therefore the mean quadratic error 1n y 1s given by 


u’ = (2 m) + (SE y JI ur (4) 


The same is true for the probable and average errors, since w = up4/2, 


and E=p,/-. 


The validity of equation (4) can be shown from the following considerations. 
w is determined from the sum of all the squares of dy; y; is found from the sum 
of all the squares of dz, and so on. But if the equation for dy is squared, we have 


(dy)° - (a du) t (2 dra) +... 


of of 9 9f of 
9 — dx, ie = 73 da, e Soon 


OX, 


since the quantities 


cancel one another, if the number of observations is sufficiently great. If the 
equation for (dy)* 1s written out for all observations, and if all these equations 
are added together, we get (4) as the result. A strict proof of the formula (4) is 
given by Czuber in his Theory of Probabilities, Leipzig, 1903, No. 126. 


In the special case in which y 1s a linear function of z,, 25, 25, 
we have y = Q,2, + a£: + 05325 .... Then 


eeey 


ax = 5, a, Az, ete., 
and we therefore have 
= (ay A (asus F LLL uuuuuue eurer (5) 
If y is the algebraic sum of 2, 2$, 25, ... then 
sd Hed (6) 
and we =w +w + wH. J —— 


Let us suppose that a variety of independent causes contribute to 
deflect the projectile: e.g., error of aim, variations in the vibration of 
the bore, small changes in the velocity of the wind. Then the resultant 
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Consequently 
p n —X(X) n 
inte a n n n—1 
4 =) 
Vn (n—1) 


n , | | 
Also w = qw, Ni -— where w, corresponds to w, for the apparent 
deflections. 


The accuracy of the values for u, E, and w is given by the probable limits. 
They are here stated without proof, in accordance with Helmert's methods. 


The probable limits for p are 
| | n 8 
SEN ! ov n—1 
| 2 _ 7 " 
n— l | (2! 


n is the number of experiments: p=0'476936: for the value of T, see Vol. tv, 
Table No. 18: or approximately for values of « greater than 10 the limits are 


Probable limits of Z are 


p ee J-A/ 9 zc (pe ame ın 1 
aa {1 tw p (svn (n — 2) —n -4-81n - 


A) 


or approximately for large values of n, 


Wc te xni 


/ " emm) 
“o n—1 —A4-—1) 
The terms, which follow the + sign, if multiplied by 100, give the probable 
accuracy, expressed as a percentage. 


The values of M, and y can be obtained from the results of observation, e.g., 
from the values of £j, &,...; as can be seen from the first part of § 61, we have 


3 (A?) =3 (£)- - (28), 


Which is Jordan's formula. The differences of these direct observations, d, are 
discussed in § 62, and 


probable limits of w,’ are 


= (A) =3 (d)-- (2). 


which is Wellisch’s formula. Kozak’s method is referred to in the notes to § 58 to 
S 70: it depends on the so-called observation-residues. 
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y 62. Successive Differences. 


For the purposes of ballistics, there is another measure of accuracy, 
which is very important. One starts from the original observations: 
for instance, when 1t 1s a question of the deviation of the projectiles 
to right and left, the distances (&,, £,, &,...) of the separate points of 
impact from the left edge of the target form the starting points: or 
when it 1s a case of deviation in respect of range, we start from the 
ranges, which are observed. Thus starting from £i, &, &,... we take 
the successive differences, &-&=d, £ - £j — d,, ete., without any 
regard to their signs, and reckon the average value of these differences, 


the number of whichis s. Thus 4, = : E . If the observations are 


taken in their normal order, we have s=n—1, and we have n— 1 
independent differences from n observations. If nothing 1s known as to 


the order of the observations, then they are all used, and s = n (n, 1) 


Then the average deviation # 1s calculated from the equation 


o l > (d) Es 
E= a a gar ei (9) 
IN, 


Therefore w = Ep = 059718 —— 


In order to explain this, let us start with equation (5), and suppose that y is 
a linear function of two other quantities, x, and s». Therefore y 2a,2,-rasz». 
Let the mean quadratic error for x, be u, and for x be us. (Or the average error 
may be E, for x, and E, for x2.) Then the mean quadratic error for y will be p’, 
or the average error will be E', where p’?=a,?)?+ 222", or FH? =a,? Eg? +a Ez, 


2 ! | 
since Z=u / = In the present case, it is a question of finding the differences 


d,=&,—&, etc. Let all the points of impact be measured with equal accuracy 
from the left edge of the disc. Therefore E,— E,— E. And im this case, a,— 1, 
z(d 
ur 


and az= -1. The average distance is E'— , and therefore 


20 NCHEP FT Ej - A8 E, » p.e: | 


According to Helmert the accuracy is given by the following probable limits, viz. 


| „ps J3(n—2)—4n +6) 
ae) 3 7 | 
es a7]: 


where 7 is the number of observations and p=0'4769. 
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If ^ — 10, then the probable deviation, w, (or 2w, the so-called 50 per cent zone), 
is found from the mean quadratic deviation, p, or from the average value of £, 
or from the differences in the observations, to degrees of accuracy which are in 
the following respective proportions, viz., 0:159; 0:170 ; 0:163. Thus the method 
of determining from p is the most accurate, then that from —\— zn ‚and finally that 


from the average deviation Æ. 


Ihe advantage of calculating the accuracy from the successive 
differences lies not only 1n the greater exactness of the results, as 
compared with the calculation from the average deviation, and in the 
greater ease with which the results can be obtained. The main point 
is that there are fewer cases in which it fails to give results. For 
instance, 1t might happen that during the tests some variable dis- 
turbance is at work, causing the mean point of impact to alter its 
position, or effecting a continuous change of the arithmetic mean. 
Thus the temperature might rise, or the bore become heated, or the 
velocity of the wind might change. In such a case the method of 
calculating from the arithmetic mean would give no results, and 
unless the whole series of observations 1s to be abandoned, recourse 
must be had to the method of successive differences. Vallier has 
pointed out that the calculation of the probable deviation from the 
successive differences is independent of any change im position of the 
mean point of impact. R. von Eberhard has given the general proof 
of this fact. 

It ıs possible to determine whether there 1s any disturbing cause 
in a series of observations by the following process. The probable 
error 1s determined both from the average deviation and by the method 
of successive differences. The two values of w, found by these rere 

> (d), 
V2 8 


must be nearly equal to unity. If the value of this ratio 


must be approximately in agreement: that 1s, the ratio of 


20). 
Vn (n — 1) (n — 1) 
differs by more than 20 per cent from unity, ie. if the value does 
not he between 0:8 and 122, then it is probable that the mean point 
of 1mpact changes 1ts position, and that there 1s some disturbing cause 
at work. 

' By the method of successive differences we calculate A from the 
deviations with respect to the arithmetic mean. But if the arithmetic 
mean 1s determined from a few observations, there is still a considerable 
likelihood of error: the question 1s as to the probable accuracy of the 
mean value. 
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The same value of » must be obtained from the separate measurements of t. 

The mean of the 10 experiments was found to give £—0:0002975; and from 
the differences of the single calculated values of ¢ from the mean value, the value 
of u was obtained —0:0000014 sec or 0°47 °/, of the measured time ¢, which was 
about the time of flight of the S bullet over a distance of 25cm. _ 

2. A time-difference of about 0:016 second was measured repeatedly by the 
Boulengé apparatus. The reading of the time-measuring rod was made by vernier 
and magnifying glass, so that it could be obtained within 0°01mm. 

The greatest possible error of reading of the disjunction-mark amounted to 
0:05 mm, corresponding to a time-difference of +0°000034 sec. In the measure- 
ment of the time-mark the error of reading might reach a maximum of 0:05 mm, 
corresponding to a time-difference of +0:000031 sec. 

Thus the greatest possible error in the measurement of the time will be reached 
when both parts of the errors add together; and then it is 

+ 0°000034 + 0°000031 =0°000065 sec : 
while the mean quadratic error gave 0:000057 sec. 

3. The resultant dispersion in range a in shrapnel fire is a combination of the 
longitudinal dispersion 5 due to the burst and of the longitudinal dispersion c of 
the points of impact. Then if a, b, c represent 50 °/, zones, a= /(b?+.c2). 


§ 63. Recapitulation of results. 

If n single observations are carried out, the arithmetic mean of the 
observations 1s taken, and the deviation of each individual observation 
from this mean 1s also found. 

Denote these deviations, regardless of sign, by Aj, Ag, As, ... 


(a) The so-called average deviation, which 1s called the mean 
deviation in the German Army, 1s 
E= iT A, + X, + een 
(n.n — 1) 


(b) The so-called mean quadratic deviation of a single observation 1s 


a An 
u n— l l 


(c) In the case where the observations have been recorded in 
their correct order, the successive differences are written down; there 
are n—1 of these differences, denoted in order by dı, dz, ds, ... 
irrespective of sign; denote their arithmetic mean by 

p.d$t6td4t.. 
n—l 

(d) Then the probable or 50 °/, deviation w of a single observation 

IS given 
most exactly by w=0'6745u, 
less exactly by w=0'5978D, 
still less accurately by w = 0:8453 £. 
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(e) The probable or 50°/, zone sy (called the mean zone in the 
German Army) 1s the double of w, and 1s given 
most exactly by 85 = 13490 u, 
less exactly by 8% = 1:1956D, 
still less accurately by 8 = 1:6906 E. 


(f£) The probable error of the arithmetic mean 1s 
W 
W = —. 
UN 
Example. The velocity v; was measured by a Boulengé apparatus over a 
measured distance of 50 cm from the muzzle, for 10 shots. 
(a) Average deviation 
E 22 
= A/90 
(b) Mean quadratic deviation 


61.24 R 
N +2°6 m/sec — +3 °/.. 


= +2°3 m/sec = +0°27 °/,. 


ve) D -g- 


(d) 50°/, deviation w 
from u, w=0°6745 x 2:6 =1'7 m/sec. 
» D, w=0:5978 x251=15  , 
, E, w=08453x23 =19 , | 
25—2 
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(e) 50°/, deviation 
from u, $502 3:5 m/sec. 
19 D, $5:9— 9'0 y 
29 E, 8 =3'9 y 


S 64. Calculation of the arithmetic mean in the case 
of grouped observations. 


Suppose for example a definite time-interval 1s measured by several 
boulengé instruments A, B, C, ..., of different accuracies; 10 times 
by A,15 times by B, 9 times by C, ... ; and suppose the mean values 
obtained by each apparatus are £1, 2, Lg, .... 

Then it 1s evident from the preceding that it 1s not permissible to 
take the most likely value of « as n ed Ia = — , because the accuracy 
of the single mean values 2, 25, x; 18 not the same, In consequence of 
differences 1n the apparatus, and also 1n the number of experiments. 

The individual arithmetic means 25, 25, 25,... must be multiplied 
by certain factors pj, ps, ps, ..., before being added, and then divided 


by the sum of these factors; so that 


gi PT Rt ee errereen (1) 
pit pa ... 

The same holds for any ballistic measurement whatever, such as gas 
pressure, velocity, mean point of impact on the target, and so forth; 
and the question arises of determining the values of p,, P2, ps, .... 

(a) The accuracy of each measurement being assumed to be the 
same in all groups, with a mean quadratic error p for each measurement, 
suppose only the number m, nz, Ns, ... of experiments to be different, 
from which the mean values 2,, £, #3,... are determined. | 

Moreover suppose all the measurements independent of each other. 
In this case the mean x of the whole 1s 


DA, TTE. Pase (2) 


n,;Tnj... 


Therefore the factors are p, =ni, Po = Na, .... 


The mean quadratic error for æ is 


p 

V( i+ pa...) 
(b) Suppose the number of experiments n, Nne, n5, ... 1n-each group 
to be the same, n =n, = ..., but the accuracies to be different ; so that 
u 18 the mean quadratic error 1n the first group, p; in the second, and 


SO ON. 
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Then according to (a) v= (141+ PoX2+ pasa): (py "- The mean error 
2 
of x, in this case is clearly —— , of x. is 4—, ...; so that I = or p, — 
" "4p pa? Jn 7 dps "Pa 
p= E, ...; and thus 
H2 


nu? nu? Nu? nu? ny . nu? 
s (TE n es ss a Ie Er 
2 


Ln L Xə + X 
NI : ua" i 273 
l 1 l 
—; +t — 
py 2” u3“ 


which 1s the same expression as given above. 

Since n does not occur here, it is evident that the result holds for n=1, and 
for the case where 2, £2, 23, ... are not Mean values, but individual cases, measured 
with the various accuracies expressed by y, Ha, ps, ...- 

Let us imagine again the observation zz, to be made with mean error pe, and 
x3 With uz, and their combined mean x to be found, as shown by the brackets in 
the equation. Let this mean have the error uw’ and the factor p’. 

Then the resultant mean is 


so that 


émet and p =m+ "one : 
w? po ^ i p RT p^ pe? pg?” 


j 9^ 2 Jay“ 3] ° py? "m: É 


This gives equation (4). 
B The proposition may be compared with 
s an analogy in Mechanics. 
— C The equation 


| X — (py + Py Xe ps3) : (Pit Po Ps) 
po ^| is similar to the equation of moments for 
| the calculation of the abscissa of the centre 
| of gravity S of three particles A, B, C with 
Ps abscissae 41, 49, 44, and Weights 44, pe, P3 
Which may be concentrated as a single weight 

| 21-- f3-- ps at the centre of gravity S. 

Example. The same time-element of 
P+ P+ p, about 0:016 second was measured 50 times 
: by six different Chronographs ; and the mean 
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value and the mean quadratic error » with respect to the mean were measured 
in each group. It was found that in the 


Condenser chronograph, the mean value of zı 20:016315, pı =0-000016; 


Spark chronograph, 5 - £ 20016480, us —0:000128 ; 
Tuning fork chronograph, ,, m z3 =0'016552, p, =0:000134; 
Boulengé apparatus A » " X =0°016339, # —0:000055 ; 
" -" B " m 1" =0°016398, u” 20000057 ; 
- - C " - x” =0°016575, p” =0000143. 


As the three Boulengé apparatus are not essentially different, they are treated 
as a single apparatus, so that finally the resultant mean is to be calculated from 
four groups only. 

The mean x, of 2’, x”, x” and the value of its u, are thus first to be calculated. 

According to the above 


0:016339 0:016398 0:016575 


VARA AeA 2 TAI AQ 
HEC EN (0:000057Y? * (0 EE) —— nen 


i 
(0:000055)2 * (0:000057)? * (07000143)? 

Do1 1 1 

pa^ u? p^ p pr 


Then to calculate the resultant mean 2 with the use of 7,2 0:016382, and 
#4=0°'0000381, the mean of the six groups would be found, treating the three 
Boulengés as separate instruments; but they are to be treated as a single 
apparatus, with u4=0'0000381 x ,/3 2 0:000066 sec. 

The resultant mean is therefore 


0:016315 0016480 0°016552 , 0:016382 


~ 162 ^" Jog + 1242 Teer 
16? * 1282 * 134? T 66? 


(see Vol. Iv, § 144). 


§ 65. Investigation of a series of observations. Axes of 
symmetry of a target-diagram. 


In a definite series of ballistic observations, the deviations ^, As, 
Às,... from the mean value must be divided into groups, 1n order to see 
how many lie, for instance, between 0 and 2 cm, between 2 and 4, and so 
on; and then u or w must be calculated ; thence we know the number 
that should he 1n each interval, according to the law of Probable Errors. 

If the two error-curves are in sufficient agreement, it can be ın- 
ferred that no disturbance 1s present. 

Usually however the number of experiments 1s too small for this 
procedure to be possible; ın such a case the following criterion 1s 
generally employed. 
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(a) After the numbers of the experiments have been recorded in 
the order in which the tests were made, and the sequence of the 
different deviations has been determined, the number of positive and 
negative deviations should prove nearly equal, as well as the number 
of sequences of change of sign, + — or —+, and + +, ——. 


(b) Itis more important that the calculation of the*probable error 
w from the mean quadratic u, average E, and successive differences d 
should give about the same value from the equations 


> |r | 
(n . n — 1) 
If this 1s not the case, and 1f the two last determinations of w are 
so related that their ratio differs from 1 by more than 20°/,, the sus- 
picion arises that a disturbing cause 1s present. 
As stated already, w should be determined in this case from the 
> | a | 


S 


w = 06745 J = = 0:8453 = 0:5978 = el 


successive differences, by w = 0:5978 , unless 1t 1s preferred to 


reject the whole series of observations. 


(c) The question is of particular importance as to whether an 
observation with a numerical value of X of extraordinary amount 
should be rejected. 

Gauss’s law only excludes deviations of infinite amount, and it 1s 
therefore to be expected that in practice certain arbitrary limitations 
will be necessary. Many men object to any system which allows an 
observation to be rejected for any cause. Aıry, Bessel, and Faye took 
this view. Others allow the exclusion of a reading if there was any- 
thing suspicious in connection with the circumstances under which 
the observation was taken. But in connection with firing tests, 1t 
seems necessary to reserve the right to exclude any figure which 
deviates from the mean by an excessive amount. 

Many rules have been proposed; in particular by Bertrand, B. 

Pierce (with Tables by Gould and Chauvenet), 


7 | N, by Chauvenet himself, Stone, Vallier, Heyden- 
1 4 1 Hoc. | 
i pue reich, and Mazzuolı. 
SAP N The rule of Chauvenet refers to the calcu- 
EAS | lation of the maximum deviation M of a series 
» M = RS of observations. Suppose w to be the pro- 


MEE bable error or 2w the 50 "/, zone, + M the 
greatest error occurring, or 2M the extreme 


"P, 
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B. Pierce, on the basis of theoretical considerations, arrives at rules 
very similar to those of Chauvenet, but they differ as to whether 
1, or 2, or 3,... extreme deviations are to be excluded. 

The theoretical discussions of Stone lead to the conclusion that 
different rules must hold, according to the nature of the observations 
and the observer ın question. 

Heydenreich treats a shot as rejected when its deviation 1s greater 
than would be expected once in 2 (n — 1) shots; the condition 1s then 


2 (n — 1) a-w()-1 V )= — (4) 


The different rules are collected together in the following. An 
observation 1s rejected when the deviation from the arithmetic mean 


is greater than « times the probable error w, where w= half the 
50°/, zone. 


Number |j Chauvenet |, ^. Pierce 3. Vallier 4. Heydenreich | 5. Mazzuoli 
of shots (forlrejection)| . 


"n | K K K K K 


3 — 1:80 — 1°46 
4 22 2:05 as 1n (2:27 — 1°73 
5 2°43 2°24 1 (2°43 2°76 - 1:91 
6 2°56 2°39 3°25 2:0] 2°05 
7 2:66 2:51 3°45 3°03 2°18 
8 2°77 2:61 3°60 3°12 2°28 
9 9°83 2°70 3°69 3°20 2°36 
10 2°92 2°78 2:84 3°27 2°44 
12 3:02 2:99 4°00 3°37 2°58 
20 3°33 3°27 4°49 3:64 2:91 


-unn 


These figures differ very materially. 

The numbers of Chauvenet appear to the author to be the best, 
but ıt would be better to test the figures by comparing the results 
obtained from a variety of ballistical tests. In this way it would be 
possible to arrive at some sort of final judgment. See also § 66. 

Numerical example. Measurement of the velocity of a gun, at 40m from the 


muzzle. Twelve observations were made. 
Mean quadratic error of a single measurement 


Sr? 17°65 0:4769 
m ES = / = = 1:26 = 1:26 (14 aT) 


—]1:26--0:18— 1:08 to 1:44 
= about 1:3 m/sec, or 0:29 ?/. of v. 
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: Deviation Square Successive 
M from mean of deviations differences 
m/sec A A- d 
439°1 —2:8 1:84 - 
442-9 +10 1:0 an 
449-9 0:3 0-09 iA 
442 1 0:2 0-04 *- 
449:4 +0°5 0-25 re 
441°5 — 0'4 0:16 0:7 
442'2 J-0:3 0:09 0:7 
441°5 -0*4 0:16 s 
449-0 4-071 0:01 + 
444°2 +2°3 5°29 3-9 
440°3 — 1:6 2'00 
Mean v=441'9 z|A|-1033 3A2—17:65 s|d|=140 
Mean quadratic error of the result, i.e., of the mean v, 
M=F-=—5=0 36 m/sec=0°081 °/, of v. 
Average error of a single measurement 
BRINGEN 10:8 
———— —A = 089 
= /n.n-1) 41.12) RP 
" j 
id] 140 176; 05978217 = 0-76. 
8 1l 8 
So that, 
as derived from u, w=0'6745u=0'85 ; 
" " E, w=084535=0"175; 
d 
, 0, Zla] y-05978 212 l |076. 
$ 


w from (d) O76 

w from E 075 
and is between 0:8 and 1:2 ; and therefore there is no cause for assuming that any 
disturbing cause is at work. - 

Moreover there are five sequences of sign, and 6 changes in the values of X. 
On the other hand there are 8 positive values of X against 4 negative, and 
5 positive in immediate succession-- (+1°0, +0°3, +0°4, +0°2, +0°5).- This arises 
because the first measurement 439'1 was rather small compared with the rest. 
As this often occurs, many are in the habit of omitting this first measurement on 
principle. But the question arises whether 439:1 is to be rejected or not. Since 
n=12, w=0'85, from the determination of w from u, and this shot according to 
Chauvenet should be rejected ; because 


2°8>3'02 x 0:85 or >2°56. 


The ratio of the last two determinations, is very nearly 1, 
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According to Pierce this shot is to be rejected, since 
2:87 2:9x0:8522'48. 
According to Vallier, the shot is not to be excluded, since 
2:8 1s not 4:00 x 0:85 344, 
According to Heydenreich this shot is just excluded, since 
28= ~ 3'37 x 0°85. 
According to Mazzuoli, the shot should be rejected, since 
2°8 > 2°58 x 0°85 >2°2. 


On general grounds, the shot in question should obviously be rejected. 
The calculations should then be repeated, and based on the other 11 measure- 
ments. | 


Remark. H. Rohne employs the equation a| 1 —Y Z) to obtain the 


50°/ zone from the total dispersion 24. By a combination of theory and experi- 
ment he obtains the result: In 5, 10, 15, 20, 25, 30, 40, 50 shots the ratio of the 
total dispersion to the 50 °/, zone was respectively 1:95, 2:40, 2°59, 2°76, 2:90, 3:02, 
3°12, 3°20. 

Another method has been investigated by H. Rohne; ; he obtains the 50 °/, zone 
by excluding the less accurate half of the shots. This has been employed also by 
A. v. Burgsdorff and others. 


S 66. The axes of the target-diagram. 


When the distribution of errors with respect to the mean value 1s 
treated In more than one dimension, as for instance ın the grouping 
of the hits in the plane of a vertical target about the mean point of 
impact, or ın the distribution of the bursts in space with respect to 
the mean point of burst, the question must be considered whether the 
causes of deviation 1n relation to the coordinate axes are independent 
of one another or not. 

For the sake of simplicity the preceding treatment was connected 
with the distribution of the hits on a vertical target, and moreover 
the deviations along the horizontal axis Ox were the. only ones that 
were considered. | 

In a similar manner the deviations may be considered, in the 
direction of the vertical axis. 

Suppose the deviations in the æ direction to be denoted by x, 2, 


%3,...,and 1n the y direction by 9, ys, 95, .. .,the mean quadratic error In 
2 
the æ direction is p, = V ES ‚and 1n the y direction 18 p = aan, 


But the assumption here is that the errors in the directions of the 
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When the v, v axes are the axes of symmetry, Xuv = 0; the value 
of 0 determined from this condition 1s denoted by a, so that 


2U 
A-B 

After the coordinate system has been turned through the angle a, 
all deviations are referred to the new (u, v) axes. 

But it is not necessary to repeat the calculations when 1t is only 
required to obtain the mean quadratic errors 5 and u” with respect to 
the new axes; because 

t? = a? cos? a + Y? sin? a + zy sin 2a, 


0——1(4 —B)sin2a+Ccos2a, tan2a-— 


v= 2? SIN? a + Y? cos? a — «y sin 2a ; 
Zu = A cos? a + Bsin?a+ C sin 2a, 
24? = A sin? a + B cos? a — Osin 2a, 


2 2 
so that since u = J a ‚and w= J - their values are ob- 


tained immediately from those of A, B, C, a. 

The values of w and w” are now a maximum or minimum, a rela- 
tion equally useful for the determination of tan 2a. 

Recapitulation. Consider the deviations with respect to horizontal 
and vertical axes, drawn through the point of mean impact, and calcu- 
late Ea? = A, Zy’ = B, Zey = C. 

If C 1s distinctly different from zero, this shows that the axes of 
symmetry are inclined to the horizontal at an angle given by 

2C 
A—B' 

The mean quadratic deviations, u and p”, with respect to the true 

axes are calculated from 


(n — 1) p? = A cos? a + B sin? a + Csin 2a, 
(n — l)p? = A sin? a + B cos? a — C sin 2a. 


tan 2a = 


Examples. Target practice of a rifle, 6mm calibre, at a range of 1500 m. 

The 20 hits were measured from the vertical left-hand edge of the target to 
the right (+£), and from the horizontal lower edge upward (+7). Mean point of 
impact, én. The deviations with respect to this were denoted by +2, right and 
left, and +y, up and down. 


£—515 645 658 622 627 592 696 572 615 596 733 662 


n=218 
&=591 
n=375 


265 
565 
459 


274 
730 
526 


281 
654 
541 


293 
626 
9183 


304 
604 
583 


309 
672 
636 


216 352 352 374 371 
726 cm; mean £,—635:05 cm. | 
665 cm; mean 9-402375 cm. 
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Thence, in the horizontal direction | in the vertical direction 


2 |x|=921, 22°= 63969 3|y|=2315°5, 2y?=352034 
rage deviati 
average aevia Pm om ‘a 119 cin 
= 
probable deviation w= 92 cm 
00; — 39 cnm 


mean quadratic deviation 


u) = 58 cm pg = 136 cm 
probable error 


w = 40 cm 109 2:92 cm 


probable error of the mean 
W,=9cm W,=21 cm 
zxy = 60820, 
9C 2 x 60820 
A—B 63969 — 352034 
For the symmetrical axes, (u, v) 


tan 2a= : a=- 11^ 268. 


Su*=51655 Svi = 364354 
mean quadratic error p’=52 cm p" =138 cm 
probable error w' —35 cm w” —93 cm 


In addition for 100 shots from a 7:65 mm rifle at a vertical target at a range 
of 250 m, it was found that a= +° 32’. 

Bertrand investigated 1000 rifle shots, and found a= —19*47'; Mayevski from 
a series of 44 shots from a 10:5 cm gun, found a= +0° 47'. 

No laws, connecting the distance of the target with the position 
of the axes of symmetry, are known, 1n spite of the fact that 1t has 
been sometimes stated that the two things are 1nterdependent. But 
an investigation of the matter might lead to some useful results. 


§ 67. The probability of hitting a given area. 


Let us suppose a system of rectangular coordinates to be drawn 
on the target, the origin being the 
mean point of impact, and let the 
axes be arranged symmetrically with 
respect to the target-diagram, as ex- 
plained in § 66. 

The mean quadratic errors in the 
direction of the axes are found from | 


> y? Q r 
n—1l 


y 


dt 


| oy 


| 
thence we find the probable errors, | 
w, and w,, and the widths of the 50°/, 
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zones given by s,= 2w,, and s,=2w,. The chance of hitting the 
point P is the same as that of hitting an indefinitely small rectangle, 
da, dy, at P. This is naturally infinitesimally small: ıt may be con- 


sidered as the product of two probabilities, which are (1) the chance 
of hitting a vertical strip at P of width dz, and (2) the chance of 


hitting a horizontal strip at P, of width dy. ‘These chances are 
respectively 


h, —h 2x2? ho —h,? 7? 
Tan e dx, and € dy. 
1 0:4769 1l 0:4769 
Now n= 8 w. i ds AT w. a 
Then in n shots, the number falling on the elementary rectangle 1s 
n hah HN dady. 
TT 


Suppose now a rectangular target ABCD 1s taken, with O at the 
centre, breadth 2/,, height 2/,. Integrating over this rectangle, the 
number of hits on the rectangular target 1s 


i nh, ha 


X m +1, = +1, 
| | (0 ghetta) dedy 


and yr 1s given ın Vol. Iv, Table 15. | 
Next suppose a strip AABB is taken, extending indefinitely[up 


and down, and containing the origin O, at distances Z4, L, from the 
sides of the strip; and suppose the probable lateral error to be w, = w. 
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where 2/ 1s the breadth of the strip, and Ss» that of the 50 ^/. zone; 


consult Tables 14, 15, Vol. 1v ford and «f; i is called the probability 


S50 


factor, and 100% 1s the percentage of hits. 
(b) The probability of hitting a rectangle, of which O is the centre,is 


21,, 2l, are the lengths of the sides of the rectangle, taken parallel and 
perpendicular to the plane of fire; s,, and s, of the 50 °/, zones parallel 


to the sides of the rectangle. 


(c) The probability of hitting an infinite strip with parallel sides, 
where O has an unsymmetrical position within the strip, at distances 
l and J, from the sides, 1s 


1, /2l\ 1, /26 | 
9 Vr (=) -+ 9 (5) ——— — (III) 
(d) The probability of hitting the strip outside O, 1s with the 
same notation 
1, /2&\ 1l, (21, 
5 V (=) -5 (=) nennen (IV) 


(e) Given a line on the target, drawn obliquely to the plane of fire, 
at a distance / from O; the probability that a hit lies on the same side 
of the line as O is 


A table for these functions 1s given by Sabudskı and v. Eberhard; 
the calculation can also be made from Table 15, Vol. Iv. 


(f) So also the probability that the hit 1s on the side of the line 
away from O is 


The quantities l, l, lz, So must all be expressed 1n the same unit. 


Example 1. A strip on the target stretches in the direction of fire, of breadth 
2!=6m; the breadth of 50°/, zone is $424 m. The gun is aimed at the middle 
line of this strip. What is the percentage of hits on the strip? 

(a) From Table 14 in Vol. rv, 


2 6 
S85 4 
so that from (I) the probability required is 
$ (04769 x 1:5) =d (07153) —0:688. 
Therefore 68:8 °/. are hits. 


1:5, 
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(b) From Table 15, Vol. rv, 
V. (1:5) =0°688, and thus 68°8°/, are hits. 


Example 2. A horizontal strip on the target is drawn obliquely to the plane 
of fire; the gun is fired at the horizontal middle line of the strip. Given that the 
breadth 22 of the strip is one-third of the 25 °/, error, calculate the percentage of 
hits on the strip. 

‘Consider another strip with the same middle line but of breadth 2/5. On this 
strip the probability of hitting is 0:25 ; then according to (Ia) 


850 


V (525) =025, and "20472 from Table 15. 
50 


On the other hand 2/,,=3x 21, so that 0:472 54,23 x 21, or 


ee — — =0°157; 
S50 E wu 
and from Table 15, y (0:157) 20:082; hence 8:2?/, of hits are to be expected. 


Example 3. 'The height of a strip, extending right and left, is to be so ad- 
justed that when a rifle is fired at the middle line of the strip, 41°/, of the hits 
strike the strip, the 50 °/_ zone for height being 3:5 m. 


Let the height be 2/; then y (35) =0°41, and 2° —080, from Table 15: and 
2/—2:8 m. 


Example 4. A strip extending indefinitely right and left has a height of 1:9 m. 
The 50 "/, zone for height is 3:5 m. The mean point of impact is on the upper 
boundary line of the strip. To calculate the percentage of hits on the strip. 

In formulae (III) or (IV), 89=3°5, /, 20, /521:9; then the percentage of hits is 


100 x 5| ¥ (Fi E JE 0 |=50 4 (1:08) — 50 x 0:5337 =27 s]. 


Example 5. Firing with a fixed elevation, in 10 shots 7 were observed on the 
near side of an upright mound, and consequently were recorded as short. The 50*/, 
length zone was given as 20 m. Calculate the probable distance of the mean point 
of impact from the mound, and the amount of correction required. 

Denote the distance of the mean point from the mound by /. This is given by 
formula (V) from the equation 


7 ] 1 2 [ l 
Daty (5): v(i) - =0'4, and 197 9778, from Table 15, 


!=78m. Consequently the mean point of impact is about 7:8 m on this side of 
the mound; and this is at the same time the most probable correction. 

To determine the probable limits of this result for /, the most probable value 
being 7:8, or 8 m, the rule of Bayes in $ 59 may be used; and on this it is to be 
assumed that it is an even chance that the ratio of the shorts to the number of 
all the shots will lie between the limits 


1 2x 7(10-7) n. us 


that is between 0:7974 and 0:6026. 
26—2 
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The probable limits of J, and l are calculated from 4 from the equations 
1:1 l 1 1 l 

— — 21 mU — — 22 m E E y 

5t5V EJ 0:7974, stav (2) 0:6026, 

and then 


21123, (,=12°3m; 


2038, 1,=3'8 m; 
these are the probable limits for the determination of 1. 
The probable correction is thence 8+4 m, in round numbers; and +4m is the 


probable error of the trial. 


Example 6. Calculations with percussion and time fuzes. 


(a) Let us suppose that percussion fuzes are used with a given target, the 
charge and the angle of elevation being kept constant. Then the final portions 
of the trajectories may be considered to be a number of parallel lines, inclined to 
the horizontal at an angle w, where c is the acute angle of descent. One of these 
is actually the mean trajectory of the group. As in $ 63, the deviations from the 
mean trajectory, /;; and bg, can be calculated from the horizontal target-diagram 
for level ground on the muzzle-horizon. Here J; is the 50 per cent zone for length, 
and is measured on the horizontal line in the plane of fire, while 55, is the 50 per 
cent zone for breadth, and is measured on the horizontal line at right angles to 
the plane of fire. It will be seen that b; has the same value for level and for 
rising ground, while /;; has obviously a variable value, depending on the angle of 
slope. On a vertical target, if A is the 50 per cent zone for height, Ajo =U59 tan o. 
For a horizontal target, which is at a higher or lower level than the muzzle-horizon, 
graphical methods can be employed to obtain the value of Jj, but the experi- 
mental method is better. 


(b) With time-fuzes, the same sort of thing takes place. This is the first 
reason why shells do not always burst at the same point, even though the fuze- 
setting and all the other conditions are the same. Besides the difference in the 
trajectories, the variability of the action of the time-fuzes is a second contributing 
cause: this is due to various unavoidable differences in the uniformity of the 
composition of the fuzes. The position of the point of burst depends partly on 
the individual trajectory and partly on the rate of action of the time-fuze. The 
result is that the 50 per cent breadth-zones are the same as for percussion fuzes, 
and they need not be further considered. 

The 50 per cent height-zones and length-zones are referred to a vertical plane, 
containing the mean trajectory, and with time-fuzes the equation hjy=J; tan e 
does not hold. In this case the values of Az, and /;4 may be either greater or less 
than they would be in the case of simple trajectories: and in practice they are 
calculated, independently of one another, from the moments of burst, as found 
by experiment. Let us suppose A5, to be known, i.e., the 50 per cent height-zone 
of the point of burst: then for a given mean height of burst, H, the probability 
w can be calculated from formula (V), and is given by the equation 
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The probability of hitting the target C, C" at 750 m is 


1,/152N , 1, /170-152 > 
5 (roas) +5¥( 1:045 ) =382 5 


The probability of hitting the target M, M’ at 825 m is 


1 0.89 -- 1:70 1 0:89 

-— —— een — OS "—— =e St o 

5¥( 118 aV (13s) nd 
and so on, 


Thus for the ranges 
800 | 825 | 850 | 875 | 900|925|950]...|7751750| 725 | 700 | 675|650|6251600|575]... 
the series of the percentage of hits is as follows: 
34°4 | 23°7 | 12:9 | 5:4 | 1°8|0°4/0]... | 40-0} 38-2 | 30-0 | 20°5 | 12:0 | 5°8 | 24| 0-9/0]... 


If the percentage 1s set out as a function of the range, we obtain a curve, 
corresponding to the sighting for 800 m. 


As for artillery, the probability that a shot lies on the same side as O was 

given as : ET : V (2) 
2 2 wj 

Denote by £, the unknown range of the target from the gun as given in the 
range table, a the range at which the firing is to be carried out. These distances as 
well as the distance L, of the mean point of impact O from the target are to be 
measured in a positive direction away from the gun. 

Since é- a= L and y^ (y) 2 — y (+), the probability of a short shot is given 


in all cases by $+ by (==) | 


Putting 3 =, =a, as é, a, w are all measured in the same unit, viz., the 
W U f , 


metre, 4-Fiy (= a), or F'(r—a) is the probability of a short shot; and con- 
sequently Z'(a —z) or 1— F(x-a) of a long shot. A table of the function F 
is given in the works of Sabudski and v. Eberhard, as well as of Kozak. 

When s=m+n shots have been fired, the probability that in the s shots, m 
are short and a long, is given by 


[E (x -a)]” [F (a- 2)]*. 
The most probable distance of the target, according to the range table, is that 
for which this expression is a maximum; and so x is to be calculated from 


F'(x— a)=— , as in the previous example 5. 


More generally, let s— +n shots be fired with different elevations; let short 
shots be observed at the ranges o;, as, ... dm, and long shots at ranges bi, bo, ... 
ba, in a definite order. The unknown range z is then obtained according to Mangon 
by the following procedure. The probability of this event is 


5—F(x—a)F(x—2a...PF(x—ag4) F (bj —2) F (by —2) ... F (br x). ...(a) 


By logarithmic differentiation and equating to zero, the condition of a maxi- 
mum is obtained, and thence the most probable range z. 
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The condition will be 
te —a,)+...4+ f (#—ay,) — f(bi—2)-...— fF (dn - 2)=0, ies (b) 
where f(y) denotes V. which is found in the tables of Sabudski and Kozäk. 


Fo) 
This equation (b) is to be solved by trial. 


For example in shooting with a gun the following observations were made, aa 
given by Sabudski and v. Eberhard. At an elevation of 50 mm on the sight, corre- 
sponding to the range A,, a— was obtained; with 51 mm at As, +, —, — ; with 
59 mm at As, +, +; (a long shot is denoted by +, short by - ); I mm on the sight 
alters the range about 26 m, and the probable error in range w-9:4 m. Required 
the most probable range of the target. 

Condition (b) leads here to 


I (@—Ay)+2f(@— 4»))—f(As—s)-2/(437 8)=0. ............ (c) 
To solve this equation, «= 4; is first tried ; and then the left-hand side of (c) is 
e f (45— A) * 2f (0) -/ (0) - 2/ (45 — Ap) =0. 


The range difference Ag — A, corresponds to the difference of 51 — 50mm ; but 
since 1 mm on the sight alters the range 26 m, 


A» — AÁ; = (51 = 90) 20 m=2°77 w. 


So also 43— A,=2°77; and thus / (2:77) - 2/ (0) — f (0) — 9f (2°77) is obtained. 
From the table, the left-hand side is thus 
011-2x -18—118—2x 0112 +107, 
Which is positive. l 
Calculating again x as the range corresponding to the elevation 51:36 mm, the 
left-hand side works out = — 1:26 ; and finally — 0'21 for 51:2 mm. Consequently 
the most probable elevation for the range is between 51 and 51:2 mm, and nearer 


to 5172. 
This method of Mangon, first employed in Germany by H. Rohne, has been 


extended by him to the case where in one shot or in several the distance of the 
point of impact from the target is to be measured. 

Concerning this and other details, see Ritter v. Eberhard's German translation 
of N. Sabudski's work, in which the questions are treated theoretically. 


$ 68. Probability of hitting a given circular area. 


Suppose a circle of radius & to be described on a vertical target ; 
the gun is fired at the centre O so that O 1s the centre of mean 
impact; and the zones 1n the plane of the target are assumed to be 
the same in all directions about O. 

About a point P let a small sector df be drawn with central 
angle db, and bounded by a thin ring of inner radius r and outer 
r+dr. 
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On Gauss's Law the probability of hitting df is a?e7*'" df, where 
a and b are two constants, to be determined later, and df= rdddr. 


Integrate with respect to $ from 0 to 27; then out of n shots, 
2n a?e " rdr will fall on the thin ring. 
Thus the number of hits 1n the complete circle of radius È 1s 
r=k 2 
fe hune e "T rdr =nr js (1— 679 E) ......... (1) 
The constant a 1s then determined from the condition that the 
area of an infinite circle is certain to be struck, and then t=7, 


for r2 oo; this gives a= LA 


M TT 

The constant 6 determines the measure for radial deviations, 
reckoned from O. 

Of these radial errors, denote the mean quadratic error by u,, the 
average error by Z,, the probable or 50 /, error (half the 50°/, zone) 
by w, or Li. 

The relations between these errors are different from those given 
previously with respect to parallel deviations. 


(a) Mean quadratic radial error p,. 
Denoting the single radial errors of the shots by e, €, €, ..., then 
according to the definition, 


" n nc 


Therefore nu? = Xe =È (r? times the number of hits made on 
the thin ring between radii r and r+ dr) = È (r? 2nra?e”””rdr), the 
sum being taken over the whole plane; so that 


b? r=% ; 
nu,?-2nT — | err dr 
7T 2 T—0 
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and putting br — t, we get 


—12 1 N 

E, = 2a? phe t“ Pdt = 27a? — D? E , 
Or, since q = = 
) Na’ 

l7 08862 
Boy =. nennen (4) 
Therefore 
T R^ 


t=n(l- e 4E) | 
Consequently we have 


1 Ilwm (log 2) | 
u, E, 2 


and w, or AK = 0°83255u, = 0:9395 E,, for the radial errors about O; 
compared with the previous w = 0°67 454 = 0:8453 E, for parallel devia- 
tions. 


Recapitulation. The percentage of hits in shooting at a circular 
target of radius & with centre at O, the mean point of impact, is 
s E E 
100(1— e “")=100[1 - (05)**12100(1—e *^). 


| Rt 
A table for 100 (1 — 0°5%s") as a function of E: Ry 1s as follows: 


Radius of circle R | | 
50°/, zone radius Rep = | 01 02 | 03 | 04 | 05 | 076 
Percentage of hits 0:69 2731| 604 10°50 | 15:91 E ‘08 | 


07 | 08 1 fat fi pepe 5 [16 |ı7 | 1s | 


28°80 | 35° Tm 42:96 | 50°00 | 56° 77 |63 14 | 69-01 | 74°30 | 78:98 | 83:04 86-51 |89 421 


1:9 2 2'] | 2:2 2'3 2°4 2'9 2°6 2°7 2:8 | 2:0 Ó 


99°56 |o 


96°51 | 97°44 98°15 | 98°69 99°07 99°37 99°80} 


91°31 93°75 | 95:29 


Numerical example. A pistol is fired accurately at a ring target; the 50°/, 
circle had a diameter of 0:5 m. 

The rings were numbered 12, 11, 10, 9, 8, 7, 6 and were marked out by circles 
of radii 5, 10, 15, 20, 25, 30, 35 cm. 
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In 1000 shots it is required to determine the number of hits to be expected in 
each ring. 


Here 2)=50cm, Rg) = 25 cm. 


Circular area up to ring 12, jdm 02, percentage 273, 
" ll, 4, =3g=0°4, " 10:50, 
" 10, ,, —1:2-20*, » 22°08, 
»" 9, , —22-—08, Mr 30°82, 
" 8, yg =33=110, - 90, 
4, 5», —39213, " 63:14, 
» T 6, 4 —i3g-l, 74°30, 
So that in the area of the ring 
Number | 12 11 10 9 8 7 6 
Hits 97 105 — 27 | 221 — 105 | 358 — 221 | 500 — 358 | 631 — 500 | 743 — 631 
— 18 — 116 — 137 —142 == 131 —]112 


Thus 257 shots fell outside the outermost ring. 


$69. Probability of hitting a given elliptical target. 
l. Eiliptical Target. 


Ihe coordınate axes are taken as the axes of symmetry of the 
target-dıagram. 

The mean quadratic errors in these directions are denoted by u, 
and uo. Thus there is an infinite series of similar ellipses, for which 
the axes are symmetrical. 

Among these ellipses select CDC,D, with semi-axes OC = A, 
OD = pu; and the question 1s to determine the percentage of hits on 
this ellipse. 

For this purpose the given elliptical area is divided up into 
elements of area df, and the number of hits on this area df 1s calcu- 
lated, and then an integration gives the number on the given ellipse 
C DC, D,. 

The most convenient way 1s to take the element of area df 1n the 
form of a very thin elliptic ring ABA, D;, enclosed by ellipses similar 
to the boundary ellipse. Then 1t can be shown that round such an 
ellipse the probability of a hit is constant. 

The probability of hitting an element dxdy round a point P, 1s 
found to be 


h, h 2 x2 ha h O 0 1 I 
— N dupl GEHE a” Y- aa 
Jr da m e dy, where h,= u? j3: and h,= "LL 
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and so 1t 1s equal to 


If the point P (zy), and with it the element dzdy, moves round 


the plane, so that P remains on the ellipse ABA, Bı, with semi- 
x? y- q? UR 
+ =], or — + < 
(em)? (em)? pè o ul 
bability remains constant, because e 1s constant round the ellipse ; and 
€, fy, Hz are given. 
Integrating round the ring ABA, B, the probability of hitting 


this thin ring, of area df, 1s then equal to 


1 
.e 5€ df. 
2T Ia Ma J: 


axes eu, and eua; then 


=e’, and the pro- 


y 


D 


The value of df 1s found as follows. The inner ellipse of the ring 
has semi-axes eu, and ep, and the area 


f= epi. Ehz. = Thy fe. €. 
Therefore 
df = 27, p.e de. 


Thence the probability of hitting the thin ring is 


1 


ZT fy flo 
that is, in n shots, the number falling on the ring is ne?“ ede. 


e3* DT u We de = e~“ ede, 
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In this way elliptic targets may be constructed for a given rifle 
and for any range, of which the separate rings correspond to the actual 
height and breadth errors, with an area to suit any definite percentage 
of hits. 

2. A target with any arbitrary bounding line. 
The probability of hitting a target was given in § 67 by the 


following double integral, extended over the boundary line of the 
target: 


[| g- (Unt at Ay?) dady. 
TT 


As shown in § 67—69, this double integral can be worked out, 
not only for rectangles, but also for circular and elliptical boundaries, 
provided the mean point of impact lies at the centre of the circle or 
ellipse. 

But let us now suppose that the bounding line of the target 1s 
wholly irregular, as 1s the case with the ordinary targets of the battle- 
field. In such circumstances ıt 1s impossible to evaluate the double 
integral in finite form. The usual method of approximation 1s to 
suppose that the mean point of impact coincides with the centre of 
gravity, and the target is then replaced by a circle or rectangle of 
equal area, described about the centre of gravity. 

Rothe has lately described a general method for dealing with cases 
of this kind: it is partly graphical and partly mechanical. It deals 
with a target bounded by any kind of curve, with any known errors 
of deviation, or with any position of the axes, or with any assumption 
as to the position of the mean point of impact. He is able to find the 
percentage of hits on the target with sufficient accuracy. 

For this purpose, other variables are introduced instead of h, x and 


h, y, and the double integral becomes : | | e «tv? dx dy. Then Rothe's 


general procedure is to evaluate the double integral /[f(x, y) dx dy 
over a given bounding line with the aid of the planimeter. 


The process is briefly as follows. A plan of the surface (= (x, y) is made by 
means of contour lines of section, along Which z=constant. He draws the bound- 
ing line of the integral, and determines with the planimeter, for a. sufficient 
number of constant values of ¢, the sections of the cylinder erected on the bound- 
ing line. These sections are plotted as ordinates, corresponding to ¢, in a new 
diagram, and a curve is constructed in this way. He determines by the plani- 
meter the area bounded by this curve, the two extreme ordinates, and the axis 
of abscissae. 


415 
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R. Rothe has employed this procedure for many examples, for 
instance on an infantry breast-plate of 1283 cm? surface; there he 
found the probability of hitting was 0:662, while the assumption of a 
circular target of equal area gave the value 0'754. 


Rothe’s planimetric method can also be extended to a target 1n 


three dimensions. 
Finally he has shown how to obtain the point of mean impact, and 


how the target must be placed so as to obtain the greatest probability. 
Further details cannot be given here. 


$ 70. Application of Gauss’s method of Least Squares. 


1. The matter may best be illustrated by means of a simple 
example. 

Suppose at the ranges X = 1, 2, 3, 4, 5, 6 km, the times of flight 
are T = 2770, 620, 10:30, 15:20, 21°40, 30:30 seconds. 

A relation between X and T 1s required, and let us suppose that 


T=AX + BX? 
For the determination of A and 5, there are six equations, 
namely, 
27=1.4+1°.B 62=24A4+28, 103=34 + 32B, 
15:2 = 44 + £B, ... and so on. 


Considering only the first two equations, we find A = 23, B=0°4; 
so that the relation 1s 


T —59:3X  OAX?, nennen (1) 


Then the values of T are as follows: 


measured, T= 27 62 103 152 214 303, 

calculated, T= 27 62 105 156 215 282, 

errors, f=+0 +0 +92 +04 +01 — 21, 
Lf = 0:2? + 0°42 + O11? 4+ 21? = 4°6,. 

It 1s required to find the most convenient way of using all the 
observations, or of distributing the errors over the whole series. This 
consists 1n the method of Least Squares. The coefficients A, B, must 
be so determined that the sum of the squares of the errors 1s made as 
smallas possible. The procedure 1s analogous to the graphical method 


of drawing a smooth curve through a series of observed points. 
The errors are the differences between the calculated and the 
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measured times of fhght; so that the sum of the squares of the 
errors 18 


(1.4+1°.B-27)%+(2.4+2.B-62)+(3.4+3°. B—103y 4 .... 
If this 1s to be a minimum, we have by partial differentiation 


(A +B—2°7)4+2(24 +4B—62)4+3(34 + 9B—103)+4... =% 
(A4 B— 2) -A(24 +4B-62)+9(34+9B-—103)+...=0, 


and 


A1+4+9+..)+B(1+8+27+..)=27+2 x62+3x103+...,] 
A(1+4.2+9.3+...)+B(1?+82+9+...)=27+4x62+9x103+....) 
91A 4+441B = 3956, 441A +2275B= 19892, 
4-181888, B= 052276; 
T=181388X + 0°52276.X2. vce cece ween (2) 


Equation (2) gives the relation between T and X for general pur- 
poses, as deduced from the six observations. 


As to the mean error of any individual determination of the time of 


flight, the following is the procedure to employ: Calculate from (2) 
the times of flight for X =1, 2, 3,...; then to the observed times of 


flight 
27 62 103 152 214 303 


correspond the calculated times, 
2°33664 571880 1014648 15°61968 22°18840 2970264, 


so the errors are 
036336 048190 015352 041968 073840 059736, 


and the squares of the errors are 


0113203 023156 0:02857 017613 054523 035685. 


Thus 2 f? = 1'46537, which is smaller than for any other values of 
A and B; for instance the determination from (1) gave £f? = 4°62. 


Yf* 
Further, the mean quadratic error u = V : f " where n 1s the 


number of observations and m 1s the number of coefficients to be deter- 

| 1:46531 
mined ; so that here u = J G a 
the probable error w, have thereby been reduced to a minimum, on 
the assumption of a function of the form 


AX + BX.. 


= 0:605, and this error p, and also 
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Consequently the values of A and B are 
A=A+a=2°3 — 04862 = 1:8138, 


B = B + 8 = 0'4 + 01228 = 05228, 
and 
T = 1:81 X +052X?, as before. 


The accuracy of this procedure can be shown without the use of 
Taylor's theorem, as follows: | 
Suppose the approximate values, A and B, to be found, and 


T= AX + BX; T=AX + BX? 
Then 


T-T-(A—-A4)X 4(B— B) X, or x — aX + BX’. 


3. The method described in 2 must be applied when equations 
are treated which cannot be solved by an approximation process. 
Suppose, for example, it 1s required to obtain a relation between 


y and æ in the form 


y= Ax + C. 


Suppose the values y,, %, ... to correspond to the values 2, 2,,.... 
Then A, B, C are determined from the condition 


(Ax +C — y t (Ao,P -- C—y) +... =a minimum; 
and so we have the three equations 
xP (A&P + C — y) + r (AaP +C—y,)+...=9, 
xP log a, (Aa? +0 — y) + x log x, (Az,P +C — y) +... = 0, 
AnP+C—y,+ AxFP+C—y%+...=0. 


But these equations can only be solved approximately ; and approxi- 


mate values, A, B, C, must first be determined. 


This can be done in the following manner. The observed values, 2, £o, ..., 
corresponding to the observed values %,, y», ... are plotted on a diagram, and a 
curve is drawn through the points. The slope of the tangent to this curve is 
measured at the first two points, and let p be the tangent of the angle made with 
dy 
dx 
first two points on the curve, we have p; — ABx,P-5 and p= 4ABxr-1 


the axis of x. Then -4 =p = A Bx?-1, and if p, and p, are the values of p at the 


These equations give the values of A and B; C 1s found from 
the equation y, = Aa,” + C. This gives us the first approximations, 
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A, B, C: using these values, we get an approximation for y from the 


equation 7 = Az? +0. 
Further approximations, a, 8, y are’ then introduced, so that 


y=o(A+a, B+8,C+y): 


therefore 
Q 
y—-y-— + act HyS, 
But. 
Op _ B 0b 75 Op — 
3A a ap^" Aw log 2; 26571 
Therefore 


y —y= au? + BAr” log æ + y. 


Here only the first powers of a, 8, and y occur; so they can be cal- 
culated by method (1) 
This, therefore, gives us further approximations, viz., 


A 4- a, B+8, O+y: 


in some cases 1t may. be necessary to continue the process of approxi- 
mation to a further stage. 


4. The best method of expending ammunition on the preparation 
of a range table must now be considered. 


With guns of heavy calibre, the question is important, having regard to the 
available ammunition. Suppose it is required to prepare a range table, and more - 
particularly to ascertain the angle of departure for several ranges. Then we must 
consider whetherit would be better to fire.a few shells at a large number of ranges, 
or a large number of shells at a few ranges. Vallier prefers the latter plan of 
firing a number of shells at a few ranges. On the theory of probabilities, he 
arrives at the following conclusions for guns of medium calibre. 

If less than 16 rounds are available, he recommends firing at a single rauge, 
taking measurements of the initial velocity, vp, and of the error in the angle of 
departure. 

If between 16 and 24 rounds are available, he recommends firing at two ranges, 
with the same measurements as before. 

If between 24 and 40 rounds are available, then three ranges should be chosen, 
with measurements as before. 

With heavy calibres, the number of rounds can be decreased by about 33 per 
cent. 

27 —2 
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` The useful ranges x, at which the practice should be carried out, are given in 
the following table, in which W denotes the longest range that comes into 
consideration. 


Number 
of rounds Range x to be chosen 
employed 
] Q | ¥ measurement 
2 O 0:828 W 
3 Q 0:464 W 0:928 W 
4 Q 0:281 W 0:679 W 0:960 W 
5 O 0:186 W 0:4875 W | 0:790 W | 0:975 W 
6 O 0:131 W 0:359 W | 0:622W |; 0:849 W | 0:981 W 


This holds when the initial velocity v, is known With the same accuracy as 
that to which each range x can be measured. 


On the other hand, if the accuracy of the v; measurement is higher than that 
of the range: 


Le ee EE eee 


Number 
of rounds Range x to be chosen 
employed 
1 O vy Measurement 
2 Q 0:894 W 
ò O 0:603 W 0:952 W 
4 Q 0:415 W 0:730 W 0:996 W 


In some cases the supply of ammunition may be such that the measurement 
of vo depends on a measurement at the short range, z’. In this case the table is 
as follows: 


Number 
of rounds Range x to be chosen 
employed 
1 a 
2 x | 0:1057 x +0°894 W 
3 x | 0:397 x +0°603 W | 0:048 7 --0:952 W 
4 x 10585 z’ +0:415 W | 0270x +0730 W | 0:004 x +0:996 IV 


These rules hold as well for any ballistic function. 
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CHAPTER XII 


On the effects produced by the explosion of shells 


$71. The penetration of bullets and unexploded shells into 
rigid bodies. Calculation of the depth of penetration. 


The passage of a shell through the air tends to accelerate the air- 
particles, which 1t sets 1n motion: this causes waves and eddies 1n the 
atmosphere. Waves of condensation are also formed when the pro- 
jectile penetrates a fluid or solid body, but these waves generally 
precede the shell or bullet, since their speed 1s high. Thus the 
velocity of sound 1n air 1s about 340 m/sec, 1n wood about 1440 m/sec, 
and in steel 5000 m/sec. The effect of these waves in a block of stone 
or metal 1s sometimes seen 1n the fact that small pieces break off on 
the opposite side to that on which the shell impinges. 

The effect of cohesion must also be overcome. The projectile 
loses energy owing to two causes: in the first place, 1t accelerates the 
particles of the body with which 1t comes 1n contact, and the amount 
of this acceleration depends on the ease with which the particles can 


be displaced: and in the second place, work is done against the forces 
of cohesion. Let W be the resistance opposed to the motion of the 
shell by the body, and let the shell be moving with velocity v and 
have a cross-section R’r. Then Euler supposes that W = make: 


Poncelet assumes that W = rR?’(a+bv’); and Résal supposes that 
W = m R? (av + bv”). On the other hand T. Levi-Civita assumes that 


W = 7h? (a+ bv?) (1+ kv). Here v denotes the velocity at the 
moment of impact, a and b are constants, which depend on the 
nature of the body into which the projectile penetrates, and k 1s an 
empirical constant. 

Taking Poncelet’s formula, the calculations can be made as follows. 
The projectile penetrates over a short distance into the body: this 
short path can be considered as a straight line, seeing that the effects 
of gravity may be neglected. The resistance, which is equal to 


wh?r1(a+ bv’), is then the only force to be considered, and 2 is a 
coefficient depending on the shape of the shell-head. Let the projec- 


tile penetrate into the body through a distance æ ın a time t, reckoned 
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from the instant of impact. Its initial velocity at the moment of 
impact may be supposed to have been v,, and at the end of the time 


tıtısv. Let - be the mass of the projectile. Then we have 
P dv Pv dv B 
g di = g da = — T Rèi (a + bv") 
Integrating we have 
P a+ bu? 
= ImbgR®i log a+ bv: —rrr PPP (1) 


If a body, of a thickness of x metres, is penetrated by a projectile, 
then equation (1) gives the velocity which the projectile has at the 
moment of escape from the body, and equation (2) gives the time 
taken to effect the penetration. If, however, the body is too thick 
for complete penetration, the projectile will eventually come to rest 
within the body, in which case v — 0. Then the total depth of pene- 
tration will be 


P bv? 
4 = anb log (1 + er | WESC ESSEC EV EEES (3) 
and the total time of penetration is 
P b 
pa P RN 
7 kegi Vab t (2. cb a) 


The value of ? will be discussed later. According to the tests 
carried out by Didion-Morin-Piobert in 1839—1840, the coefficients 


a and b have the following values, viz., 


For limestone  ... — MEM a= 12,000,000 : "us 15. 

1056 - 

Strong masonry ... i" T" " a= 5,520,000: er 15 
10°5 

Ordinary masonry - - e) a= 4,400,000: — — 15. 
1065 

- Brickwork — m - — a= 3,160,000: "Ns 15. 

1095 : 
Sand and gravel ... — "i nr a= 435,000: — = 200. 
6 
Clay ve — nu Te -— a= 1,045,000: E - 3o 
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! | 1065 

Loose earth: covered with grass + ‘a= 700,000: ——= 60. 
1065 

Loose earth: half clay, half sand ... a= 461,000: e GO, 
106: 

Damp clay T Re Er T" a= 266,000: a 80. 
| - 1086 

Oak, beech, ash ... TE ... T a= 2,085,000 : r ia 20. 
6 

Elm n E u u. T" a= 1,600,000: = 20. 
| - 1065 

Pine and birch ... "a - er a= 1,160,000: um 20. 
1065 

Poplar  ... an - —- a a= 1,090,000: abe 20. 


Vallier in 1913 came to the conclusion that for earth, wood, and 
6 
masonry, the value of ES is 50, and the value of bı 1s determined 


experimentally, so that ue (3) becomes 


1 v% : 
X = Alog (1+ +5 ix): —— (5) 


where X depends on the nature of the body 1nto which the projectile 
penetrates, and must also be found by experiment. 
Pétry in 1910 gives the following formula, viz., 


Y- Prf (vo) 


where X ıs the depth of penetration 1n metres, P 1s the weight of the 
projectile in kilogrammes, and 2 1s the calibre in centimetres. Here 
x 18 the only coefficient which depends on the nature of the body. 
Its value for concrete masonry is 0°64: for good stone masonry, 1s 
0:94: for good brickwork, 1°63: for sandy earth, 2°94: for ploughed 
earth, 3°86: for clay soil, 5:87: f(v) 1s a function of the velocity of 
impact, and its value 1s given in the following table. 


vy = 40 | 60 | so | 100] 120 | 140 | 160/180} 200 | 220 | 240 | 260 
f(v)=  |0°33/0°72] 1-21] 1°76] 2°36 |2-97}3-58/4-18| 477| 5:34| 5°89] 6:41 
vo = 280 | 300 | 320 | 340 | 360 | 380 | 400 | 420 | 440 | 460 | 480 | 500 
f (0)= |6:92| 7-40] 7-8718-3118-74/ 9-15] 9°541 9-92] 1029| 10-64] 10-98] 11:30 


The projectile may, of course, glance off the surface of the body: 
Petry thinks that this happens with the surface of the earth if the 
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S 72. Depth of penetration of a projectile. 


1. The formula of Levi-Civita was suggested by the fact that with 
the modern rifle the greatest depth of penetration takes place at a 
considerable distance from the muzzle. For instance, the following 
table was drawn up 1n 1900 for the French bullet. ~ 


ità Depth of penetration of the bullet in 

dist f | 
— Sand Loose earth Pinewood Oak 

nna “mena 
10 m ll cm | 20cm 90 cm 20 em 
40 ,, 18, |: 239, 92 , 19 ,, 
100 ,, 2 4, | 62 ,, 10 ,, IB 44 
200 ,, 45 ,, | 19 y 60 ,, 18 ,, 
800 39 16 29 | 4 239 96 29 17 3) 
400 ,, 44 „ | 43 y, 05 4, 16 ,, 
000, | 40 , 67 ,, 90 ,, 15 ,, 
600 33? | 38 232 | 63 33 49 33 15 79 


The fact 1s usually explained by the supposed compression of the 
bullet. If the velocity of the bullet is very great, the compression 
causes the sectional area of the bullet’ to be considerably increased. 
The effect of the change of mR? 1s more important than that due to 
a+ b? ; 1n consequence the resistance 1s very considerably increased 
with the result that the depth of penetration may be greater at a 
lower velocity. In order to allow for this, we ought to multiply mR? 
by 1+u, where k 1s determined by experiment. Of course, this 
throws no light on the true nature of the resistance or its relation to 
the other variables. The most that can be said ıs that these formulae 
provide a method of mathematically examining a certain limited 
number of cases. 


Some part of the energy of the bullet is undoubtedly expended in its com- - 
pression and deformation. Various experiments were made in the author’s 
laboratory and in the testing station at Halensee, near Berlin: the results are 
shown in the appended table, the ordinary S-bullet being fired into beechwood 
and sand. The table includes the velocity of impact, the ranges at the end of | 
which the final velocities with a normal charge are equal to the velocities of 
impact, the depths of penetration, and remarks on the nature of deformation of 
the projectile. The lower velocities were produced by decreasing the charge. 


2. N. von Wuich proposes the following indirect method of deter- 
mining the law of penetration for a given material. The depths X, 
X’, X”, corresponding to impact-velocities v, v,, dv, ‚are noted. Let X 


S72] The effects produced by the explosion of shells 427 


Firing into sand Firing into beech 
; 3 
F a g 
S] 8 | g s 
Q = S - 
= = z 2 : 
B - = Nature of deformation 5 Nature of deformation 
u jn = . ° - JUN 
5 : E of projectile E of mm 
MERE 
E 2 i 
= -~ 
98 | 2500 | 19°5 | Nodeformation:thesur-| 4 No deformation 
face slightly roughened 
330 | 874 | 247 ' Ditto 12°7 | Bullet compressed: sec- 
| tion becomes oval, with 
the long axis in direc- 
tion of fibres 
473 | 560 | 28:6 Ditto 26:5 | Ditto, but more marked 
deformation 
579 | 398 | 31:4! Bullet compressed 41°6 Ditto, but greater 
: | deformation 
710 ! 218 | 22:4 | A portion of the lead is | 65 Ditto 
| pressed out at the back 
735 | 186 | 19°7 | The outside completely | 70:7 Ditto 
broken 
762 | 153 | 182 Ditto, but more 76°7 Lead begins to be 
markedly | extruded at the back 
788 121 | 17 Ditto, shape not 40°7 | Marked deformation. 
recognizable External surface broken: 
the lead partially 
| extruded 
815 90 | 15:8 | Separate Due of || 347 | Ditto: bullet bent: 
| the bullet tip uninjured 
870 2 | 13:8 Bullet broken into 29-7 | Maximum deformation. 
small fragments The parts still cohere. 
Tip almost uninjured 
The first deformation was noticed with Maximum depth of penetra- 


an impact-velocity of 559 m/sec. Maximum | p "r.. 
depth of penetration, 33 cm. Range, 314 m. tion, 767 cm. Range, 153 m. 


be the greatest of these depths. It ıs then assumed that after pene- 
trating through a depth of X—A the bullet still has the velocity v’, 
and after penetrating through X—.X”, it has a velocity v”. In this 
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way the velocity v 1s obtained as a function of the distance through 
which the bullet has travelled, and therefore 


_Pdv_ Pod 

gdt g dx 
This assumes that the rate of travel 1s independent” of the deform- 
‘ation already produced. This hypothesis is not generally true, as 1t 
is impossible to suppose that the compression of the bullet, and the 


lateral friction of the material through which it is passing, produce 
no effect. j 


3. Assuming that a shell-hole 1s of the nature of a surface of 
revolution, Poncelet endeavoured to determine its shape ın the follow- 
ing manner. He supposed that the volume of the material excavated 
by the penetration of the shell was proportional to-the loss of vts viva. 


Therefore | my dæ 18 proportional to 5- 5, (v 2 — 9?), where y 1s the ordi- 
0 

nate of the excavated curve, NN. to x, the distance of 

penetration. Therefore " vdav=—NAry’da This gives the relation 


between x, y, and v; and the use of (1) in § 71 gives us that between 
x and y. Thus we have the equation for the contour-line of the curve 
of excavation. But the results, obtained by this method, are not in 
agreement with the facts, as found by experiment. This is not 
surprising seeing that the process of penetration 1s a complicated 
phenomenon. The particles of the material are by no means so 
arranged as to be directly across the path of the projectile: a certain 
portion of the vis viva 1s used to overcome the forces of cohesion, and 
the percentage, which 1s so applied, 1s very variable. 


4. ‘There are many empirical and theoretical formulae for deter- 
mining the thickness of armour plate, which can be penetrated under 
given conditions. G. Ronca quotes no less than 36 such formulae. 
For present purposes 1t may be sufficient to give the one suggested 
by the firm of Krupp 1n 1880, and also à formula which has been 
largely used 1n France. 

Let z denote the vis viva of the projectile in m-kg per sq cm of 


| Py? 
cross section. Therefore z = In Rig 
of the volume of a sphere, having a diameter equal to the calibre of 
the shell. 


. Let e denote this vis viva per cc 
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some light on the matter. B. A. Mimey has propounded a theory on 
the subject, to which reference 1s made in the notes: he treats the 
matter, theoretically, and considers ıt to be a particular case of the 
deformation of a solid body by impact. 

The following phenomena are observed when a modern steel-clad 
bullet 1s fired at a plate of mild steel. The steel covering breaks away 
at the tip: the lead core, which forms the larger part of the projectile, 
is then driven forward and excavates a portion of the plate. The steel 
portion gradually falls to the rear, and the eftect of friction 1s to break 
it to pieces. 

If one of the modern type of steel-clad bullets 1s fired at a hardened 
steel plate of sufficient thickness, 1t flies to pieces without penetrating. 
The fragments have considerable velocities, mostly in a lateral direc- 
tion across the surface of the plate: boards of wood ın the immediate 
neighbourhood are more or less sawn through by the flying particles, 
very few of which fly back along the line of fire. It would have 
seemed probable that the fragments would mostly tend to fly back: 
the inertia of the hinder portion of the bullet is the most likely 
explanation of the facts. 


5. It 1s a question as to the precise amount of energy, which a 
bullet must possess, in order to put a man or a horse out of action. 
The French suppose that 4 m-kg 1s sufficient for a man, and 19 m-kg 
for a horse, whereas 1n Germany 1t 1s thought that 8 m-kg 1s required 
fora man. The estimates are necessanly rough: something depends 
on the calibre of the projectile, and something also on the position of 
the point of 1mpact. 


J. Pangher states the following facts for projectiles having a calibre between 
6 and 11mm. If the vs viva per square centimetre of cross section of the pro- 
jectile falls below a certain minimum, contusions are the only effect: this minimum 
is 2 m-kg per sq cm for a man, and about 10 m-kg per sq cm for a horse. The 
depth of flesh wounds is proportional to the vis viva per unit area. The destruc- 
tive effect of bullets in the neighbourhood of bones is proportional to the total 
energy. The least impact-energy that is'sufficient to break a man's bones is 
5 m-kg: in order to produce an absolutely certain result, 16 m-kg are required ; 
with a horse the corresponding figures are 17 and 35. 


6. If à projectile strikes à body without complete penetration, 
the total heat that 1s produced 1s not always equal to the calories in 
the energy of 1mpact, because 1t frequently happens that portions of 
the projectile are ejected laterally or 1n à backward direction. Thus 
a portion of the energy 1s wasted externally. The energy of impact is 
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Po? 
8549 
remains at rest during the time of impact.. If, however, the body, 
together with the projectile, moves forward, then the heat produced 


yy Eh 
sony gio (P+ P.) 


calories, and this is equal to the heat produced, if the body 


where P, 1s the weight of the body struck by 


! ; TD P 

the projectile. The velocity of their common motion 1s u = "a P. 
mE . u P, 

Before impact, the vis viva was Te and after impact It ıs EE 


the difference 1s therefore the amount of energy which has been 
dissipated as heat. 


7. Let us consider a bullet, weighing 147 grammes; its calibre 
is 0°79 cm, its velocity 1s 444 m/sec, and its vis viva is 145 m-kg. 
Therefore an average resistance of 145 kg over a space of 1 metre can 
be overcome or one of 1450 kg over 10 cm, or one of 20,700 kg over 
07 cm. Such a bullet can penetrate an iron plate of a thickness of 


0*7 cm (see Wille, Waffenlehre, vol. 1, p. 215, 1905). The force required 
to punch a hole of this size in the plate 1s 


0:79 x 0'7 x 0°8 x 35007 = 5000 kg, approximately, 


1f we suppose the mechanical strength of the plate to be 3500 kg per 
Sq cm. It therefore seems that calculations of this kind lead to wholly 
inaccurate conclusions. If the question 1s treated on statical principles, 
we must suppose that the punch 1s not permanently deformed, and 
that the velocity is negligible. But in this case neither of these 
assumptions 1s true. Let us take a copper wire, 15 cm long and 0:5 em 
in diameter, and clamp 1t at the ends: let us suppose a gradually 
increasing pressure to be applied to the middle of the wire. Then the 
tension in the wire will eventually reach à maximum. After this, the 
tension falls quickly and the wire breaks. In the first part of this 
process, work 1s done 1n extending the wire, and 1n the second, work 
is done 1n breaking the particles asunder: there is no question of any 
noticeable vs mva. If the wire is broken by the modern type of bullet, 
instantaneous photography gives no trace of any extension of the wire, 
lhe wire seems to be instantaneously fractured at the moment of 


impact. When the bullet travelled further over one or two lengths 
the wires seemed to be slightly coiled upwards and downwards 1n the 
neighbourhood of the point of fracture: the rest of the wire seemed 
to be at rest. At a later stage, the wires are seen to be slightly bent 
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along their whole length. In this case the work expended on stretch- 
ing the wire 1s probably small: the main part of the energy 1s spent 
in breaking the wire, while the ws viva and the resistance due to 
inertia are considerable. The coiling of the wires, upwards and 
downwards, near the point of 1mpact takes place very quickly: the 
other portions of the wire are subsequently set 1n motion: consequently 
in comparison with the small mass of the bullet, a not 1nconsiderable 
mass of the wire is set in motion. Consequently the accelerations 
and the resistances, due to inertia, are seen to be of great importance 
in the case of firing a bullet through a plate, whereas 1f the hole 1s 
slowly and steadily punched, the strength of the material 1s the only 
consideration. 

As for the effects on the bullet, we find that 1n some cases 1t 1s 
shattered, and 1n other cases 1t 1s quite uninjured, though the con- 
ditions are such that in neither case 1s the result expected. Suppose 
that a steel-clad bullet, weighing 10 grammes, is fired into a large 
volume of water with a velocity of 900 m/sec. It undergoes consider- 
able compression and ıs frequently broken to pieces. On the other 
hand, a candle can be shot through a thin board, and afterwards fairly 
large pieces can be picked up. A rod of soft wood can be fired through 
a board of harder wood without being much bent or deformed. 

The time, which 1s taken by the penetration, 1s a factor of the 
greatest.importance. In the case of the wooden rod, there 1s not 
sufficient time for bending or compression. Generally speaking, the 
deformation is small, if the time-interval is short, always supposing 
that the forces are equally great in all cases. A skater can pass rapidly 
over a thin sheet of ice, which would give way, if he were to stand 
still. The barrel of a nfle seems capable of withstanding a greater 
gas-pressure without exceeding the elastic limits than would be ex- 
pected from a statical examination of the problem. The copper cylinder 
in à crusher apparatus 1s under certain circumstances less compressed 
by the gas-pressure than 1t would be by a similar pressure in a lever 
press. When the wooden rod hits the board, there 1s a pressure at 
the front end, and consequently a retardation. ‘This difference of 
pressure and the retardation are transmitted with considerable speed 
through the rod: this speed 1s equal to that of the longitudinal waves 
of sound through the wood. The board 1s pierced before great differences 
of pressure can be set up, and before there 1s any great relative retar- 
dation. There 1s thus little tendency to bend or compress. 

If a large glass plate is suspended by two pieces of string, and a 
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\ 73. The explosive effects of shell bursts. 


1. CONICAL ANGLE, RESULTING FROM THE EXPLOSION OF 
SHRAPNEL AND SHELLS. 


If a shell explodes, the centre of gravity of the fragments continues 
to travel over the same trajectory as before. The fragments continue 
to rotate 1n the same way as they previously rotated in the coherent 
shell about the longitudinal axis. Their axes of rotation about their 
respective centres of gravity immediately after the explosion will in 
general be parallel to the axis of the shell before the explosion. The 
angular velocities of the fragments about their centres of gravity must 
be the same as the angular velocity of the shell immediately before 
the explosion. The fragments move within a cone, the axis of which 
coincides with the position of the tangent at the moment of explosion: 
the angle of this cone 1s the conical angle, the magnitude of which 
must be ascertained. Certain fragments, amounting to about 15 per 
cent of the whole, disperse in an irregular fashion, and these are 
usually neglected in the methodical investigation of the problem. 


Calculation of the Conical Angle. 


The velocity of a flying fragment may result from four different 
causes. 

Firstly, some part of this velocity 1s in the direction of the tangent 
to the trajectory at the moment of explosion: therefore 1n the direction 
of the axis of the cone, 1t has a velocity v, equal to that of the shell 
before the explosion: this can be calculated by the methods explained 


in Chapter VIII. When the point of burst is near the muzzle-horizon, 
this velocity can generally be taken as that with which the shell would 


strike the ground. 

Secondly, à part of the velocity 1s at right angles to the tangent 
and 1s due to the force of the explosion. This velocity 1s fairly high 
in the case of shells, and may amount to anything between 400 and 
2000 m/sec. With shrapnel, this velocity, which we will call vs, is 
much smaller: 1t varies considerably with the nature of the construc- 
tion of the shrapnel. In any case there is a certain velocity in the 
direction of the normal, the problem being similar to that of a shot- 
gun. In this latter case, the shot escape from the muzzle together 
with the exploded gases. There are thus gas pressures between the 
different shot, which tend on the whole to drive the shot outwards 
in the direction in which the gases naturally expand. (Pétry reports 
the case of Belgian shrapnel, in which he estimates v, at 15 m/sec.) 


§ 73] 


J. de la Llave gives the following formula for the calculation of v, 
in m/sec, 1n the case of shrapnel, having a chamber in' the middle. 


According to this, 
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where L 1s the weight of the charge in kg; P 1s the weight of the 
shell; p, is the weight of a single bullet in kg; and p, is the total 
weight of the bullets. 

Thirdly, 1n consequence of the rotation of the shell about its longi- 
tudinal axis, each of the bullets has a velocity vg in a direction at 
right angles to the axis: before the explosion the bullet describes a 
circle about the axis of the shell, its linear velocity being the product 
of the angular velocity and the distance from the axis, Therefore after 
the explosion, the bullet tends to fly along the tangent to this circle, 
its velocity depending on its distance from the axis. Suppose that all 
the bullets were on the cylindrical surface of the shell: then their 
circumferential velocities at the beginning of the trajectory would 
have been v, tan A, where v, 1s the muzzle-velocity, and A 1s the final 
angle of the rifling. The angular velocity of the shell, however, falls 
off shghtly, and moreover the bullets are at different distances from the 
axis. (See Vol. 111,8 184.) Therefore A. Noble has suggested the follow- 


ing formula, viz., 


va = 0:555 (v + v) tan A, ................. (2) 


while Petry supposes vg = Av tan A, where X = 0°75 for the shrapnel 
of the Belgian siege guns. (A should be experimentally determined.) 
Finally Heydenreich gives the same formula, stating that X lies be- 
tween 0°67 and 0°8. 

Fourthly, a bullet may receive from the force of the explosion an 
additional velocity, v,, ın the direction of the tangent to the trajectory. 
With shrapnel, having a chamber in the head of the shell, this velocity 
is negative: Pétry states that in a French gun it was — 25%m/sec. If 
the chamber 1s in the middle, v,=0, and 1f 1t 1s in the base, v, lies 
between 20 and 80 m/sec. Heydenreich thinks the average value of 
v, 18 50 m/sec, in the case in which the charge is contained in the 
base, and weighs 4; of the whole: on the other hand v, = 80 m/sec, 
roughly speaking, if the ratio is Jg. J.de la Llave gives the following 


empirical formula for shrapnel with a base-chamber, viz., 
620 L?$ 


where L is the weight of the charge in kg, and p, is the total weight 
of the bullets. 


98. 9 
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These four velocities refer to the fragments which fly along the 
surface of the cone. The two velocities v, and vg are at right angles 
to one another and to the tangent: they can be compounded into a 
resultant velocity, V,, which 1s = Vv? + vg: the velocities v and v, can 
be added together algebraically. Therefore the half of the angle at 
the apex of the cone 1s given by 


y V va’ T Ug V, 


Along the trajectory, v, and v; scarcely vary: vg decreases slowly, while 
v decreases considerably, increasing somewhat finally. Consequently 
the angle of the cone increases at first, and under certain circumstances 
1t decreases at a later stage. 

Therefore we have the following results, viz., 


(a) with the old type of shrapnel with the loading chamber 1n 
the head, v, 1s small as compared with va, and v; 1s negative, and 


y. bh. 
m dO EEEN TEREE EEEE EERENS (5) 


(b) with the old type with the loading chamber in the middle, 
or with the tube-shrapnel, we have v,= 0, and 


Y Ps. 
tan 377g) ee ———— (6) 
(c) with. the loading chamber 1n the base, we have 
T. V, I 
tan EU CE + unseren (7) 


For instance, with the French F.K. 97, the values of 4 are 7° 38; 10°; 12° 9 


respectively at distances of 1000, 3000, and 6000 metres. The values of v at the 
moments of explosion are respectively 422, 300, and 230 m/sec: number of bullets, 
291: weight of a single bullet, 12 grammes: total weight of bullets, 3:48 kg: weight 
of charge, 40 grammes: initial velocity, v — 529 m/sec: angle of rifling A=7°. 

Using Noble's formula for a range of 6000 m we have 

vq — (529 + 230) x 0:555 x tan 7° 
= 52 m/sec. 
The velocity v, according to de la Llave’s formula is 
620 x 0:0496 


V,—— BM 1894 — 7 55 m/sec. 


If v, is neglected, the value of E for 6000 m is given by 


y 52 
tan 5 = 9304-55 


and 2-10 Ol’. 
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distance. Behind this is the main target, which 1s divided into squares: 
it is erected in a vertical position at such a distance from the disc 
that 1t 1s struck by all the bullets. By photographic methods the 
position of the point of burst is determined accurately to 0:5 m. The 
length and breadth of the rectangle, which 1ncludes the main portion 
(1.e. 85 per cent) of the flying bullets, are determined. From the known 
data, we get two slightly different conical angles, y, and y;: we there- 
fore take y = 4 (sy, +y). These measurements are generally made for 
two different ranges. The increase of velocity, v;, due to the charge 
is generally found by a separate experiment: the shell 1s suspended 
without a fuse, the charge 1s ignited, and the velocity of the foremost 
bullet is measured by the Boulengé apparatus and the wire screens. 
We may therefore be considered to have found v, and two values 
of y for two different ranges. For these ranges we know the value of 


v: therefore from the equation tan RL 
2 v+V, 
for the two ranges. The arithmetic mean of these two values ıs taken, 
and this is assumed to be the value of V, for the purpose of any further 
calculations in which the equation 1s used. 
With shells the arrangement 1s essentially the same, except for 
the fact that a box of sufficient size 1s used to intercept the flying 
fragments. Taking into account the direction of the tangent to the 


trajectory at the point of burst, the conical angle can be determined 

Fe ! | 
5 = = ‚in which we know 
y, and v 1s known from the range table. Thus we know V,, and the 
equation serves to determine y under any conditions. 

The value of y 1s of importance for the theoretical discussion of 
the depth of penetration and the effect to be expected from an explo- 
sion under known conditions. The velocity of the shrapnel bullets 
or of the flying fragments of a shell on the surface of the cone 1s given 
by the equation 


we get the values of V, 


as before. From equation (8), we have tan 


V=VV2+(u+ vz)”. 

If we regard this as the initial velocity, we can calculate the 
distance at which the highest and the lowest bullet will have sufficient 
vis viva to put a man or horse out of action. After the point of burst 
the uppermost bullet will move at first upwards or downwards, accord- 
ing as the acute angle of descent of the trajectory is less or greater 


than í , 
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If the quadratic law of air-resistance is assumed, and if, as a first approxima- 
tion, the path of the bullet is supposed to be rectilinear, the following formula 
may be employed. The range b, at the end of which the velocity of the bullet 
has fallen from V to v, is given by 


Where p, is the weight of the bullet in kg, d its diameter in metres, 8 is the 
density of the atmosphere, (e.g.,— 1:22 kg/cub m): x 20:367, 0:269, 0:166, 0:132, 
for the following values of fa respectively, viz., 400, 300, 200, and 100 m/sec. 
H. Rohne has made calculations for a given gun and a shrapnel bullet, weigh- 
ing 10 grammes. If the bullet at the point of burst has a velocity of 400, 300, or 


200 m/sec respectively, then after ranges of 300, 262, and 145 m, its vis viva will 
be 8 m-kg, and its velocity 125 m/sec. 


It 1s possible in this way to determine whether the distance of the 
target from the point of wm 
burst is correct. Let us 


suppose that the shell Si x 

bursts over level ground at ` | : CT 

the point M, the target EO CO , 

being at Z. A ıs the pomt X | N 

vertically below M, and B Š feen engla Pen Z 0° 

would be the mean point of ^ mtem d ? por MES 


impact, 1f the shell did not 

burst. Then MB 1s the distance along the trajectory from the point 
of burst, MA is the height of burst, AZ is the range of burst, and AB 
is the range from the point of burst to the hypothetical point of 
impact. If things are properly adjusted, Z and B will tend to coincide. 
If MB is a very small part of the whole of the trajectory above the 
muzzle-horizon, M A B can be regarded as a right-angled triangle, and 
on this assumption the following considerations are based. 

The range and height of burst must be sufficient to enable the 
bullets to strike a number of men: in other words, there must be a 
sufficient distance over which the bullets can scatter. Obviously on 
the other hand this distance must not be too great. Experience, how- 
ever, shows that it is better for this distance to be too great rather 
than too small. 

Let AZ — a and MB =b. The values of a and b with a given type 
of shrapnel and a given gun are usually kept constant, for a definite 
initial velocity: this value ıs usually about 60 metres. Then the 
height of burst 1s a tan w, where w 1s the acute angle of descent, and 
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its value increases more rapidly than the range. Rohne states that 
in France and Austna, the apparent height of burst, which is the 
angle subtended by the height of burst at the muzzle, 1s kept constant. 
In this case, 6 decreases with an increase of range: the values of b 
with the French F.K. gun for ranges of 1000, 2000, and 4000 m are 
122, 94, and 64 m respectively. The dispersion of the bullets varies 
correspondingly. With the old Krupp guns (up to 1905), a was kept 
constant for all ranges, and had a value of about 60 m. With the 
modern field guns, made by the same firm, Rohne says that a decreases 
slowly in proportion to the limiting value of the horizontal velocity, 
Ue COS €. 


Thus A = Ve cose, ccecececccccccsccesscsceses (9) 


Ve SIN W 


A— CPU D 


4 


If for a given range a, H (=a tan w), and b (= a sec w) are known, 
together with the conical angle of dispersion, y, and the number of 
bullets ın the shell, N, then the bullet-density on the target can be 
reckoned as follows. Let us take a section through the ‘cone of dis- 
persion on a plane at right angles to the axis at a distance b from the 
point of burst. The section is a circle of radius p. Let the bullet 
density on this circle be D: that is to say, D bullets strike the circle 
on an area of 1 sq m. We usually neglect 15 per cent of the bullets, 
which are apt to disperse irregularly: the remainder, 0:85,V, will 


and therefore the height of burst = H = 


. '85N 
strike on an area = 7p? = cd . Since tan > = ] , we have 
D- 0:85.N | 
TD? tan? i 


If we take the instance of the French F.K. gun, with N = 291, 
5 12° 9, and b = 50 m, we have 


0:85 x 291 


—————— srl 
m (50 tan 12? 9? 


D 


Therefore 14 bullets will be found to be spread over an area of 
10 sq m. 

Heydenreich gives particulars as to the measurement of the depth 
of penetration of shrapnel: a reference 1s made to this 1n the notes 
at the end of this volume. 
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$74. On the penetration of shells through water or mud. 
The effects of Dum-dum bullets. 


When a bullet penetrates 1nto a soft body, like that of a horse or 
a man, an explosive effect 1s produced within the body. If 1t strikes 
a pond of water, the spray dashes to all sides: or if 1t falls on a mass 
of mud, 1t excavates a volume many times 1ts own size, the shape and 
dimensions of the excavation depending on the circumstances of the 
case. A similar effect on a smaller scale takes place with lead, but 
nothing of the kind happens with dry sand or wood. Details of 
phenomena of this kind can be found 1n the medical reports of the 
Prussian Ministry of War, to which reference is made in the notes. 

The various explanatory theories may be summarised as follows : 

1. The compression of the projectile produces a flattening at the 
tip, and a certain amount of extrusion at the sides. "Therefore a. 

certain portion of the mud 1s pushed sideways, as shown 1n 

—s the figure, and this undoubtedly explains something. The 

į same thing happens with a bullet fired with the tip backwards 

=) except that in this position it Is more easily compressed, 

a while the effects produced with dum-dum bullets are well 

known. There is also the explosive effect with heavy shells, so that 
(1) 1s not the main cause. 

2. The temperature of the projectile 1s high, and this might tend 
to volatilise the water or lead. Some attribute the explosion to the 
steam pressure. However 1t seems 1mprobable that there 1s sufficient 
time to volatilise any considerable volume of water. Much experi- 
mental work has been done to determine the temperature of the 
projectile 1mmediately after penetration. If the bullet 1s fired into 
sulphur, gunpowder or gun-cotton, these materials are not inflamed : 
this seems to give an upper limit for the temperature. The bullet has 
sometimes been extracted immediately and its temperature measured 
by the calorimeter: figures between 70° and 110° C. have been found 
in this way. An easily fusible metallic core has been inserted in a 
bullet: e.g. one made of Wood's metal, which fuses between 65° and 
70°, or Rose's metal (95°), or Pb,Bi, (125°). With the bullet M. 88, 
the maximum temperature was found to lie between 140° and 160°. 
So that the volatilisation-theory seems to fail. 

3. Some people suggest that the projectile N a spinning 
top, so that powerful vibratory movements are set up within the mud. 
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But experiments in the ballistic laboratory showed that precisely 
similar explosive .effects were produced by non-spinning projectiles, 
fired from a smooth bore. Medical reports seem to indicate that 
some of the effects on the human body may be partially due to a 
cause of this character, though this 1s not the main cause. 

4. The pressure due to the air-waves 1s also very unlikely to be 
important 1n this connection. E. Mach has shown that it is not pos- 
sible to suppose that a definite mass of air-particles 1s carried forward 
by the bullet: he has proved that it 1s only a vibratory movement in 
the atmosphere, which takes place from instant to instant. Neither 
have volumes of gas been observed to issue from a body after impact. 
Mach measured the air-pressures In different directions round a shell, 
and found them to be too small to explain any explosive effect. Neither 
do the tales appear likely to be true according to which men have 
been killed by the air-pressure, due to a shell flying past them. 

Lehmann has lately suggested the pressure of the head-wave as 
being a likely cause of the apparent explosive effect. P. A. Günther 
has therefore carried out certain experiments 1n conjunction with the 
author in order to ascertain the facts. Plates and balls of damp clay 
of different sizes were taken: holes were bored in them, slightly 
larger 1n diameter than the bullet, which was fired through them. 
If the head-wave theory were correct, there ought to be an explosive 
effect, but there was no trace of anything of the kind. In another 
experiment the bullet was fired immediately over the surface of a 
vessel that was full to the brim with water or mercury: here again 
no effect was observed. A ball of moist clay was put in a vacuum 
under the air pump, and a bullet was fired through 1t. It was found 


that the explosive effect took place in a vacuum in the usual way. 
The head-wave theory therefore seems to be unsupported by ex- 
perimental evidence, and may consequently be dismissed. 

5. It 1s known that hydraulic pressure is transmitted in all 
directions through the fluid, and ıt has been suggested that a bullet, 
flying through water, transmits such pressures like the cylinder of a 
hydraulic ram. Seeing that by Pascal’s law the pressure 1s transmitted 
in every direction, this would seem to furnish a simple explanation 
of the surprising fact that the water 1s shot out violently on all sides, 
and even in the direction of the gun. But there are serious objec- 
tions to this theory. Fluids are very slightly compressible. If there 
is a high pressure inside a water vessel, a slight crack in the vessel 
is sufficient to reduce the pressure at once to that of the atmosphere. — 
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This is the reason why hydraulic pressure 1s not so dangerous as 
pneumatic pressure. Ifa vessel breaks under hydraulic pressure, the 
fragments have very small velocities, while the reverse 1s the case 
with gases under pressure. 

In the present case, however, the fragments in certain cases are 
flung to considerable distances. In moist clay there is a shell-hole, 
more than 400 times the size of the projectile: and this seems to 
make the hydraulic theory unlikely. Moreover it fails entirely to 
explain why any effect 1s produced by firing a bullet into an open 
water vessel, or ın cases where there can be no question of any 
hydraulic pressure. It 1s none the less probable that a good deal 
depends on the smallness of the forces of cohesion and the ease with 
which the particles can be displaced relatively to one another: and 
these facts are also of importance ın connection with Pascal's law. 
The maximum explosive effect 1s produced in cases in which the 
friction of the particles ıs a minimum: under such conditions, they 
can be relatively displaced with great ease. 

6. It might be thought that the viscosity of the fluid had some- 
thing to do with the matter. 


In fig. a, the bullet seems to drag the adjacent layers of air, 
while external layers are to some extent adherent to the internal 
ones: thus the whole mass of water takes part in the motion to a 
greater.or less extent, Just as ıt does ın a vertical rotating cylinder, 
filled with water. The long interval which elapses between the 
moment of penetration and the moment of the explosion seems to 
be explained simply in this way. But the explosive effects in a 
lateral direction are not quite so easy to understand. Let us take a 
lump of clay, as in fig. 6, that 1s bored with vertical holes, parallel 
to the direction of the bullet. Then if the viscosity-theory were 
true, we should expect channel 1, through which the bullet flies, to 
be fractured, but not 2—2, and still less 3—3. This, however, is not 
the case, since all the channels partake of the motion. Under given 
conditions the explosive effect would increase with the internal 
friction of a fluid or semi-fluid body on the viscosity-theory : ıt would 
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air at O. The vibrations on the surface of O are photographically 
recorded as a function of the time by the methods employed by the 


author in recording the vibrations of the barrel of a rifle in 1899. 


1 Q Q + 60 y 
E zum 
a T a 
ae a 
3 
i t 
93 p 


(See Vol. nr, § 183.) The following arrangement, shown diagram- 
matically in the figure, was adopted. B 1s an arc lamp, the light 
from which passes through a stop S, and is totally reflected from the 
prism Pr, to the water-surface, O : from O it is reflected to the prism 
Pr, and thence by total reflection ıt passes through the lens ZL to 
the sensitised plate P. An image of the opening in the stop 1s pro- 
duced on the plate. If the plate 1s rapidly pulled away 1n a direction 


at right angles to the direction of the light, a narrow straight line 1s 
produced as long as the water is at rest: a very slight vibration on 
the surface of the water causes a marked rise or fall in the position 
of the line. The moment of firing ıs recorded by the image of a 
spark, a, while the time-intervals are given by the records of the 
vibrations of a tuning-fork. The results are given in Vol. Iv, No. 24, 
where the photographic records are reproduced. CD shows the 
vibrations of the tuning-fork, AB ıs the line given by the surface of 
the water, using the first procedure: the perpendicular from a gives 
the instant of firmg: the period of vibration of the tuning-fork was 
0:0023 second. It will be seen that the first vibration, B, occurs 
much later than 1s to be expected from the sound-wave theory. 

(b) Further experiments were made to examine the course of 
the explosion. A cylinder of sheet metal, 15 em long and 12:5 cm in 
diameter, was suspended horizontally by cords: the cylinder was 
filled with water, the end, facing the bullet, being closed by parch- 
ment paper, and the other end by a thin sheet of rubber. The bullet 
measured 6 mm 1n diameter, and had a velocity of 750 m/sec. The 
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cylinder was placed between a concave mirror, 4, and a camera, 5: 
the illuminating spark-gap is seen at 3. The bullet 1s seen to be 
flying in the direction of the arrow and to be passing through the 
glass-tipped spark-gap at 2. When the bullet reaches this position, 
the Leyden jar discharges through the path 1, 2,3, 1. It 1s then 


possible to observe the shape of the rubber-sheet, while the bullet 1s 
passing through the water. The position of the spark-gap, 2, can be 
varied, and it can also be placed outside the cylinder. The following 
conclusions were arrived at. As long as the bullet 1s inside the 
water, there is not the slightest distension of the rubber sheet: the 
whole vessel appears to be at rest. It is only after the bullet has 
completely penetrated through the vessel that the first distension of 
the rubber is perceptible, and this takes place when the base of the 
bullet 1s about 1 cm from the rubber sheet. At the point where the 
bullet penetrates through the parchment paper, the water soon spurts 
out towards the rifle: this goes on increasing, and the edges of the 
hole are gradually broken away. The rubber sheet is quickly dis- 
tended in tubular form after the bullet has passed through the 
cylinder, though this distension does not begin till the bullet is 


clear by 1cm: the water naturally streams out through the tube. 
A peculiar peaky distension takes place at the upper edge of the 
rubber and is gradually accentuated. 

Another experiment was made by firing through a wrought-iron 
pipe, 1 m long; the external diameter was 13:8 cm, and the thickness 
of the wall, 8mm. The ends were sealed, as before, with parchment 
paper and a sheet of rubber, the pipe being filled with water. On the 
upper side of the pipe, there was a longitudinal slit, 2cm broad, in 
order to observe any lateral effects: the tube was prevented from 
bending by three stout rings. The longitudinal slit was closed by a 
wedge of wood, which was bound round by 40 turns of iron wire, 
1:75 mm in diameter. As a matter of fact, the rubber membrane was 


448 The effects produced by the explosion of shells [CH. XII 


always broken before the bullet reached it, but the records showed 
that 1t did not break instantly by any means. The rubber membrane 
bulges out and finally breaks. If it 1s very tightly stretched, ıt breaks 
round the edges: ıf ıt 1s kept in tension by support on the one side, 
it slits: if it 18 merely bound on without tension, a small round hole 
is formed, the portion, shot off, being recovered entire in-the form of 
a circular piece, from 0°5 to 8cm in diameter. The force of the ex- 
plosive effect may be judged from the fact that the iron binding wires 
were broken and had to be replaced by hemp cords, 6 mm 1n diameter. 

Similar results were obtained with lower velocities and smaller 


volumes of water. Shots from a Flobert pistol were fired through a 
lead pipe, 20 cm long, and 5:5 cm 1n external diameter, filled with 


water: on the upper side of the pipe there were 6 small circular holes. 


It was plainly seen that a definite volume of water was shot out 1n 
the form of a mushroom, and at the same time the rubber membrane 


was distended: water was also shot out at the same time through the 
upper holes, the outflow being of the same type. The same thing 
happened, when firing through a pig's bladder, filled with water. 
Firstly there was a cone of water emitted at the point of entry, and 
then on the side of exit: these streams gradually increased 1n volume. 
The bladder, as a whole, seemed for some time to be at rest. The 
bladder exploded after the bullet had travelled over a distance of 
245 cm from the bladder, having meanwhile penetrated a board, 
43 cm thick. The same sort of thing happened when firing through 
clay balls. 

'Tielmann made kinematographic records, when firing through a 
skull. His apparatus took 50 records in a second, and it was found 
that the roof of the skull was broken off 1n 0:04 sec. Bircher shot 
through a cylinder of sheet iron, having a broad soldered joint: from 
the shape of the broken vessel, 1t was clearly evident that the breakage 
took place after the bullet had passed through 1t. In 1903, Kranzfelder 
and Schwinning took instantaneous photographs by discharging 10 
Leyden jars 1n succession by one bullet; thus they had a series of 
10 records, derived from one bullet. Finally we may mention the 
kinematographic methods, referred to in Vol. rir, §188, which give 
from 5000 to 100,000 records per second: portions of several of these 
are reproduced in Vol. Iv, Tables VII to IX. 

g, Ihe result of these experiments 1s that 1t 1s possible to form 
some idea of the processes accompanying the explosion. The energy 
of the projectile is wholly or partially transferred to the body which 
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collected from the heap instead of 10,000kg. If the sand is moist, 
there 1s a tendency to produce the explosive effect: the moisture acts 
as a kind of lubricator and decreases the internal friction. 

If bullets are fired from a rifle or pistol, with velocities not less 
than 600 or 700 m/sec, into a bank of clay, ABKJ, the only possible 
explosive effect will be in the direction towards the rifle: the resistance 
in all other directions is too great. A hole will be formed, as shown 
in the figure. At the mouth, the hole 1s of the 
shape of a crater: its diameter 1s much larger 
: than that of the projectile, except in the case 
+ when there is some sort of support along AB 
in the form of a board or a piece of sheet metal. 
; Behind this there 1s a considerable excavation: 

LE 3 i at this point most of the energy is given off 
BD F H K u l i 
and ıs dissipated at a point where the resistance 
is high. With rubber, the excavation closes almost entirely owing to 
the elasticity: with water, ıt closes by gravity. If sections of the clay 
bank are made through CD, EF, and GH, the sections are similar in 
shape. Careful experiments have been made with clay. Thiel has 
found with certain types of bullet, which have the tip shghtly filed 
away, that the hole at the point of entry into the clay 1s fairly smooth, 
and that the edges seem to be pulled inwards. He considers this to 
be a secondary effect: the edges of the hole are at first turned up on 
the outside: in a short time there 1s a rarefaction of the air owing to 
the explosive eftect of the bullet: this sucks the air inwards and so 
alters the shape of the edge of the hole. Schatte has confirmed this 
view by photographic methods, which show that the edge 1s at first 
bent outwards and then inwards: for the purpose of his experiments he 
used the S-bullet at short ranges, firing with the normal initial velocity. 


AC E G J 


It may be of interest to give some results which were obtained in the author's 
laboratory in 1909 by firing the S-bullet into damp clay : 


the specific gravity of the ċlay was 1:8. 
(a) Rectangular plates served as targets for the bullet 
M.98S: height, breadth, and thickness of plates, 60, 60, 
and 10cm respectively. The velocity of impact, vy, was 


and at back a,. See table on opposite page. 


te — varied: diameter of hole of perforation, at front d,, in the 
77 middle d;, at the back d}: depth of projection at front a,,. 


El ip 


(b) Clay plates, 10 cm thick, 92-870 m/sec. The ex- | 


periment was to determine the maximum superficial area 
that could be completely shattered by the explosion. It was found that plates. : 


§ 74] 


generally broken into, fragments. 
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the sides of which measured 20 centimetres, Were just on the border line, and were 


475 
400 
388 
dol) 
200 
100 


(c) Clay plates: 
impact = 870 m/sec. 


Thickness 
of plate 


d a, 
em cin 
ll 4 
11 4 
10 2 
8 2 
19 2 
7 9 
4 2 
6 9 
5 "e" 
3 — 


cin cm cm 
4'5 32 4*9 
8 0'5 8'5 
11 4'9 12 
11 7:5 12:5 
12 8 14 
I] 12 25 
12 15 20 


ay 


cm 


3° 
1° 
3 
3° 
3° 
> 
7 


: velocity of 


(d) Clay balls of variable diameters: velocity of impact —870 m/sec. When 


the diameter was less than 30cm, the balls were totally destroyed. With a ball, 
having a diameter of 45 cm, the bullet did not break it up: d,=4 cm, and d, —8 cm. 
Inside there was a nearly spherical hole, 25cm in diameter. At the points both 
of entry and of exit, the edges of the holes were drawn somewhat inwards: this is 
the so-called after-effect: portions of the fragments from the edges were carried 
inside the ball. The bullet changed its course inside the ball: the point of exit was 
on a higher level than the point of entry, though the bullet was fired horizontally. 


(e) The same clay plates as in (a). «9-870 m/sec. The 
bullet was at first fired with the tip forwards, and then with 
the base forwards. In the first case, d,=8cm: in the second 
case, When the bullet was reversed in the cartridge, d; — 26 cm. 

(f) A bullet was fired, with the base forwards, at a 
large lump of clay, which had a volume of about 1 cub metre. 
A hemispherical depression was formed on the surface of the 
block: the diameter of the depression was 40cm, and the 
depth 20cm: the edges were bent up outwards. At the 


A 


«2 aft 


JAA 
A 


"d 


deepest part of the depression, a, was found the broken steel covering of the 
bullet, completely detached from the lead core. 


9Q 9 
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3 75. Deflection of the projectile from the normal trajectory. 


1. DEFLECTION THROUGH THE ACTION OF THE TARGET. 


It has been already explained that there 1s a pressure-zone, ABDC, 


about the line of fire, when the bullet pene- 
trates a block of clay: the projectile strikes 
the adjacent particles, which in turn react on 


their neighbours. There 1s consequently a con- 
siderable reaction on the bullet itself, which 


tends to deflect 1t from 1ts eourse. If the bullet 1s fired from a smooth 
bore, there 1s no great deflecting tendency, if the mass of the clay 1s 


very great, and if 1t 1s homogeneous. In such a case, the pressures 
would be distributed symmetrically about the trajectory. 


But with rotating bullets, things are different. Suppose the ' 
rifling to be nght-handed: then looking at it from behind, the bullet 
rotates clockwise: consequently a very slight initial obliquity of the 
axis of the bullet with respect to the tangent to the trajectory, or 
even a lack of complete homogeneity in the clay, would suffice to 
produce very marked oscillations in the clockwise direction. If at the 
moment of entering the clay, the tip of the bullet is very slightly 
pointed upwards, the tip will be lifted by the resistance of the material 
and then goes to the rıght. The bullet, as a whole, will then go 
upwards, and afterwards turn to the nght, 1f the mass of the clay 1s 
sufficient 1n amount. The opposite directions of motion will hold, if 
the tip is pointed downwards on entry. These effects have been often 
noticed with bullets and shells. Sometimes a boomerang-like path 
has been observed within a target, and a bullet has been even known 
to come out again on the side of entry. 

But there are other causes besides rotation which may deflect a 
projectile ; a target, like a muddy bank, 
may be struck on the one side, so that 
the pressure-zone, ABDC, extends to 
the surface, or even falls partially out- 
side the body. In such a case the reaction 
on the lower side of the projectile 1s 
greater than that on the upper side. The bullet 1s therefore deflected 
upwards, moving along the path of least resistance. With grazing 
shots of this character, 1t 1s easy to understand that there may be a 


considerable deflection: a shell striking the water 1n a more or less 
horizontal direction may be deflected upwards from the surface, 1f the 


velocity 1s sufficiently great 1n amount. 
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ruptured by the passage of the balls. Paths, similar to AOB, have 
often been observed with shells, when they strike a soft grass-grown 


surface. 
The second part of the trajectory, OB, is therefore quite indepen- 


dent of the first part, OA. If a thin layer of air, CDFE, were supposed 
to exist at the lowest point, O, this would not affect the matter in 
any way. This is in agreement with what has been said about firing 
horizontally through water at no great distance below the surface. 
Ramsauer also showed that a similar lifting of the bullet takes place 
when it 1s fired through 10 parallel lead plates, 3 mm thick, placed 
vertically at distances of 2:5 cm, passing horizontally at a maximum 
distance of 9 mm from their upper edges. 
The velocity of egress was measured for different angles of impact 

by Pouillet’s procedure: thus we have 
2° 0° 44" 6° 2’ 31” | 6° 49 27" 

571°5 221:5 67:5 m/sec. 

In these tests v, = 625:3 m/sec. If a= 1°, 

the velocity of the projectile 1s diminished 

to such an extent by the resistance of the 


water, that it no longer rises to the surface, 
but continues to fall downwards along the path OGH. 


a= 1° X 13” 
Ve = 6085 


e 6 9 
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NOTES AND APPENDIX 


The following is a list of the most important technical publications on ballis. 
tical subjects : 


Archiv für die Offiziere der kgl. preuss. Artillerie und des Ingenieurkorps, Berlin, 
Bd. 1-68 (1837-1870). 

Archiv für die Artillerie- und Ingenieuroffiziere des deutschen Reichsheeres, 
Berlin, Bd. 69-104 (1871-1897). This publication has been discontinued 
since 1898. 

Artilleriskii Journal, Petrograd, 1839. 

Allgemeine schweizerische Militarzeitung, Basle, 1863. 

Artilleristische Monatshefte, Berlin, 1907. 

Artilleri Tidskrift, Stockholm. 

La Corrispondenza, Livorno, 1899. (Discontinued.) 

Journal of the United States Artillery, Fort Monroe, Virginia, 1892. 

Kriegstechnische Zeitschrift, Berlin, 1898. 

The Kynoch Journal, Birmingham. 

Memorial de Artilleria, Madrid, 1844. 

Mémorial de l’Artillerie de la Marine, Paris. 

Mémorial des poudres et salpétres, Paris. 

Mitteilungen des k. k. Geniecomités über Gegenstände der Ingenieurkunst und 
des Kriegswesens, Vienna, from 1870. 

Proceedings of the Royal Artillery Institution, Woolwich. 

Revue d'Artillerie, Paris, 1873. 

Revue de l'armée belge, Liége, since 1890. 

Revue maritime et coloniale, Paris, 1872. 

Rivista d' Artigleria e Genio, Rome. 

Rivista maritima, Rome, 1868. 

Schuss und Waffe, Versuchsstation Neumannswalde-Neudamm. 

Zeitschrift der deutschen Versuchsanstalt für Handfeuerwaffen, Berlin-Halensee. 

Zeitschrift für das gesamte Schiess- und Sprengstoffwesen, Munich, 1906. 
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TEXT-BOOKS 


F. Bashforth, Mathematical Treatise on the Motion of Projectiles, London, 1873; 
supplement, 1881. (Referred to as Bashforth.) 

Handbuch der Waffenlehre, 3rd edition, Berlin, 1912. 

S. Braccialini, Uber die praktische Lösung der Probleme des Schiessens, trans- 
lated into German by von Scheve, Berlin, 1884. 

F. Brandeis, Der Schuss, Erklarung der den Schusserfolg beeinflussenden Um- 
stande und Zufalligkeiten, Vienna and Leipsic, 1896. 

A. von Burgsdorff and von Recklinghausen, Tafeln zur Flugbahnberechnung von 
Infanteriegeschossen, Berlin, 1897. 

P. Charbonnier, Traité de balistique extérieure, Paris, 1904. (Referred to as 
Charbonnter 1.) 

P. Charbonnier, Balistique extérieure rationnelle, in 3 parts, Paris, 1907, a portion 
of the Encyclopédie scientifique, Toulouse. (Charbonnier 2 and 3.) 

P. Charbonnier, Manuel de balistique extérieure, Paris, 1908. 

von Chrismar, Leitfaden für den Unterricht in der Ballistik, vol. 1. Charlotten- 
burg, 1904. 

J. Didion, Traité de balistique, Paris, 1848; second edition, 1860. (Referred to 

38 Didion.) 

J. Didion, Lois de la resistance de l’air, Paris, 1857. Calcul des probabilites 
appliqué au tir des projectiles, Paris, 1858. 

O. von Eberhard, Das Wesen der modernen Visiervorrichtungen, Berlin, 1908. 

O. von Eberhard, Die Waffentechnik in ihrer Beziehung zur Optik, published in 
Kultur der Gegenwart, Iv. 12 (1913), Leipsic. 

F. Fasella, Tavole balistiche secondarie, Genoa, 1901. 

W. Gross, Die Anwendung der Wahrscheinlichkeitslehre auf it Gebiete der 
Schiesslehre, Berlin, 1912. 

W. Gross, Die Berechnung der Schusstafeln, Leipsic, 1901. 

A. Hamilton, Ballistics, Fort Monroe, Virginia, 1908. Vols. 1. and 11. on external 
ballistics. | 

P. Haupt, Mathematische Theorie der Flugbahnen gezogener Geschosse, Berlin, 
1876. 

J. P. G. von Heim, Beiträge zur Ballistik in besonderer Beziehung auf die Umdre- 
hung der Artilleriegeschosse, Ulm, 1848. (Referred to as Heim.) 

F. Helie, Traité de balistique expérimentale. Exposé général des principales 
expériences d’artillerie exécutées à Gávre en 1830-1866: 2nd edition, 2 vols., 
Paris, 1884. (Héle.) 

W. Heydenreich, Lehre vom Schuss und die Schusstafeln, 2 vols., Derlin, 1898: 

| 2nd edition, 1908. (Heydenreich.) 

A. Indra, Graphische Ballistik, Vienna, 1876. 

A. Indra, Ballistik der Handfeuerwaffen, Vienna, 1879. 

A. Indra, Synthetische Entwicklung eines allgemeinen Luftwiderstandsgesetzes, 
Vienna, 1886. 
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G. Ronca and G. Pesci, Abbachi per il tiro: abbachi generali della balistica, 
Livorno, 1901. 

A. Rutzki, Theorie und Praxis der Geschoss- und Zünderkonstruktionen, Vienna, 
1871. (Rutzkr.) 

N. Sabudski, Uber die Lösung der Probleme des indirekten Schiessens und über 
den Winkel grösster Schussweite (Russian), Petrograd, 1888: supplement, 
1890. 

N. Sabudski, Aussere Ballistik (Russian), Petrograd, 1895. - (Sabudski.) 

N. Sabudski, Die Wahrscheinlichkeitsrechnung, ihre Anwendung auf das Schiessen 
und auf die Theorie des Einschiessens. German translation by von Eberhard, 
Stuttgart, 1906. 

P. de St Robert, Mémoires scientifiques, 2 vols., Turin, 1872-1874. (St Robert.) 

F. Siacci, Corso di balistica, 3 vols., Rome, 1870-1884: 2nd edition, Turin, 1888. 
French translation under the title of Balistique extérieure, Paris, 1592. 
(Siacei.) 

F. Siacci, Balistica e practica, Giorn. d’ art. e gen. 1880. German translation by 
Günther under the title of Ballistik und Praxis, Berlin, 1882. 

M. de Sparre, Mouvement des projectiles oblongs dans le cas du tir de plein fouet, 
Paris, 1875. 

M. de Sparre, Sur le mouvement des projectiles dans l'air, Paris, 1891. 

Textbook of Gunnery, London, 1902. 

E. Thiel, Das Infanteriegewehr, eine ballistisch-technische Studie, Bonn, 1883. 

J. M. de Tilly, Balistique extérieure, Ghent, 1875. 

E. Vallier, Balistique expérimentale, Paris, 1894. ( Vallier.) 

E. Vallier, Balistique extérieure, a portion of the Encyclopédie scientifique des. 
Aide-Mémoire, Paris. (No date.) 

E. Vallier, Reference to Ballistics in the Encyclopédie des sciences mathématiques. 
(Paris, Gauthier-Villars), edited by J. Molk, yol. Iv. section 21, Paris-Leipsic, 


1913. 
R. Wille, Waffenlehre, 1st edition, Berlin, 1896: 2nd edition, 1900: 3rd edition, 
1905. ( Wille.) . 


A. Witting, Soldaten-Mathematik, vol. xx11. of the Mathematische Bibliothek, 
edited by W. Lietzmann and A. Witting, published by Teubner, Leipsic, 
1916. 

N. von Wuich, Lehrbuch der äusseren Ballistik, Vienna, 1886. (Referred to as 
von Wuich.) 


NOTES ON THE VARIOUS SECTIONS 


SS 4 to 6. Tilting of the trajectory in à vacuum: A. von Obermayer, Vienna, 
Ber. 110 (1901), p. 365; Charbonnier, 1, p. 278; A. Weigner, Mitt. üb. Geg. d. 
Art.- u. Gen.- Wes. 1890, p. 1. With regard to the trajectory in a vacuum, see 
also V. A. von Sinner, Zehrb. d. Ball. 1st part, Berne, 1834; P. G. Tait, Proceed. 
Roy. Soc. of Edinb. 7 (1885), p. 107; W. Walton, Quart. Journ. of Pure und 
Appl. Math. 10 (1869), p. 72; Scheer de Lionastre, Theorie bal. Ghent, 1827, 
specially p. 20; E. Lampe, Boltzmann-Festschrift, Leipsic, 1904, p. 215. With 
reference to the law in $ 6 on the curvature of the earth, see C. Cranz, Kompend. 
d. Ball. Leipsic, 1896, p. 33 ; see also J. Kozák, Geschossbewegung im Vakuum, 
Vienna and Leipsic, 1909. Barisien states certain propositions with reference 
to the parabola-groups, which have no great ballistical significance, in Nouvelles 
Annales (3), 6 (1887), p. 372: also G. Leinekugel, in the same publication (3), 14 
(1895), p. 112; J. Schatte, Ariegstechn. Zeitschr. 14 (1911), p. 450; J. Schmidt, 
Ahitteil. üb. Geg. d. Art.- u. Gen.- Wes. 1910, p. 879; F. Külp, Archiv d. Math. u. 
Phys. (23), 3 (1914), p. 244. 

Ricochet in a vacuum: Bordoni, Memorie della Società italiana, 1816, vol. XVII. 
l, p. 191; E. de Jonquières, C. R. vol. xcvir. p. 1278; Lombard, Théorie du tir 
à ricochet, Brussels, 1841 ; Persy, Cours de balistique, Metz, 1827-1831, p. 61; 
Otto, Math. Theor. d. Ricochetschusses, Berlin, 1844 ; Radowitz, Arch. f. Art.- u 
Ing.-Off. 1 (1835 p. 41: 5 (1837), p. 248 : 17 (1845), p. 181 : 24 (1849), p. 185 : 
28 (1850), pp. 153 and 208. 

S8 8 and 9. On questions of air-resistance in general, consult d'Alembert, 
Traité de l'équilibre et du mouvement des fluides, Paris, 1744 ; J. V. Poncelet, Zn- 
troduction à la mécanique industrielle, Brussels, 1839, p. 522; J. Didion, Lois de 
la résistance de Vair, Paris, 1857 ; E. Vallier, Rev. d'art. 26 (1885), pp. 226 and 
324; A. Indra, Mitt. üb. Geg. d. Art.- u. Gen.- Wes. 1886, p. 1; von Wuich, pp. 49 
and 101 ; C. F. Page, De la résistance de lair, Paris, 1878, and Rev. d'art. 11 (1878), 
pp. 254, 345, 457, 561 : 13 (1879), p. 531: 14 (1879), p. 38: 15 (1879), p. 128 ; 
also L. A. Thibault, Recherches expérimentales sur la résistance de l'air, Paris, 1826, 
pp. 11, 62, 128; F. Silvestre, Rev. d'art. 18 (1881), p. 236; M. Prehn, Uber die 
d Form des Luftwiderstandsgesetzes, Berlin, 1874; N. Mayevski, St Peters- 
burg Bull. de U’ Acad. (class. de phys. et math.), 17 (1858), p. 337 and 27 (1881), p. 1; 
Pfister, Archiv für Art.- u. Ing.-Off. 88 (1881), p. 489 ; Journée, Rev. d'art. 49 (1897), 
p. 293; Hélie, 2, p. 150; Sabudski, 1, p. 55, and Arch. f Art.- u. Ing.-Off. 102 (1895), 
p. 18; N. Sabudski, Petersb. Art. Journ. 1894, 4, p. 299; F. Chapel, Paris, C. R. 
119 (1894), p. 977 ; F. Chapel, Rev. d'art. 45 (1895), pp. 119 and 453 ; Denecke, 
Kriegstechn. Zeitschr. 2 (1899), p. 482 ; L. Mach, Zeitschr. f. Luftschifffahrt, 1896, 
p. 129; L. Prandtl, Handworterbuch der Naturwissenschaften, 4 (1913), p. 558 and 
p. 129; Didion, p. 53; J. Wolf Barry, Engineering, 2, 66 (1898), p. 408: Finster- 
walder, Encyklop. d. math. Wiss. 1v. 17, p. 161; F. von Zeppelin, Zeitschr. f. Luft- 
schiff. 15 (1896), p. 172. 


460 . Notes on the various sections 


With reference to the change in the function for the resistance of the air in the 
neighbourhood of the velocity of sound, see N. Mayevski, Petersb. Bull. de l Acad. 
27 (1881), p. 1; A. Indra, Mitt. üb. Geg. d. Art.- u. Gen.- Wes. 1886, pp. 1-80 ; 
R. Emden, Habilit. Schrift. techn. Hochsch. Munich, 1899, p. 94, and Ann. Phys. 
Chem. 2, 69 (1899), p. 454; E. Thiel, Arch. Art. Ing.-Of. 94 (1887), p. 492. 

On air waves, see E. Mach, Wien. Ber. 77 (1878), p. 7 : 78 (1878), p. 819 : 95° 
(1887), p. 765 : 97 (1888), p. 1045: 98 (1889), p. 41: 98 (1889), p. 1957 : 101 (1892), 
p. 977: 98 (1889), p. 1318. On the stream lines of bodies moving through fluids, 
and on making these lines visible, with their photographic record, see the Jahrbuch 
der Schiff bautechn. Gesell. for 1904, 1905 and 1909. Also F. Ahlborn, Physzkal. 
Zeitschr. 11 (1910), 5, p. 201, and Zeitschr. d. deutsch. Luftfahrtgesellsch., Jahrgang 
16, Ausgabe B, 5 (1912), p. 98. 

For theoretical investigations, see Isaac Newton, Philosophiae natur. principia, 
lib. 2, sect. 7, 1726 ; J. C. E. Schmidt, Theorie des Widerstandes der Luft bei der 
Bewegung der Körper, Göttingen, 1831. Also J. C. F. Otto, Zeitschr. Math. Phys. 
11 (1866), p. 515, and Mitt. üb. Geg. d. Art.- u. Gen.- Wes. 1879, p. 481; A. Schmidt, 
Programm des Stuttgarter Realgymnasiums, 1878 ; E. Vallier, Rev. d'art. 26 (1885), 
pp. 226 and 324; Résal, 2, p. 1874; O. Mata, Rev. de l'armée belge, 19 (1895), p. 85; 
A. Bassani, La corrisp. 1 (1900), p. 299; P. Vieille, Paris, C. R. 130 (1900), p. 235 ; 
E. Okinghaus, Wien. Ber. 109 (1900), pp. 1159 and 1291, and Monatsh. für Mathem.. 
u. Phys. 15 (1904), p. 150. See also H. von Helmholtz, Vorlesungen über theore- 
tische Physik, vol. I. Leipsic, 1898, p. 31; E. Jouguet, C. R. 132 (1901), p. 677 : 
145 (1907), p. 500; P. Haupt, Artill. Monatshefte, 1910, 1. p. 249, and rr. p. 241: 
1911, 1. pp. 321 and 401, and 1. 62, p. 91: 1912, 62, p. 91; V. Kobbe, ditto, 1911, 
II. 55, p. 22: 65, p. 383: 58, p. 283: and 1912, 65, p. 382 ; Engelhardt, ditto, 1911, 
52, p. 245, and 1912, 65, p. 383 ; C. Cranz, ditto, 1911, 11. 56, py 85, on empirical 
laws of air-resistance ; H. Lorenz, Ballistik, die mechanischen Grundlagen der 
Lehre vom Schuss, Zeitschr. d, Vereins deutsch. Ing. 1916, p. 625; H. Lorenz, 
` Beitrag z. Theor. d. Schiffswiderstands, ditto, 1907, p. 1824; P. Vieille, Mémor. des 
poudr. et salp. 10 (1899-1900), p. 177, and 10 (1900), p. 255 ; J. Hadamard, Leçons 
sur la propagation des ondes, Paris, 1903, p. 206; G. Zemplen, Lncyklop. d. mathem. 
Wissensch. 1v. 19, 12, p. 315; W. Lanchester, Aerodynamics, London, 1907; A. 
Kriloff and C. H. Müller, Zneyklop. d. mathem. Wissensch. 1v. 22, p. 572 ; M. Jager, 
Graphische Integrationen in der Hydrodynamık, Dissertation, Göttingen, 1909; 
G. Ricci, Revista a artigl. e genio, 33 (1913), vol. 1. p. 366 ; M. de Masson d’Autume, 
Mémorial de lartıll. Navale, 3, 7 (1913), 22, 2nd part, p. 3. The law of air-resist- 
ance is discussed in Sommerfeld's work on the gyroscope, F. Klein and A. Som- 
merfeld, Theorie des Kreisels, Leipsic, published by Teubner, 1910, rv. section C 
on ballistics, No. 7 ; P. Riebesell, Archiv f. Mathem. u. Phys. 25 (1916), vol. rr. 
p. 103. See article on ballistics in the Zncyclop. des sciences mathém. edited by 
J. Molk, Paris, and published by Gauthier-Villars, vol. 1v. 21. 

SS lO and 11. Empirical laws of air-resistance: A. Indra, Mitt. üb. Geg. d. Art.- 
u. Gen.-Wes. 1886, pp. 1-80; E. Okinghaus, Wien. Ber. 108 (1899), p. 1559, 
and 109 (1900), p. 1275 ; Denecke, Ariegstechn. Zeitschr. 2 (1899), pp. 426, 474 and 
482, with reference to zone-laws up to velocities of 500 m, based on German ex- 
periments ; C. Chapel, C. R. 120 (1895), p. 677, and 119 (1894), p. 997; W. Gross, 
Schweizer. Zeitschr. für Artill. u. Gen. 39 (1903), p. 409; W. von Scheve, Kriegs- 
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The rules governing the construction of models are discussed by H. von 
Helmholtz, Wissensch. Abhandl. Leipsic, 1882, 1. p. 158; H. Lorenz, Zeitschr. d. 
Ver. Deutsch. Ing. 1907, p. 1824; V. von Niesiolowski-Gawin, Ausgew. Kapitel der 
Technik, Vienna, 1908, p. 326. 

§ 14. Regarding the best shape for the tip of the shell, see A. M. Legendre, 
Paris, Mém. de l Acad. 1788, pp. 7-37; G. von Lamezan, Arch. f. Art.- u. Ing.-Of. 
87 (1880), p. 485; Rutzki, pp. 30-51; F. August, J. f. Math. 103 (1888), pp. 1-24, 
and Arch. f. Art- u. Ing.-Off. 94 (1887), p. 1; von Wuich, 1, p. 128; R. Benzivenga, 
Rw. d’ art. e gen. 1897, vol. 111. p. 123; B. von Lefèvre, Rev. d'art. 57 (1900), p. 221; 
A. Bassani, La corrisp. 1 (1900), p. 485; L. Decepts, Rev. d'art. 57 (1901), p. 425, 
and La corrisp. 2 (1901), p. 63; E. Armanini, Ann. di mat. 3, 4 (1900), pp. 131-149; 
E. Lampe, Berlin. Verhandl. d. deutsch. phys. Ges. 3 (1901), pp. 119 and 151; 
Kneser, Arch. f. Math. u. Phys. (3), 2 (1902), p. 267; L. Decepts, Rev. d'art. 57° 
(1900), p. 221 ; Lacroix, Traité du calcul diff. et intégr. 2nd edit. Paris, 1814, part 2, 
p. 791; S. von Kobbe, Artill. Monatshefte, 1911, 11. 58, p. 283; M. de Masson 
d'Autume, Memorial de l'artill. nav. series 3, vol. vir. (1913), 22, p. 481; Finster- 
walder, Encykl. d. math. Wissensch. 1v. 17, footnote 90. 

Some shells taper at the rear, and are more or less torpedo-shaped. These have 
been examined by d'Alembert, Piobert, Dreyse, and Whitworth ; they include the 
German D-shell and the Z-shell. See also Zeitschr. f. d. ges. Schiess- u. Spreng- 
stoffwes. 5 (1910), No. 9, pp. 161-163, and Selter, Zeitschr. f. d. ges. Schiess- u 
Sprengstoffwes. 10 (1915), pp. 125 and 142. For pointed shells, including those of 
the torpedo type, see Ayrolles, Rev. d’artill. 38 (1910), vol. LXXV. pp. 214 and 274: 
38 (1910), vol. LXXVI. pp. 98, 148, and 275: 39 (1910-1911), vol. LXXVII. p. 356. 

$ 15. See observations of the meteorological station in Bavaria, published in 
Munich in 1907, Beiblätt. zu d. Annal. d. Physik (1908), p. 558: during the lowest 
3000 m, the temperature decreases at the rate of 0:57 degrees Centigrade 
per 100 m; at a height between 6 and 8 km, the temperature decreases by 
0771 degrees Centigrade per 100 m; at heights between 9 and 13 km, the tempera- 
ture is constant at values between — 48° and —60°. See also 8111 and P. Char- 
bonnier, Traite de balistique extérieure, Paris, 1904, p. 329. Also Linke, Aero- 
nautische Meteorologie, Berlin, 1913; Fr. Fischli, Aeronautische Meteorologie, Berlin, 
1913. For Siacci's formula (II), see Balistique extérieure, Paris, 1892, p. 14. 

P. Charbonnier proposes to apply the linear formula, given in the text, for the 
decrease of atmospheric density with the height up to heights of about 2000 m, 
and has given a more complete formula. See also-Balistique extérieure rationnelle, 
Paris, 1907, pp. 12 and 13. According to Schubert's figures (see S 111), the linear 
formula holds at considerable heights. It is quite easy to use Schubert's figures 
directly. 

S8 17 to 19. Some ranges are said to be longer than they would be in a vacuum. 
See von Minarelli, p. 37, and Darapsky, Arch. f. d. Art.- u. Ing.-Of. 69 (1871), 
p. 256, and the disc-like shells, proposed by St Robert, 2, pp. 1 and 49. With 
regard to the conception of the sectional load see Galileo Galilei, Dialoghi delle 
nuove scienze, Leiden, 1638, and Ostwald’s Klassiker der. exakten Wissenschaften; 
Galilei, Unterredungen, edited by A. J. von Ottingen, vol. x1. 24, 25. 

St Robert first stated the general equations in $ 17, and the propositions in 
$ 19, viz. 1 to 8 and 11; the propositions 9 and 10 were added by Sabudski. See 
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St Robert, 1, pp. 50 and 336, Zor. Mem. 2, 16 (1855), pp. 434 and 498; Mayevski, 
pp. 52 and 71; Siacci, 1, p. 25, and for similar trajectories, p. 97; Sabudski, 1, 
p. 118, and La corrisp. 1 (1900), p. 293 and 2 (1901), p. 3; Siacci, Riv. d’ art. e gen. 
1901, vol. I. p. 287, and vol. rr. p. 21; M. de Brettes, Paris, C. Jt. 67 (1868), p. 896 ; 
. 68 (1869), p. 1336; 69 (1870), pp. 394 and 1239. For the proof of proposition 3, 
see Hjalmar Aner, Artill. Monatshefte, 1916, No. 118, p. 147. 

The following theoretical discussions refer to the angle of departure, corre- 
sponding to the maximum range: F. Astier, Rev. d'art. 9 (1877), p. 313. He arrives 
at the, result that it depends on the law of air-resistance as to whether the angle 
is greater or less than 45°. Siacci, p. 42 and p. 393, and Mitteil. üb. Geg. d. Art.- u. 
Gen.- Wes. 1888, p. 49; E. Vallier, Rev. d'art. 31 (1888), p. 362; Guébbard, Nouv. 
ann. (2), 13 (1874), pp. 436-438 ; R. Radau, Paris, C. R. 66 (1868), pp. 1032-1034 ; 
M. de Brettes, Paris, C. 2. 66 (1868), p. 896; 68 (1869), pp. 1336-1338 ; 69 (1870), 
pp. 394-397 and pp. 1239-1242; N. Sabudski, Über die Lósung des Problems des 
indirekten Schiessens u. d. Winkel grósster Schussweite (Russian), Petrograd (1888), 
p. 83; Klussmann, Arch. f. Art.- u. Ing.-Off. 96 (1889), p.376. E. Vallier gives the 
following rules: the angle is probably greater than 45° for a shell with a consider- 
able sectional load, and a calibre greater than 24 cm; but in the case of any shell 
on Which the air-resistance exercises a relatively great effect, the angle is less than 
45°. There are, as yet, no sufficiently extensive practical tests on which to base 
conclusions, and figures with regard to bullets must be treated with great caution, 
seeing that they very rarely depend on exact measurements. 

With reference to Piton-Bressant's results, see an anonymous article in the 
kev. d'art. 8 (1876), p. 219, and G. Greenhill, Mém. de l'artill. navale, Paris, 1909, 2. 

With reference to the integrability of the main equation, see J. L. d'Alembert, 
Traité de l’equilibre et du mouvement des fluides, Paris, 1744, p. 359; Siacei, C. R. 
132 (1901), p. 1175, and 133 (1901), p. 381; Rw. d? art. e gen. 1901, vol. III. p. 5, 
and vol. Iv. p. 5; P. Appell, Arch. der Math. u. Phys. 3, vol. v. (1903), p. 177; E. 
Quivet, C. R. vol. cr. (1910), p. 1229; T. Hayashi, Giorn. dv Matematiche di Batta- 
glina, 3, vol. XLIX. (1911), p. 231; C. Cranzand R. Rothe, Arti. Monatshefte, 1917, 
who illustrate the procedure by two examples, and at the same time a method is 
indicated by which the change in the density of the air can be taken into account 
in a perfectly general way without using mean values. 

The mechanical integration of the main equation by the planimeter is 
described by L. Filloux, Rev. d'art. 72 (1908), 6, p. 345, and see also E. Pascal, 
I miei integraf per equazioni differenziali, Naples, 1914, published by L. C. 
Pellerano. 

820. J. Bernoulli, Act. erudit. 1719, p. 216, or Collected Works, vol. 11. p. 394; 
A. M. Legendre, Dissertation sur la question de balistique, proposée par l'Académie 
Roy. des Sciences et belles lettres de Prusse, Berlin, 1782, partially reprinted in 
Journ. écol. polyt. 4, Cah. 11 (1802), p. 204, and Journ. des armes spéctales, 1845, 
pp. 537 and 600, and 1846, p. 32; C. G. J. Jacobi, J. f. Math. 24 (1842), p. 25, or 
Collected Works, 4, p. 286. The matter is further investigated with the use of 
elliptic integrals by A. G. Greenhill, Woolwich Roy. Art. Inst. Proc. 11 (1881), 
pp. 131 and 589: 12 (1882), p. 17: 17 (1890), p. 181, and by Sabudski in the book 
previously mentioned, and in his Aussere Ballistik, 1, 550; see also L. Austerlitz, 
Wien. Ber. 84 (1882), p. 794. P. A. MacMahon’s tables are included in Greenhill’s 
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paper. See also Th. Vahlen, Archiv d. Math. u. Phys. 25 (1916), vol. 111. p. 209. 
For similar trajectories see St Robert, Mémoir. scientifiques, Paris, 1872, 1. p. 313, 
and F. Siacci, Bal. exter. Paris, 1892, p. 97; E. Róggla, Mute. üb. Geg. d. Art.- u. 
Gen.- Wes. 1908, p. 224. 

$21. L. Euler, Berl. Ber. 1753, p. 348; S. D. Poisson, Traité de mécanique,. 
2 vols. 2nd ed. Paris, 1833. Tables are given by Didion in an appendix to his 
Traité de balistique. With reference to Otto’s tables, see J. C. F. Otto, Tafeln für 
den Bombenwurf, Berlin, 1842, Gebrauchsanweisung, p. 40; Vallier, p. 111; Siacci, 
Rivista d? Artigleria e Genio, 1885, vol. I. and Revue d’artillerie, 1885, vol. xxvi. 
p. 431; S. Braccialini, Rev. d'art. 27 (1885), p. 237 ; Ingalls, Exterior Ballistics in 
the Plane of Fire, New York, 1886, and Journ. of Un. St. Art. 51(1896), pp. 52-74; 
von Scheve, Arch. f. Art.- u. Ing.-Off. 92 (1893), p. 529; 93 (1886), pp. 97, 271; 
103 (1896), p. 236; these articles give extensions of Otto's tables. F. Mola, Riv. 
d'art. e gen. 1892, vol. III. p. 253, and Arch. f. Art.- u. Ing.-Of. 100 (1893), p. 1. 
Sabudski, 1, p. 239 and p. 252, takes into account the decrease of air-density with 
the altitude, and Rev. d'art. 34 (1889), p. 427; 38 (1891), p. 46; Mayevski- 
Klussmann, p. 34; A. Bassani, La Corrisp. 1 (1900), p. 116, and 1 (1900), 
p. 275. 

§ 22. Dashforth, p. 45; Mayevski-Klussmann, p. 28; Vallier, p. 49. 

$ 22a. Didion, p. 162; Ligowski, Arch. f. Art.- u. Ing.-Off. 81 (1877), pp. 79, 
163, 178, and 83 (1878), p. 203; also Neumann, Arch. f. Art.- u. Ing.-Off. 6 (1838), 
p. 213; 14 (1842), p. 49; 29 (1851), p. 93; J. H. Lambert, Berl. Abh. 1767, 
pp. 102-188; J. C. Borda, Paris, Hist. de l'Acad. 1769, pp. 247-271; G. F. von: 
Tempelhof, Berl. Abh. 1788-1789, pp. 216-299, separately printed as Der preussische 
Bombardier, Berlin, 1791. Frangais’s work is mentioned by Didion, p. 168. Heim, 
p. 205; von Pfister, Arch. f. Art.- u. Ing.-Off. 88 (1881), p. 489; St Robert, 1, 
p. 125 ; Denecke, Arch. f. Art.- u. Ing.-Off. 90 (1883), p. 231 and p. 405 ; von Zedlitz, 
ditto, 103 (1896), p. 388. 

With regard to the assumption of a definite curve-form with an experimental 
determination of the coefficients, see M. Prehn, Ballistik der gezogenen Geschütze, 
Berlin, 1864, and Arch. f. Art.- u. Ing.-Off. 74 (1873), p. 189; A. Mieg, Theoretische 
äussere Ballistik, Berlin, 1884; O. Dolliak, Mitt. ub. Geg. d. Art.- u. Gen.- Wes. 
1879, p. 3 of the notes; Hélie, 2, p. 267 ; ditto, p. 262, and Vallier, p. 186 ; see also 
Rev. d'art. 8 (1876), p. 219; E. Okinghaus, Die Hyperbel als ballistische Kurve, 
Arch. f. Art.- u. Ing.-Off. 100 (1893), p. 241, with other articles between 1894 and 
1896; F. Chapel, Paris, C.R. 120 (1895), p. 677; J. Stauber, Mitt. üb. Geg. d. 
Art.- u. Gen.- Wes. 1897, p. 118, and 1909, p. 575; R. G. Fernandez, Jahrbücher f. 
d. deutsche Armee u. Marine, 1907, 1. p. 206; F. Affolter, Allgemein. Schweiz. Mili- 
türzeitung, 1905, 52, p. 424, and 1906, 9, p. 67; P. Haupt, Artill. Monatshefte, 1915, 
II. Nos. 103-104, p. 1; C. Veithen, Artzll. Monatshefte, 1917. 

$ 23. J.C. Borda, Paris, Hist. de ? Acad. 1769, pp. 247-271, and Journ. des 
armes spéciales, 1846, p. 49; Besout, Mouvement des projectiles, Paris, 1788, pp. 
138-197; Legendre, Dissert. sur la question de balistique proposée par l'acádémie 
roy. des sciences, Berlin, 1782: partly reprinted in the J. éc. polyt. 4, Cah. 11 (1802), 
p. 204, and Journ. des armes spéciales, 1845, pp. 537 and 600, and 1846, p. 32; 
Didion, p. 159 and p. 168; Didion, p. 59; St Robert, Mémoires scientifiques, 1. 
Paris, 1872, p. 119 and p. 124; Siacci, Rw. d’ art. e gen. 1897, vol. Iv. p. 5; von 
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G. Pesci, Abbachi per tl tiro, and Abbach: general della balistica, Leghorn, 1901 ; 
Rothe, Artill. Monatshefte, 1911, 11. 59, p.-371; Narath, ditto, 1915, I. p. 69; 
Rothe, ditto, 1915, 102, p. 314; A. Nowakowski, Mitterl. üb. Geg. d. Art.- u. Gen.- 
Wes. 1913, 7, p. 547, and 1913, 5, p. 383; Garbasso, Riv. d’ art. e gen. 20 (1903), 
vol. 11. p. 387; A. H. Barker, Graphical Calculus, London, 1908; J. E. Mayer, 
Das Rechnen in der Technik, Leipsic, 1908; R. Mehmke, Numerisches Rechnen, 
Encykl. d. math. Wissensch. vol. 1. F, Leipsic, Teubner; A. Morley and W. Inchley, 
Elementary Applied Mechanics, London, 1911; M. d'Ocagne, Coordonnées parallèles 
et axiales, Paris, 1885: Traite de nomographie, Paris, 1899: Calcul graphique et 
nomographie, Paris, 1908; J. B. Peddle, The Construction of Graphical Charts, 
New York, 1910; J. Perry, Praktische Mathematik, Vienna, 1903; M. v. Pivanı, 
Graphische Darstellung (Göschen), Berlin and Leipsic, 1914; F. Schilling, Über die 
Nomographie von M. d'Ocagne, Leipsic, 1900; L. von Schrutka, Theorie u.. Praxis 
des logarithm. Rechenschiebers, Leipsic, 1911; E. Schultz, Mathem. u. technische 
Tabellen, edn. 2 B, Essen, 1911; Soreau, Contribution à la théorie et aux applica- 
tions de la nomographie, Paris, 1901: Nouveaux types d'abaques, Paris, 1906. 

S 32. For Cauchy’s process, see P. de St Robert, Memorres scrent.:1. Paris, 
1872, p. 160; Moigno, Lecons sur le calcul diff. et integ. 11. 1844, lec. 26-28, and 33; 
Coriolis, Journ. de Math. de Liouville, 2 (1837), p. 229; Lipschitz, Lehrb. d. Analysis, 
II. (1880), p. 504; Picciati, Zl polytechnico, Milan, 1893, vol. xLı. pp. 493 and 537; 
Runge, Math. Ann. 44 (1894), p. 437, and 46 (1895), p. 437; K. Heun, Jahrb. d. 
deutsch. Math. Ver. 9 (1900), p. 111, and Zeitschr. f. Math. u. Phys. 45 (1900), p. 23; 
Photogrammetric methods by O. Nowakowski, Mitt. üb. Geg. d. Art.- u. Gen.- Wes. 
1912, 3, p. 262. | 

SS 35, 36 and 37. Cranz, Schuss u. Waffe, 2 (1909), 18, p. 413: Artill. Monats- 
hefte, 1909, 30, pp. 412-415; Eckhardt, Artill. Monatsh. 1912, 11. 61, p. 64; A. von 
Burgsdorff, Zeitschr., Schuss u. Waffe, 2 (1908-9), 8, p. 179; H. Rohne, ditto, 
2 (1908-9), 7, p. 152; the maximum vertical ascent of a shell is discussed in 
St Robert, Mém. scient. Paris, 1872, p. 43. 

Didion’s process for calculating high-angle trajectories in various sections is 
given in his Traité de balistique, Paris, 1860, p. 127. Also J. Schmidt, Mitt. üb. 
Geg. d. Art.- u. Gen.- Wes. 1908, p. 431; von Zedlitz, Artill. Monatsh. 1913, 79, p. 1 
and 1914, 88, p. 274; F. E. Harris, Journ. of the Un. St. Artill, 23 (1905), p. 43; 
P. Charbonnier, Rev. d'artill. 40, p. 79, p. 133: 79, March 1912, p. 357: 80, April 
1912, p. 45; v. Portenschlag-Ledermayer, Mitt. üb. Geg. d. Art.- u. Gen.- Wes. 1911, 
7, p. 616. | | 

$$ 38-40. With regard to tilting the trajectory, see Heydenreich, Lehre vom 
Schuss, Berlin, 1908, 1. p. 106; Gouin, Rev. d'art. 35 (1907), p. 121; Percin, ditto, 
19 (1882), p. 281 and 27 (1885), p. 118; A. von Burgsdorff, Zertschr. f. d. ges. 
Schiess.- u. Sprengstoff.- Wes. 1 (1906), 18, p. 332, and Schuss u. Waffe, 2 (1907), 
8, p. 179; Kerkhof, Artill. Monatsh. 1908, 13, p. 44. For Fernandezs and 
Gonzalezs methods, see Jahrb. f. deutsche Armee u. Marine, 1905, December; 
Kolarski, Mitt. üb.Geg.d. Art.- u. Gen.- Wes. 1906, p. 301; Pucherna, ditto, 1908, p. 809. 

S 41. E. Vallier, Balist. exper. Paris, 1894, p. 45 for the factor m. For the 
change of the density of the air with the altitude, see Charbonnier, Traite de bal. 
extér. Paris, 1904, p. 329; A. Hamilton, Journ. of the Un. St. Artill. 100, Dec. 1909, 
p. 257; Cranz, Artill. Monatsh. 1909, 34, p. 241 for the accuracy of formula (23). 
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$42. For the primary tables for Siacci IlI, see F. Siacci, Riv. d art. e gen. 
1896, 1, p. 341: Rw. @ art. e gen. 1897, 4, p. 5: Rev. d'art. 25 (1890), p. 493 ; 
E. Fasella, Tavole balıstiche secondarie, Genoa, 1901; F. Siacci, Bal. extér. 1892, 
p. 404. 

§ 45. For the effect of small changes of v,, d$, or c on X, see Siacci, p. 105 ; 
Vallier, p. 67; Denecke, Arch. f. Art.- u. Ing.-Of. 93 (1886), p. 1 and 94 (1887), 
p. 226: Arch. f. Art.- u. Ing.-Of. 97 (1890), p. 274; v. Pfister, ditto, 93 (1886), 
p. 73; Rohne, Ariegstechn. Zeitschr. 3 (1900), pp. 129 and 201: 4 (1901), p. 326; 
Sabudski, Petrog. Art. Journ. 1889, 11, p. 941; Charbonnier, 7raié de bal. erter. 
1894, p. 175. 

On daily differences, Heydenreich, 1 (1st ed.), p. 53, and 2, p. 39; H. Rohne, 
Kriegstechn. Zeitschr. 3 (1900), pp. 129, 201: 4 (1901), p. 326; v. Minarelli, p. 61, 
and p. 53. Many figures are given by K. Exler, Zeitschr. f. d. ges. Schiess.- u. 
Sprengstoff.- Wes. 1 (1906), pp. 107, 127, 376, 399; M. de Sparre, €. A. 161, p. 767: 
162, pp. 33, 496. He gives a method of calculating the trajectory in zones, taking 
into account the decrease of air-density. The velocity of the shell thus passes 
through a minimum and then through a maximum: finally it decreases again. 
The assumptions about the gun, with which the tests were made, are merely 
guesswork. 

$ 46. Didion, p. 364; Arch. f. Art.- u. Ing.-Off. 93 (1886), p. 45 ; von Minarelli, 
p. 54; von Eberhard, Das Wesen der mod. Visiervorrichtungen der Landartülerie, 
published by Krupp, Berlin, 1908. 

S 47. The effect of the wind is considered by Didion, 1, p. 311; von Wuich, 
p. 474; Siacci, p. 113; Resal, 2, appendix, p. 409; Heydenreich, 1st ed. 1, p. 57; 
Sabudski, p. 302; Denecke, Arch. f. Art.- u. Ing.-Off. 93 (1886), p. 1 and 94 (1887), 
p. 226; von Minarelli, p. 57 ; Rohne, Arvegstechn. Zeitschr. 3 (1900), pp. 129 and 201: 
4 (1901), p. 326. Rohne calculates that with a mean wind-velocity of 5°5 m/sec 
(Potsdam observations, 1893-1897), a horizontal breeze, coming obliquely forwards 
at an angle of 45°, shortens a range of 2000 m by 31 m: the lateral drift with this 
mean wind-velocity amounts only to about 18 m in a range of 2000 m. Rohne 
considers that the daily changes in the weather exercise less effect than that 
arising from errors of observation, even when wind and temperature act, as it 
Were, in the same direction, i.e. wind from behind and temperature high, or wind 
from the front and temperature low. "This is at any rate the case for rifles and 
for distances less than 1000 m. With guns, the effects are more noticeable. For 
a field gun with initial velocity of 465 m/sec, range 6000 m, $ —18? 11’, o = 28° 30’, 
Rohne finds that at — 22:5? C. the range is short by 1038 m. Heydenreich's general 
conclusions rest on the very extensive series of tests, carried out by the German 
Artillery Committee. Krause’s experimental results, which were published in 
the Ariegstechn. Zeitschr. 5 (1902), p. 433, show a very satisfactory agreement 
between calculated and observed values, in so far as temperature and barometric 
pressure are concerned. The value of C on p. 289 and of c on p. 292 only apply 
when the shell is at relatively low altitudes. At greater altitudes, it must be 
remembered that these factors are proportional to the density of the atmosphere. 
The expressions, representing their values, must therefore be multiplied by a 
factor which takes the variation of air-density into account. 

$ 48. As for the effect of the rotation of the earth, see G. Galilei, Dialog über 
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das Weltsystem, translated by Strauss, Leipsic, 1891, pp. 189-192; S. D. Poisson, 
J. ec. polyt. 15 (1832), p. 187; Recherches sur le mouvement des projectiles dans 
l'air, Paris, 1839, pp. 41 and 63; C. E. Page, Nowv. ann. 2, 6 (1867), pp. 96, 387, 
481; St Robert, 1, p. 357; F. Astier, Rev. d'art. 5 (1875), p. 272; R. Berger, 
Uber den Einfluss der Erdrotation auf den freien Fall der Körper und die Flug- 
bahnen der Projektile, Coburg, 1876; J. Finger, Wien. Ber. 76% (1878), p. 67, and 
R. Hoppe, Arch. d. Math. 64 (1879), p. 96; W. Schell, Theorie der Bewegung und 
der Kräfte, 1, p. 528; A. W. F. Sprung, Arch. d. deutsch. Seewarte, 1879, p. 27: 
Deutsche meteor. Zeitschr. 1 (1884), p. 250: Arch. f. Art.- u. Ing.-Off. 103 (1896), 
p. 13; Résal, 1, p. 107; Okinghaus, Wochenschrift f. Astron. 1891, p. 89, and 
Arch. f. Art.- u. Ing.-Off. 103 (1896), p. 89; Sabudski, Petrog. Art. Journ. 1894, 2, 
p. 120, and Rev. d'art. 44 (1894), p. 467; A. von Obermayer, Mitt. üb. Geg. d. Art.- 
u. Gen.- Wes. 1901, p. 707. 

Budde, Allgemein. Mechanik, 1. p. 317, remarks that if a shell is fired vertically 
upwards, it deflects to the north and not to the south until t=. 

S 49. As for the effect of the bayonet, see Fr. Hentsch, Ballistik der Hand- 
feuerwaffen, Leipsic, 1873, where on p. 312 he says it was found with all rifles 
that the following fact was true. If the rifle is so adjusted that the bullet hits 
the bull’s eye when no bayonet is attached, then if the rifle is fired with the 
bayonet on the right-hand side of the bore, the bullet will deviate considerably 
to the left, even with short ranges. H. Weygand says the same in Das Schiessen 
mit Handfeuerwaffen, eine vereinfachte Schiesslehre, mit bes. Berücksichtigung des 
deutschen Inf.-Gew. M. 71, Berlin, 1876. On p. 184 he says that experience has 
shown that the bayonet causes a regular deviation to the opposite side to that 
to which the bayonet is attached. See also von Stachorowski’s Unterricht in der 
Waffenlehre an den Kgl. Kriegsschulen, 1876, p. 150; von Neumann, 1886, p. 121; 
1890, p. 58; C. Cranz, Civil-Ingenieur, 21 (1885), vol. 11.; F. Kotter, Verhandl. d. 
Phys. Gesell. zu Berlin, 7 (1888), p. 17; C. Cranz and K. R. Koch, Münch. Akad. 
Ber, 21 (1901), p. 572: Jahresber. d. deutsch. Math. Vereinigung, 6 (1899), p. 118; 
Minarelli-Fitzgerald, Das moderne Schiesswesen, Vienna, 1901, p. 55; F. Kótter, 
Sitz.- Ber. d. Berl. Mathem. Gesell. 2 (1903), p. 65; C. Cranz, ditto, 3 (1904), p. 11; 
J.C. F. Otto, Hilfsmittel für ballist. Rechnungen, Berlin, 1859, p. 266, who was 
probably the first to suggest that the vibration of the bore was the cause of the 
Jump. 

$$ 50-60. Drift through the rotation of the shell, with cannon balls, and the 
modern types of shell, together with vibratory movements of the projectile, are 
referred to in the following papers. Didion, pp. 304 and 318, and J. ee. polyt. 16 
(1839), p. 51; G. Piobert, Traité d'artillerie, Paris, p. 169; Resal, 1, p. 375; 
G. Magnus, Berl. Ber. 1852, 1-24, and Ann. Phys. Chem. 88 (1853), p. 1; P. de 
St Robert, Mem. scient. Paris, 1872, 1. p. 277; M. de Sparre, Mouvement des pro- 
jectiles oblongs dans le cas du tir de plein fouet, Paris, 1875, and Sur le mouvement 
des projectiles dans lair, Paris, 1891: Archiv f. Math. Astron. u. Phys. Stockholm, 
1904, and Ann. de la société de Bruxelles, 35 (1911), p. 79; R. Timmerhans, Zssa: 
d'un traité d'artillerie, 2, Paris, 1846, p. 113; J. C. F. Otto, Umdrehung der 
Artilleriegeschosse, Berlin, 1843 and 1847: Allgemein. Militürzeitung, 1846, Nos. 
64-65, and Arch. f. Art.- u. Ing.-Of. 6 (1840), p. 118; J. P. G. v. Heim, p. 169; 
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p. 162. For indirect observations, see Jansen, Arch. f. Art.- u. Ing.-Off. 97 (1890), 
pp. 425 and 497. A photographic method of registration in the shell itself is given 
by Neesen, Arch. f. Art.- u. Ing.-Of. 96 (1889), p. 68: 99 (1892), p. 476: and 101 
(1894), p. 253. Observations at low velocities, C. Cranz, Zeitschr. f. math. Phys. 
43 (1898), pp. 133 and 169. 

$8 52-57. For the theory of the gyroscope, see F. Klein and A. Sommerfeld, 
Über die Theorie des Kreisels, Leipsic, 1897-1910, specially vol. ıv. section C, 
Ballistics, 8, p. 317 and P. Stäckel, Encyklop. d. math. Wissensch. 1v. 6, Which in- 
cludes a bibliography ; C. Cranz, Zeitschr. math. Phys. 43 (1898), pp. 133 and 169; 
H. Putz, Rev. dart. 24 (1884), p. 293; K. B. Bender, Bewegungserscheinungen 
der Langgeschosse, Darmstadt, 1888; Jansen, Arch. f. Art.- u. Ing.-Off. 97 (1890), 
p. 424; H. Müller, Die Entwickl. d. Preuss. Festungs- u. Belag. Artill. Berlin, 1876, 
specially pp. 162 and 175. Gyroscopic experiments with models of shells, A. von 
Obermayer, Mitt. üb. Geg. d. Art.- u. Gen.- Wes. 1899, p. 869; K. F. Harris, Journ. 
of Un. St. Artil: 10 (1901), p. 63, and pp. 189 and 303; Magnus, Pogg. Ann. 88 
(1853), p. 1; J. Altmann, Zrklärung u. Berechnung d. Seitenabweichung rotierender 
Geschosse, Vienna, 1897 ; Krall, Mitt. ub. Geg. d. Art.- u. Gen.- Wes. 1888, p. 118 ; 
C. V. Boys, ditto, 1897, p. 836. 

Photographie measurements of vibratory movements are described by F. 
Neesen, Verhandl. d. deutsch. physikal. Gesell. 11 (1909), 24, pp. 441 and 724. 

S52. Layrız, Zeitschr. f. d. ges. Schiess.- u. Sprengstoff.- Wes. 10 (1915), p. 303; 
Jansen, Arch. f. Art.- u. Ing.-Off. 97 (1890), pp. 424 and 497, and Mitt. üb. Geg. 
d. Art.- u. Gen.- Wes. 1871, p. 85 ; A. Rutzki, p. 62 and Grundlagen für neue 
Geschoss.- u. Waffensysteme, Teschen, 1876. 

S 53. A. Dahne, Neue Theorie der Flugbahnen von Langgeschossen, Berlin, 
1888: Bausteine zur Flugbahn- u. Kreiseltheorie, Berlin, 1914, by the same author, 
as also Ariegstechn. Zeitschr. 10 (1907), pp. 65 and 265, and 12 (1909), p. 58. 

399. A. v. Rutzki, Bewegung u. Abweichung der Spitzgeschosse, Vienna, 1861, 
and Theorie u. Praxis der Zünderkonstruktionen, Vienna, 1871; Jansen, Arch. f. 
Art.- u. Ing.-Of. 97 (1890), pp. 425 and 497 ; N. Sabudski, Untersuchungen üb. d. 
Bewegungen des Langgeschosses, Petrograd, 1908; T. Terada and M. Okochi, Ar&ll. 
Monatshefte, 1909, p. 301; A. Dittli, Artell. Monatshefte, 1916, 116, p. 49. 

S 56. Hélie, 2, pp. 94 and 309; E. Vallier, Bal. exp. Paris, 1894, pp. 40 and 
178; G. v. Gleich, Zeitschr. 7. Math. u. Phys. 55 (1907), p. 363; F. H. Lanchester, 
Aerodynamics, and E. Bravetta, Zeitschr. f. d. ges. Schiess.- u. Sprengstoff.- Wes. 6, 
1911, pp. 81 and 107: ditto, 1914, p. 291; A. Hamilton, Ballistics, Fort Monroe, 
1908, 1. p. 155; P. Haupt, Mathem. Theorie der Flugbahnen, Berlin, 1876, p. 101; 
Charbonnier, Traité de bal. ext. Paris, 1894, p. 238. 

For lateral deviations, see E. Thiel, Das Inf. Gew. Bonn, 1883, p. 20; 
H. Rohne, Schiesslehre für Infanterie, Berlin, 1906, p. 182. Krause says it amounts 
to 1 metre in a range of 1000 m with the rifle M. 88, Militär. Wochenblatt, 1904, 
113, p. 2737; Wille, Waffenlehre, Berlin, 1908, Iv. p. 231. 

S 57. Demonstration apparatus, M. J. Perrodon, Sur un appare destine..., 
Paris, 1875. Pfaundler’s apparatus is described in Klimpert’s Dynamik, Stuttgart, 
1889; Majneri-Kempen, Artill. Monatshefte, 1913, 76, p. 299. 

$8 58-70. For the theory of probabilities, see E. Czuber, Wahrsch.-Rechnung 
u. thre Anwendung auf Fehlerausgleichung, Leipsic, 1903: ditto, Theorie d. Beo- 
bachtungsfehler, Leipsic, 1891: Jahresber. d. deutsch. Math. Verein. 7 (1899), 2, 
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pp. 1-279, with bibliography ; N. Sabudski, Die Wuhrscheinlichkeitsrechnung, 
translated by Eberhard, Stuttgart, 1906; J. Kozák, Grundprobleme der Aus- 
gleichsrechnung, Leipsic, 1907-08. For the characteristic errors, see S. Wellisch, 
Mitt. üb. Geg. d. Art.- u. Gen.- Wes. 1908, pp. 889 and 975 ; J. Kozak, ditto, 1910, p. 47. 

$ 60. S. D. Poisson, Men. de Part. de la marine, 8 (1830), p. 141; J. Didion, 
Calcul des probabilités appliqué au tir des projectiles, Paris, 1858, and J. écol. 
polyt. 16, cah. 27 (1839), p. 51; Helie, 2, p. 95; v. Wuich, p. 481; Eschler, Vortrüge 
a. d. Artill.-Lehre, Vienna, 1898; Fischer, Arzegstechn. Zeitachr. 1909, pp. 164 and 
209 ; B. Schöffler, Mitt. üb. Geg. d. Art.- u. Gen.- Wes. 1901, p. 823, and 1902, pp. 97 
and 366; J. U. van Loon, Mitt. üb. Geg. d. Art.- u. Gen.- Wes. 1914, pp. 249, 735, 875. 

Cranz, Komp. d. Ball., Leipsic, 1896, p. 297; W. Dyck, Katalog mathem. u. 
math. phys. Modelle, Munich, 1892, p. 154; A. v. Obermayer, Mitt. üb. Geg. d. 
Art.- u. Gen.- Wes. 1899, p. 130, and 1900, 2, notes. 

S 62. For the method of successive differences, see E. Czuber, Juhresber. d. 
deutsch. Math. Ver. 7 (1899), 2, p. 205; E. Vallier, p. 166; Sabudski's work on 
probabilities refers to Eberhard's proposals; W. Heydenreich, Zeitschr. f. d. ges. 
Schiess.- u. Spreng.- Wes. 1 (1906), p. 272. 

$ 65. Vallier, p. 160 and Rev. d'art. 9 (1877), p. 222; E. Czuber, Jahresber. d. 
deutsch. Math. Verein. 7 (1899), 2, p. 212; W. Heydenreich, Ariegstechn. Zeitschr. 
6 (1903), p. 253; A. Mazzuoli, Rivista maritima, 1908, January ; H. Rohne, Arti. 
Monatshefte, 1907, 9, p. 235, and 32, p. 129; J. Kozak, Mitt. üb. Geg. d. Art.- v. 
Gien.- Wes. 1910, p. 47. 

$ 66. F. Siacci, Rev. d'art. 22 (1883), p. 521 and ditto, 24 (1884), p. 445 ; 
H. Putz, ditto, 24 (1884), pp. 5 and 105: 32 (1888), pp. 213 and 313. 

S 67. Krause, Die Gestaltung der Geschossgarbe, Berlin, 1904; von Zedlitz, 
Kriegstechn. Zeitschr. 6 (1903), p. 129; H. Rohne, Schiesslehre f. Infanterie, Berlin, 
1906; v. Minarelli, pp. 65 and 82; K. Endres, Arch. f. Art.- u. Ing.-Off. 90 (1883), 
p. 113; A. Percin, Rev. d'art. 20, 1882, p. 5; Giletta, Riv. d’ art. e gen. 1884, 
p. 218; Parst, Ariegstechn. Zeitschr. 4 (1901), p. 330, and 7 (1902), p. 235; 
H. Rohne, ditto, 4 (1901), p. 119; Artillerist. Monatshefte, 1907, pp. 232, 257, 397 ; 
Schiesslehre für Infanterie, Berlin, 1906, specially p. 139. 

The theory of finding the range for artillery is described by Rohne, Arch. f. 
Art.- u. Ing.-Off. 100 (1894), pp. 385 and 481, and 102 (1895), pp. 64 and 257, and 
specially 104 (1897), p. 172: Kriegstechn. Zeitschr. 1 (1898), pp. 209 and 399, and 
9 (1899), p. 115; Callenberg, Über die Grundlagen des Schrapnellschiessens bei der 
Feldartillerie, Berlin, 1898, and Kriegstechn. Zeitschr. 2 (1899), pp. 27 and 93; 
Preiss, Kriegstechn. Zeitschr. 3 (1900), p. 81; E. Strnad, Mitt. üb. Geg. d. Art.- u. 
Gen.- Wes, 1892, p. 879: 1887, p. 375; A. Weigner, ditto, 1898, p. 821; Schóffler, 
ditto, 1902, p. 97: 1900, p. 429 and 1901, p. 823; N. Sabudski, Wahrsch.-Rechn. 
Stuttgart, 1906; J. Kozák, Theorie, der Schiesswesens, vol. II. part 2, Vienna, 1900; 
E. Eschler, Vortrüge aus der Artillerielehre, Vienna, 1898. 

Vallier, Rev. d'art. 30 (1887), p. 106; V. Gandolfi, Riv. d’ art. e gen. 1896, 
vol. IV. p. 231, and Mitt. ub. Geg. d. Art.- u. Gen.- Wes. 1897, p. 645; E. Strnad, 
ditto, 1897, p. 763; Indra, ditto, 1897, pp. 163 and 291; A. Ludwig, ditto, 1901, 
pp. 91 and 189; A, Calichiopulo, Riv. d? art. e gen. 1893, vol. I. pp. 245 and 411; 
Dragas, Strefleur’s österr. malit. Zeitschr. Vienna, 1890, p. 184. 

S 69. R. Rothe, Artill. Monatshefte, 1916, 110, p. 65, and 111, p. 125; 
G. Scheffers, Berlin. Akad. Ber., Phys.-math. Kl. 42 (1915), p. 733. 
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§ 70. Kohlrausch, Prakt. Phys. Leipsic, 1901, p. 17; E. Vallier, Bal. exper. 
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THE INSTANTANEOUS PHOTOGRAPHIC RECORDS 


Record No. 1. 


This shows a bullet of a calibre of 8 mm, together with the surrounding waves 
and eddies: v=880 m/sec. This was taken with a concave mirror, and a vertical 
stop, Which was placed at right angles to the path of the bullet. The method is 
described in vol. 111. chap. virr. and by B. Glatzel in Die elektrischen Methoden 
der Momentphotographie, Brunswick, 1915, published by Vieweg. This method 
shows the variations of air-density, in directions at right angles to the stop. The 
photograph can be regarded as a model, illuminated in a direction at right angles 
to the stop, and a model of this kind was made in the authors laboratory in 
plaster of Paris. 


Record No. 2. 


As in No. 1, but the edge of the stop is parallel to the line of fire, corresponding 
to an illumination of the model in a direction at right angles to the path of the 
bullet. 


Record No. 3. 


Bullet of 8 mm calibre: v—880 m/sec. This was taken by the shadow pro- 
cess. 


Record No. 4. 


As in No. 1, but the bullet was fired with the base forward. The line of flight 
is slightly oblique to the position of the bullet. 


Record No. 5. 

Cylindrical projectile, flying through calm air: v —880 m/sec. This was taken 
with concave mirror, objective and stop: the position of the stop corresponds to 
an illumination in a direction parallel to the line of fire. 


Record No. 6. 


Cylindrical projectile with rounded tip: v— 640 m/sec. The angle of the head- 
Wave is increased accordingly. 


Record No. 7. 

This shows the beginning of the wave with a pointed bullet of 8 mm calibre: 
v=880 m/sec. The gases, which escaped.from the muzzle, had initially had 
a greater velocity than the bullet, but at the moment the exposure was made, 
they had been overtaken by the bullet. The bounding line of the escaping gases 
is here seen to be somewhat irregular. The head-wave begins to form just outside 
the explosive gases, because, relatively to these latter gases, the bullet has a 
velocity less than that of sound. "This was taken by the shadow process. 


Record No. 8. 


Pointed bullet, 8 mm calibre: v=340 m/sec. This is the velocity of sound. 
As the velocity of the bullet decreases, the points of the head-wave and tail-wave 
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move with regard to the bullet forwards or backwards. The angle of the waves 
increases at the same time. And when the velocity of the bullet has fallen below 
that of sound, the waves become separated from the bullet. The head-wave 
becomes a kind of spherical condensation. 


Record No. 9. 


Bullet, 8 mm calibre: » 2880 m/sec. The bullet has grazed a wooden board, 
and is vibrating noticeably. Splinters of wood are scen. 


Record No. 10. 


This proves that the head-wave and the tail-wave are the envelopes of infini- 
tesimally small head-waves, which are produced by the impact of the bullet on 
the surrounding air. In the records 1-9, these elementary Waves are scarcely 
visible, though they can somctimes be seen within the tail-wave. 

The waves can be separated, as in the present record, by firing through 
a horizontal tube, which has holes at top and bottom: v=880 m/sec. The bullet 
is seen to be emerging from the tube. Partial waves escape through the holes in 
the tube and their method of combining to form an envelope can be seen. Taken 
by the shadow process. 


Record No. 11. 


As in No. 10, taken by concave mirror, objective and stop. The bullet has 
already left the field of view. 


Record No. 12. 


Shows the beginning of the head-wave : y=880 m/sec. By means of a sound. 
damping device, attached to the muzzle, the head-wave starts as soon as the bullet 
escapes from the muzzle. Taken by the shadow process. 


Record No. 13. 


This shows the reflection of the waves from two parallel plates, between which 
the bullet passes: »=880 m/sec. Taken by the shadow process. 


Record No. 14. 


As in No. 12, but taken at a later instant. The bullet has already escaped at 
the right. There seems to be trace of periodicity in the eddies: these eddies 
would be helical, on account of the rotation of the bullet. Probably here it is 
a case of variations of air-density, due mainly to temperature. 


Record No. 15. 


A bullet fired through two candle-flames: »=880 m/sec. Both flames were 
extinguished. The record shows (a) the inertia of the burning gases, seeing that 
the flame through which the bullet has already passed appears to be burning 
quietly, and the ascending column of hot gases is not disturbed. (b) No kind of 
perceptible pressure seems to precede the bullet, even when its velocity exceeds 
that of sound. (c) The waves, shot out from the flame, appear to be separate 
waves, just as though the bullet had passed through a solid body. These waves 
appear to be transplanted faster in the hot gases of the flame than in the cool 
sulrounding air. 

All these records were taken in the author’s laboratory. 


